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MATHEMATICS

A. V. IVANOV, O. A. LADYZHENSKAYA, A. L. TRESKUNOV, N. N. URAL’
TSEVA

SOME PROPERTIES OF GENERALIZED SO-
LUTIONS OF SECOND-ORDER PARABOLIC
EQUATIONS
(Presented by Academician V. I. Smirnov on 9 VII 1965)

The paper investigates generalized solutions (g.s.) of linear and quasilinear uni-
formly parabolic second-order equations, to which the papers (1−6) are devoted.
Here, to characterize the coefficients of the equation, a continuous scale of norms
of the spaces 𝐿𝑝,𝑝′(𝑄𝑇 ) is used, i.e. the norm

‖𝑢‖𝑝,𝑝1,𝑄𝑇
= (∫

𝑇

0
(∫

Ω
|𝑢|𝑝𝑑𝑥)

𝑝1/𝑝
𝑑𝑡)

1/𝑝1

, (1)

where Ω is some bounded domain contained in the Euclidean space 𝐸𝑛, and
𝑄𝑇 = Ω × [0, 𝑇 ].
Let 𝑄 = Ω×[𝑡1, 𝑡2]. By 𝑉 1,0

2 (𝑄) ( ̇𝑉 1,0
2 (𝑄)) we denote the closure of all functions

smooth in 𝑄 (all smooth functions equal to zero near the lateral surface of 𝑄)
in the norm

𝑢‖𝑉 1,0
2 (𝑄) = ( max

𝑡∈[𝑡1,𝑡2]
∫

Ω
𝑢2(𝑥, 𝑡) 𝑑𝑥 + ∬

𝑄
| grad𝑢|2 𝑑𝑥 𝑑𝑡)

1/2

. (2)

Denote by 𝐾𝜌 = 𝐾𝜌(𝑥0) the ball of radius 𝜌 with center at the point 𝑥0 contained
in 𝐸𝑛; by 𝑄𝜌,𝜏 = 𝑄𝜌,𝜏(𝑥0, 𝑡0) the cylinder 𝐾𝜌(𝑥0) × [𝑡0 − 𝜏, 𝑡0], and let 𝑣+ =
max(𝑣, 0).
Lemma 1. Let the numbers 𝑟 > 0, 𝑘′ ≥ 0 be fixed, and let the function 𝑣(𝑥, 𝑡)
belong to 𝑉 1,0

2 (𝑄𝑟,𝑟2) and, for all 𝑘 ≥ 𝑘′, 𝜎 ∈ (0, 1), 𝜃 ∈ (0, 1), 𝜌 ∈ [𝑟/2, 𝑟],
𝜏 ∈ [(𝑟/2)2, 𝑟2], satisfy the inequality

max
𝑡∈[𝑡0−𝜏,𝑡0]

𝑟−𝑛 ∫
(𝐾𝜌−𝜎𝜌, 𝑣(𝑡)>𝑘)

(𝑣 − 𝑘)2 𝑑𝑥 + 𝑟−𝑛 ∬
(𝑄𝜌−𝜎𝜌,𝜏−𝜃𝜏, 𝑣>𝑘)

| grad 𝑣|2 𝑑𝑥 𝑑𝑡 ≤
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≤ 𝛾0(𝜎−2 + 𝜃−1)𝑟−(𝑛+2) ∬
(𝑄𝜌,𝜏, 𝑣>𝑘)

(𝑣 − 𝑘)2 𝑑𝑥 𝑑𝑡+

+𝛾1𝑘𝛿 {𝑟−2 ∫
𝑡0

𝑡0−𝜏
[mes(𝐾𝜌, 𝑣(𝑡) > 𝑘)

mes𝐾𝑟
]

