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MATHEMATICS

S. A. ATAKHANOV, G. I. NATANSON

APPROXIMATION OF FUNCTIONS BY
FOURIER–JACOBI SUMS
(Presented by Academician V. I. Smirnov on 3 V 1965)

Let 𝑃 (𝛼,𝛽)
𝑛 (𝑥) be the Jacobi polynomials, orthogonal on [−1, 1] with weight

𝑝(𝑥) = (1 − 𝑥)𝛼(1 + 𝑥)𝛽, normalized by the condition 𝑃 (𝛼,𝛽)
𝑛 (1) = Γ(𝑛 + 𝛼 +

1)/Γ(𝑛 + 1)Γ(𝛼 + 1); 𝑆(𝛼,𝛽)
𝑛 [𝑓; 𝑥] is the 𝑛-th partial sum of the Fourier series of

the function 𝑓(𝑥) in the polynomials 𝑃 (𝛼,𝛽)
𝑛 (𝑥). As is known,

𝑆(𝛼,𝛽)
𝑛 [𝑓; 𝑥] = ∫

1

−1
𝑓(𝑡)𝐾𝑛(𝑡, 𝑥)𝑝(𝑡) 𝑑𝑡,

where

𝐾𝑛(𝑡, 𝑥) = 𝜆𝑛
𝑃 (𝛼,𝛽)

𝑛+1 (𝑡)𝑃 (𝛼,𝛽)
𝑛 (𝑥) − 𝑃 (𝛼,𝛽)

𝑛 (𝑡)𝑃 (𝛼,𝛽)
𝑛+1 (𝑥)

𝑡 − 𝑥 ,

𝜆𝑛 = 2−𝛼−𝛽

2𝑛 + 𝛼 + 𝛽 + 2
Γ(𝑛 + 2)Γ(𝑛 + 𝛼 + 𝛽 + 2)
Γ(𝑛 + 𝛼 + 1)Γ(𝑛 + 𝛽 + 1) .

The aim of the present note is to establish the rate of convergence of 𝑆(𝛼,𝛽)
𝑛 [𝑓; 𝑥]

to 𝑓(𝑥) for various classes of functions.

We consider the following classes of functions, defined on the interval [−1, 1]:
𝑊 𝑟 is the class of functions having an absolutely continuous derivative of order
𝑟 −1 and a derivative of order 𝑟 > 0 satisfying almost everywhere the inequality
|𝑓 (𝑟)(𝑥)| ≤ 1; 𝑊 𝑟𝐻

𝜔 is the class of functions having a continuous derivative of
order 𝑟 > 0, whose modulus of continuity 𝜔(𝑓 (𝑟), 𝛿) ≤ 𝜔(𝛿), where 𝜔(𝛿) is a
given true majorant of moduli of continuity (i.e. lim𝛿→0 𝜔(𝛿) = 𝜔(0) = 0 and,
for 0 ≤ 𝛿1 < 𝛿2, 0 ≤ 𝜔(𝛿2) − 𝜔(𝛿1) ≤ 𝜔(𝛿2 − 𝛿1)); 𝐻𝜇 = 𝑊 0𝐻𝜇 is the class of
functions satisfying a Lipschitz condition of order 𝜇 (0 ≤ 𝜇 ≤ 1) with constant
1; 𝑊 𝑟𝐻𝜇

is the class 𝑊 𝑟𝐻
𝜔 , where 𝜔(𝛿) = 𝛿𝜇.

Theorem 1. Let 𝛼 ≥ − 1
2 , 𝛽 ≥ − 1

2 ,
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𝐿𝑛(𝑥) = ∫
1

−1
|𝐾𝑛(𝑡, 𝑥)|𝑝(𝑡) 𝑑𝑡

be the Lebesgue function of the process under consideration. Then the estimate

𝐿𝑛(𝑥) = 𝑂(1) {ln𝑛 + 𝑛𝛼+1/2

(𝑛
√

1 − 𝑥)𝛼+1/2 + 1 + 𝑛𝛽+1/2

(𝑛√1 + 𝑥)𝛽+1/2 + 1}

is valid. Here 𝑥 ∈ [−1, 1], and the quantity 𝑂(1) depends only on 𝛼 and 𝛽.
Remark 1. The order of the indicated estimate cannot be improved, since, as
Rau showed (1), 𝐿𝑛(1) ∼ 𝑛𝛼+1/2.

Remark 2. Using the well-known inequality

|𝑆(𝛼,𝛽)
𝑛 [𝑓; 𝑥] − 𝑓(𝑥)| = [𝐿𝑛(𝑥) + 1]𝐸𝑛(𝑓),

where 𝐸𝑛(𝑓) is the best approximation of the function 𝑓(𝑥) by algebraic polyno-
mials of degree not exceeding 𝑛, one can find estimates for the deviation of the
Fourier–Jacobi sums from the approximated functions for all possible classes of
functions.

