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Let us write the equation

AY + kY — gy =0, (1)
where ¢—e?** — 0 as r — co. The correction 1, of the first Born approximation
to the wave function 1 can, as is known, be written in the form

1 . — dv’
1/%(»’57?/72’) = _E /ezk(ac o )Q(x/ay/7z,)77

/2 /7 / ’
==+ (y—y )+ (2 2)%

and the integral is taken over all space. In article (1) we studied the behavior
of 1y as k — oo, using the properties of the integral over a paraboloid.

Let us now write the second correction v, to the wave function:

1 ik’ / / /
w(P) = o= [ aPRP P av )
where
]. . 7o d’U”
P.P)=—— ik(r’+r") pP” .
R(P.P) = o [ e g 52 Q

Here the points P, P/, P” have, respectively, the coordinates (z,y, z), (', y’, 2"),
(x”,y",2"); ¥ = PP’, v” = P’P”. The purpose of this article is to study the
behavior of R(P,P’) as k — oc.

Relation (3) can be represented in the form
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RP.P)= [ Wra PP g dp, o= (1)
(&

The integral I(q, P, P’, p) is determined by either of two formulas:
, L[ (eal y+y
I(q,P,P,p):F / q<2+a113+a12t+a13u72+a218—|—
PJpJo

’

z+z
T Ggpt + Aggu, —5— +agy 8+ agyt + a13u> dip ds, (5)

, 1 [ ™ (x4 y+y
I(Q7P7P7p):E ) q 5 +az s+ ajol + assu, T+

/7

zZ+z
F U918+ Agpl + AU, —— + ag15 + agl + a33u) D(p,0,p)db0dy, (6)

where the matrix A = [a,;| is orthogonal and the vector hlay a4, a4,] is parallel
to the vector PP’. In addition, in formula (5)

= VE=AP =) oy E=AE=

p p

and in formula (6)

p2? — 2

s =rcos psinb, t = rsinesinb, u =rcosf, TEP T
p? — c? cos? psin® 6

2 /02 2 g
PN/ p? —c? sind
D(p,0,¢) =

(p2 — 2 cos? psin® 6) 12

/4

Let, in particular, g(P”) = q(r’r”). Then formula (5) gives

1 (" 1
I(q, P, P’ = — ) ———=dt 7
@ PP =g [ a0 ©

If g(P”) = q(r',7”), then
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The expression I(q, P, P’, p) is the integral of the function ¢ over an ellipsoid of
revolution with foci at the points P and P’.

1. Basic properties of the integral over an ellipsoid
Introduce the notation I(q,p,c) = I(q,P,P’,p), p > ¢, ify =y =0, 2 =
z=0,2"+2 =0 (¢ = |z|]). The properties of the integral over an ellipsoid
formulated below are in many respects similar to the properties of the integral
over a paraboloid (1).

1. If the functions ¢(s,t,u) and f = sdq/0s+t dq/Ot+u dq/Iu are bounded,

then
d 1 3p% —c? 3
—1I q,p,C) = ———1 fT/T//apyc +71 q,p,C ——— 1 qr27paca
dp (@.0:0) p(p? —c?) ( ) p(p? —c?) (@.p:c) p(p* —c?) ( )
(9)
where

r? =82 + 12 +u?, r’:p—Es, r//:p—i—gs.
P

2. Let q(s,t,u) = a(r’,r”")t"u™, where a(r’,r”) is a bounded function and
m and n are nonnegative integers. Then the equality

I(q,p,c) =0, (10)

holds if at least one of the numbers m or n is odd.

If, however, m and n are even numbers, then

(n—1m -1 1 /p ( c c)
I = _— R —
(q,p,c) Qlmm)/2 ()] 2 7pa P ps7 p+ pS X

m+n
y l\/@? ci))(p? = sﬂ e a)

3. Suppose the relation
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1
_ kL
q(s,t,u) = k§l>0 ay(s)t"u o T q,(s,t,u)

k+l<n

holds, where the functions

ak—o—l
ak,l<8) = mq

t=0
u=0

are bounded and lim,,_,_ I(g,,, p,c) = 0. Then the equality is true:

k+l1

Horas 2 / 21.21(5) { ] ds.
kJZZO 22(k+l)(k + DK 2p ., 2k,21 2

4. Let the function ¢(s,¢,u) be bounded and have the form g¢(s,t,u) =
a(r’,r")ef*7%. Then

_1 c c V(B +7%)(p? = 2)(p? — %)
I(q,p,c)—2p/_pa<p—ps,p+ps>J0[ 1ds7

p
(12)
where J;(z) is the Bessel function.
5. If q(s,t,u) is a continuous function, then
lim I(g, p,¢) = — ) (5,0,0)d
lim I(q, p,c) = 5 ﬂq 5,0,0) ds.
6. Let the function ¢(s,t,u) be bounded and let the relation
2 2\« 1
la(s,t,u) =1 (8)] < a(8) (T +u?)®, [s|<e, O<a<g,
hold, where the functions ¢, (s) and @,(s) are also bounded. Then
1 /€ p—c\“
I(q,p,c) = % q(s,0,0)ds + O (T) as p — c. (13)

By imposing additional smoothness requirements on ¢(s,t,u), one can find the
subsequent terms of the expansion of I(q, p,c) in powers of p —c as p — c.