𝛼−2/𝑛
𝑑𝑡}

𝛽

, (3)

where 𝛾0 ≥ 0, 𝛾1 ≥ 0, 0 ≤ 𝛿 ≤ 2, 1 ≤ 𝛼 ≤ ∞, 𝛽 ≥ 0, 𝛼𝛽 = 1 + 𝜀, 𝜀 > −1.*

* We agree that for 𝛼 = ∞ the expression

{𝑟−2 ∫
𝑡0

𝑡0−𝜏
[mes(𝐾𝜌, 𝑣(𝑡) > 𝑘)mes−1 𝐾𝑟]𝛼−2/𝑛 𝑑𝑡}

(1+𝜀)/𝛼

is understood as the limit of the written expression as 𝛼 → ∞, i.e. as

max
𝑡∈[𝑡0−𝜏,𝑡0]

[mes(𝐾𝜌, 𝑣(𝑡) > 𝑘) ⋅ mes−1 𝐾𝑟]1+𝜀 .

1) Let −1 < 𝜀 < 0, 𝛿 = 0. Then

𝑟−(𝑛+2) mes(𝑄𝑟/2,𝑟2/2, 𝑣 > ℎ) ≤ 𝑐1ℎ−2(𝑛+2)/𝑛|𝜀| (𝑟−(𝑛+2)/2‖𝑣+‖2,2,𝑄𝑟,𝑟2 + 1)
2(𝑛+2)/𝑛|𝜀|

,
(4)

ℎ ≥ ℎ0 = 𝑐(1)
0 (𝑟−(𝑛+2)/2‖𝑣+‖2,2,𝑄𝑟,𝑟2 + 1) .

2) Let 𝜀 = 0, 0 ≤ 𝛿 ≤ 2, and let 𝑝 be any number greater than 1. There exists
a number 𝑑, depending only on 𝑛, such that for 𝛾1 ≤ 𝑑𝑒−𝑝 the inequality
holds

𝑟−(𝑛+2) mes(𝑄𝑟/2,𝑟2/2, 𝑣 > ℎ) ≤ 𝑐2ℎ−𝑝 (𝑟−(𝑛+2)/2‖𝑣+‖2,2,𝑄𝑟,𝑟2 + 1)
𝑝

, (5)

ℎ ≥ ℎ0 = 𝑐(2)
0 (𝑟−(𝑛+2)/2‖𝑣+‖2,2,𝑄𝑟,𝑟2 + 1) .

3) Let 𝜀 = 0, 𝛿 = 0. Then

𝑟−(𝑛+2) mes(𝑄𝑟/2,𝑟2/2, 𝑣 > ℎ) ≤ 𝑐3 exp{−𝑐4 (𝑟−(𝑛+2)/2‖𝑣+‖2,2,𝑄𝑟,𝑟2 + 1)
−1

ℎ} ,
(6)

ℎ ≥ ℎ0 = 𝑐(3)
0 (𝑟−(𝑛+2)/2‖𝑣+‖2,2,𝑄𝑟,𝑟2 + 1) .

4) Let 𝜀 > 0, 0 ≤ 𝛿 ≤ 2. Then

vraimax
𝑄𝑟/2,𝑟2/2

𝑣 ≤ 𝑐5 (𝑟−(𝑛+2)/2‖𝑣+‖2,2,𝑄𝑟,𝑟2 + 1) . (7)
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In inequalities (4)—(7), the constants 𝑐(𝑖)
0 (𝑖 ≠ 2) and 𝑐𝑗 (𝑗 ≠ 2) depend only on

𝑛, 𝛾0, 𝛾1, 𝑘′, 𝛼, and 𝛽, while the constants 𝑐(2)
0 , 𝑐2 depend on the same quantities

and on the number 𝑝.
For 𝛼 = 1 + 2/𝑛, Lemma 1 was proved in (6).
Consider in 𝑄𝑇 the linear equation