* The class 𝐻0 consists of measurable functions 𝑓 for which |𝑓(𝑥) − 𝑓(𝑦)| ≤ 1
for all 𝑥 and 𝑦.
Theorem 2. The asymptotic formula holds

sup
𝑓∈𝐻𝜇

∣𝑆(𝛼,𝛽)
𝑛 [𝑓; 1] − 𝑓(1)∣ =

= 22𝜇

𝜋1/2 ∫
𝜋/2

0
𝑢𝜇 sin𝑢 𝑑𝑢 Γ(𝜇/2 + 𝛼/2 + 1/4)Γ(𝜇/2 + 𝛽/2 + 3/4)

Γ(𝛼 + 1)Γ(𝜇 + 𝛼/2 + 𝛽/2 + 1) 𝑛𝛼+1/2−𝜇+𝜎𝑛𝑛−𝜇.

Here 𝛼 > −1/2, 𝛽 > −1/2,

𝜎𝑛 = {𝑂(𝑛𝛼−1/2 ln𝑛), if 𝛼 = 1/2, 𝛽 ≥ −1/2 or 𝛼 ≥ 1/2, 𝛽 = −1/2,
𝑂(𝑛𝛼−1/2) + 𝑂(1) + 𝑂(𝑛𝛼−𝛽−1) in the remaining cases;

the constants entering the 𝑂-terms depend only on 𝛼 and 𝛽.
Remark 1. If −1 < 𝛼 ≤ −1/2, then
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sup
𝑓∈𝐻𝜇

∣𝑆(𝛼,𝛽)
𝑛 [𝑓; 1] − 𝑓(1)∣ = 𝑂(𝑛−𝜇).

Remark 2. Since

sup
𝑓∈𝐻0

∣𝑆(𝛼,𝛽)
𝑛 [𝑓; 1] − 𝑓(1)∣ = 1

2𝐿𝑛(1),

from Theorem 2, for 𝜇 = 0, one obtains the asymptotic formula for 𝐿𝑛(1) found
by Lorch (2).

Theorem 3. If the function 𝑓(𝑥) ∈ 𝑊 𝑟, then

𝑆(𝛼,𝛽)
𝑛 [𝑓; 1] − 𝑓(1) = 𝐴{𝑆(𝛼+𝑟,𝛽+𝑟)

𝑛−𝑟 [𝑓 (𝑟); 1] − 𝑓 (𝑟)(1)}+

+𝐵 ∫
1

−1
𝑔(𝑡)𝑃 (𝛼+𝑟+2,𝛽+𝑟+1)

𝑛−𝑟−1 (𝑡)(1 − 𝑡)𝛼+𝑟(1 + 𝑡)𝛽+𝑟+1 𝑑𝑡, (*)

where 𝛼 > −1, 𝛽 > −1,

𝐴 = 2𝑟 Γ(𝛼 + 𝑟 + 1)Γ(𝑛 + 𝛼 + 𝛽 + 2)
Γ(𝛼 + 1)Γ(𝑛 + 𝛼 + 𝛽 + 𝑟 + 2)

(𝑛 − 𝑟)!
𝑛! ,

𝐵 = 2−𝛼−𝛽−𝑟−2 Γ(𝑛 + 𝛼 + 𝛽 + 2)
Γ(𝛼 + 1)Γ(𝑛 + 𝛽 + 1)

(𝑛 − 𝑟 − 1)!
𝑛! ,

𝑔(𝑡) = 𝑓 (𝑟)(1) + 𝑟𝑓 (𝑟)(𝑡) − 𝑟(𝑟 + 1) ∫
1

0
𝑓 (𝑟)(1 − 𝑢 + 𝑡𝑢)𝑢𝑟−1 𝑑𝑢.

Remark 1. If 𝑓(𝑥) ∈ 𝑊 𝑟𝐻
𝜔 , then the second term on the right-hand side of

formula (∗) is

𝑂(𝜔(𝑛−1)(𝑛𝛼−𝑟−1/2 + 𝑛−2𝑟)),

when 𝛼 + 𝑟 ≠ 1/2, and

𝑂(𝜔(𝑛−1)𝑛2𝑟 ln𝑛),

when 𝛼+𝑟 = 1/2. Here the constants entering the 𝑂-terms depend on 𝛼, 𝛽, and
𝑟.
Remark 2. From Theorems 2 and 3 and the preceding remark there easily
follows the asymptotic formula for
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sup
𝑓∈𝑊 𝑟𝐻𝜇

∣𝑆(𝛼,𝛽)
𝑛 [𝑓; 1] − 𝑓(1)∣ .

Theorem 4. Let 𝛼 > −1, 𝛽 > −1. Then for 𝑥 ∈ (−1, 1) and 𝑟 ≥ 0 one has

sup
𝑓∈𝑊 𝑟𝐻𝜇

∣𝑆(𝛼,𝛽)
𝑛 [𝑓; 𝑥] − 𝑓(𝑥)∣ =

= 2𝜇+1

𝜋2 ∫
𝜋/2

0
𝑢𝜇 sin𝑢 𝑑𝑢 (

√
1 − 𝑥2

𝑛 )
𝑟+𝜇

ln𝑛 + 𝑂(𝑛−𝑟−𝜇),

where the remainder term depends on 𝛼, 𝛽, 𝑟, and 𝑥. The estimate of the re-
mainder term is uniform with respect to 𝑥 on the interval [−1 + 𝜀, 1 − 𝜀].
Leningrad State
Pedagogical Institute
named after A. I. Herzen
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