7. Let the function ¢(s,t,u) be continuous and let the equality
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hold, where the functions
8k+l

ap1(8) = 774
’ Otkoul*|,_o
u=0

are bounded and |gy(s,t,u)| < C(t? + u*)*, a > 1. Then

+ q(—C, 07 0)

1 [¢ p—c q(c,0,0
I(q;p7C)ZZ/ q(s7070>d8+ ¢ ( ) ) -

p—c [€ p—c [ (D% 8% s o
_ 902 /C q(570,0) ds+ 12 /c <8t2 w o (C —S )d8+0(p—c) as p — c.
8. Let |g(s,t,u)] < ¢(r), where the function ¢(r) decreases monotonically.

Then
|I(Qapvc)| < 30(\/ p2 _62) .

The last inequality characterizes the behavior of I(q, p,c) as p — oo.

2. Asymptotics of R(P,P’) as k — oco.
Theorem 1. Let the following conditions be satisfied:
1. The function ¢(z,y, z) has bounded first-order derivatives.

2. There exists a monotonically decreasing function ¢(r) such that

< @(T)v SD(T) € L<_OO7O)7

T+ y+y z2—2
t
‘C]< B + 5, 5 +t, 5 +u
r? = s+ 1% +

Then the equality

eQikc 1 jee} ) d
R(P,P) = — P"Vdl — — 2ikp Z 1(q, P, P, p)d
(P,P’) Lk /ZQ( ) 2Z.k/c 0 (¢, P, P, p)dp,

PP’ (14)
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holds, where the integration contour [ coincides with the segment PP’.

d
d—p[(q,P,P’, p) in the right-hand side of (14) can be found by

means of formula (9).

The expression

Suppose, additionally, that the following conditions are satisfied:

3. There exists a monotonically decreasing function ¢ (r) such that, for

x4+ +v z4+ 2
ql(s,t7u):q< 5 +s,y2y +t, 5 +ul,

the inequality

|04, /95| + 10q, /0] + |0, /Ou| < 4(r),  (r) € L(0,00).

4. The function ¢ (s, t,u) satisfies, for some K and a > 0, the Holder condi-
tion. Then the integral

< d
/ @0 L T(a.P.P'p) dp (15)

converges absolutely and, consequently, tends to zero as k — oo.

Thus, if conditions (1)—(4) are satisfied, then

2ikc

R(P,P) =5 uq(P”) dl + 0(1)} . k> oo, (16)

 dike
where [ coincides with the segment PP’.

Let us note that condition (3) ensures the absolute convergence of the integral
(15) as p — oo, while condition 4 ensures it as p — c¢. Condition 4 admits a
substantial weakening.

Let us also note that, imposing additional requirements on ¢(z,y, z) and using
the properties of I(q, P, P’,p) (item 1), one can find the subsequent terms of
the expansion of R(P, P’) in powers of 1/k as k — oo.

Consider the case, frequently encountered in applications, when ¢(z,y, z) has
a discontinuity at the points of some bounded convex closed surface S. The
surface S divides all space into two nonintersecting parts R, and R,, where R,
denotes the convex part of space. We shall say that the points P and P’ form
a focal pair of the surface S if the common points P” of the surface S and of
some ellipsoid P” P+ P” P’ = 2p form a set of positive planar measure. Denote
by x(z,y, z) the characteristic function of R;.

Theorem 2. Let ®(x,y,z) = 0 be the equation of the surface S, and let the
function ®(x,y, z) have continuous first partial derivatives. Suppose, moreover,

sovietrxiv.org/items/ru-196601.41396 Machine Translation


https://sovietrxiv.org/items/ru-196601.41396

that g(P”) = ¢, (P”)x(P”), where g, (P”) has continuous first partial derivatives
satisfying, for some «, the Holder condition. If the points P and P’ (P, P’ € R;)
do not form a focal pair of the surface S, then equality (16) holds.

In some cases the smoothness restrictions on ¢;(P”) may be weakened. If the
function ¢; (P”) has the form ¢, (P”) = ¢, (r’,7”), then for Theorem 2 to hold it
is sufficient to require continuity of the partial derivatives

—q,(r’,7r") and (r',r").
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