𝜕𝑢
𝜕𝑡 − 𝜕

𝜕𝑥𝑖
(𝐴𝑖𝑗

𝜕𝑢
𝜕𝑥𝑗

+ 𝐴𝑖𝑢) + 𝐵𝑖
𝜕𝑢
𝜕𝑥𝑖

+ 𝐶𝑢 + 𝜕
𝜕𝑥𝑖

𝐹𝑖 + 𝐺 = 0 (8)

under the condition that

𝜈
𝑛

∑
𝑖=1

𝜉2
𝑖 ≤ 𝐴𝑖𝑗(𝑥, 𝑡)𝜉𝑖𝜉𝑗 ≤ 𝜈−1

𝑛
∑
𝑖=1

𝜉2
𝑖 ,

where 𝜈 > 0. Let
⃗𝐴 ∈ 𝐿𝑎,𝑎1

(𝑄𝑇 ), 𝐵⃗ ∈ 𝐿𝑏,𝑏1
(𝑄𝑇 ), 𝐶 ∈ 𝐿𝑐,𝑐1

(𝑄𝑇 ), ⃗𝐹 ∈ 𝐿𝑓,𝑓1
(𝑄𝑇 ),

𝐺 ∈ 𝐿𝑔,𝑔1
(𝑄𝑇 ),

and moreover
‖ ⃗𝐴‖𝑎,𝑎1,𝑄𝑇

+ ‖𝐵⃗‖𝑏,𝑏1,𝑄𝑇
+ ‖𝐶‖𝑐,𝑐1,𝑄𝑇

≤ 𝜇.

A generalized solution of equation (8) from the class 𝑉 1,0
2 (𝑄𝑇 ) ( ̇𝑉 1,0

2 (𝑄𝑇 )) is a
function 𝑢(𝑥, 𝑡) belonging to 𝑉 1,0

2 (𝑄𝑇 ) ( ̇𝑉 1,0
2 (𝑄𝑇 )) and satisfying, for all 𝑡1, 𝑡2 ∈

[0, 𝑇 ] and all Φ(𝑥, 𝑡) ∈ 𝑊̇ 1
2 (Ω × [𝑡1, 𝑡2]), the identity

∫
Ω

𝑢Φ 𝑑𝑥∣
𝑡2

𝑡1

+ ∫
𝑡2

𝑡1

∫
Ω

[−𝑢𝜕Φ
𝜕𝑡 + (𝐴𝑖𝑗

𝜕𝑢
𝜕𝑥𝑗

+ 𝐴𝑖𝑢) 𝜕Φ
𝜕𝑥𝑖

+

+ (𝐵𝑖
𝜕𝑢
𝜕𝑥𝑖

+ 𝐶𝑢) Φ + 𝐹𝑖
𝜕Φ
𝜕𝑥𝑗

+ 𝐺Φ] 𝑑𝑥 𝑑𝑡 = 0.

Theorem 1. Let

1/𝑎 + 2/𝑛𝑎1 = 1/𝑛, 𝑎1 ∈ [2, ∞), 𝑛 ≥ 2;
1/𝑏 + 2/𝑛𝑏1 = 1/𝑛, 𝑏1 ∈ [2, ∞), 𝑛 ≥ 2;
1/𝑐 + 2/𝑛𝑐1 = 2/𝑛, 𝑐1 ∈ [1, ∞), 𝑛 ≥ 2;

𝑓 = 2, 𝑓1 = 2;

1/𝑔 + 2/𝑛𝑔1 = 2/𝑛 + 1
2, 𝑔1 ∈ [1, 2] for 𝑛 > 2, 𝑔1 ∈ [1, 2) for 𝑛 = 2.

Then every generalized solution of equation (8) from the class ̇𝑉 1,0
2 (𝑄𝑇 ) satisfies

the inequality

‖𝑢‖𝑉 1,0
2 (𝑄𝑇 ) ≤ 𝑐 [‖ ⃗𝐹 ‖𝑓,𝑓1,𝑄𝑇

+ ‖𝐺‖𝑔,𝑔1,𝑄𝑇
+ ‖𝑢(𝑥, 0)‖2,Ω] ,
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where
𝑐 = 𝑐(𝑛, 𝜈, 𝜇, 𝑎1, 𝑏1, 𝑐1).

Theorem 2. Under the assumptions of Theorem 1 and for any 𝜑(𝑥) ∈ 𝐿2(Ω),
there exists a unique generalized solution of equation (8) from the class

∘
𝑉 1,0

2 (𝑄),
equal to 𝜑(𝑥) for 𝑡 = 0. Every generalized solution from this class satisfies the
condition

‖𝑢(𝑥, 𝑡 + ℎ) − 𝑢(𝑥, 𝑡)‖2,2,𝑄𝑇
= 𝑜(ℎ1/2).

Denote by Γ the set of points lying on the lateral surface and the lower base of
the cylinder 𝑄𝑇 . Let 𝑄′ denote an arbitrary domain contained in 𝑄𝑇 and at
positive distance from Γ.
Theorem 3. Let

1/𝑎 + 2/𝑛𝑎1 = 1/𝑛, 𝑎1 ∈ [2, ∞), 𝑛 ⩾ 2;

1/𝑏 + 2/𝑛𝑏1 = 1/𝑛, 𝑏1 ∈ [2, ∞), 𝑛 ⩾ 2;
1/𝑐 + 2/𝑛𝑐1 = 2/𝑛, 𝑐1 ∈ [1, ∞), 𝑛 ⩾ 2;

1/𝑓+2/𝑛𝑓1 = 1/𝑛+𝜎/2, 𝜎 ∈ (0, 1), 𝑓1 ∈ [2, 2/𝜎] for 𝑛 > 2, 𝑓1 ∈ [2, 2/𝜎) for 𝑛 = 2;
1/𝑔+2/𝑛𝑔1 = 2/𝑛+𝜃/2, 𝜃 ∈ (0, 1), 𝑔1 ∈ [1, 2/𝜃] for 𝑛 > 2, 𝑔1 ∈ [1, 2/𝜃) for 𝑛 = 2.

Then an arbitrary generalized solution of equation (8) from the class 𝑉 1,0
2 (𝑄𝑇 )

belongs to the space 𝐿𝜒,𝜒1
(𝑄′), where

1/𝜒+2/𝑛𝜒1 = 𝜆/2, 𝜒1 ∈ [2/𝜆, ∞] for 𝑛 > 2, 𝜒1 ∈ (2/𝜆, ∞] for 𝑛 = 2, 𝜆 = max(𝜎, 𝜃).

If this generalized solution is bounded on Γ, then it also belongs to 𝐿𝜒,𝜒1
(𝑄𝑇 )

with the same exponents 𝜒 and 𝜒1.

Theorem 4. Suppose that, in the assumptions of Theorem 3, the exponents 𝜎
and 𝜃 are equal to zero.

Then an arbitrary generalized solution of equation (8) from the class 𝑉 1,0
2 (𝑄𝑇 )

belongs to the space 𝐿𝜒,𝜒1
(𝑄′) with arbitrary 𝜒 and 𝜒1. If this generalized

solution is bounded on Γ, then it also belongs to 𝐿𝜒,𝜒1
(𝑄𝑇 ).

Theorem 5. Let

1/𝑎 + 2/𝑛𝑎1 = 1/𝑛 − 𝜀, 𝜀 > 0, 𝑎1 ∈ (2, ∞), 𝑛 ⩾ 2;

1/𝑏 + 2/𝑛𝑏1 = 1/𝑛, 𝑏1 ∈ [2, ∞), 𝑛 ⩾ 2;
1/𝑐 + 2/𝑛𝑐1 = 2/𝑛 − 𝛿, 𝛿 > 0, 𝑐1 ∈ (1, ∞), 𝑛 ⩾ 2;

1/𝑓 + 2/𝑛𝑓1 = 1/𝑛, 𝑓1 ∈ [2, ∞] for 𝑛 > 2, 𝑓1 ∈ [2, ∞) for 𝑛 = 2;
1/𝑔 + 2/𝑛𝑔1 = 2/𝑛, 𝑔1 ∈ [1, ∞] for 𝑛 > 2, 𝑔1 ∈ [1, ∞) for 𝑛 = 2.
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Then there exists a constant 𝑑, depending only on 𝑛, 𝜈, 𝜇, such that the integrals

𝐸𝑄′(𝑢) = ∬
𝑄′

exp{𝑑(‖𝑢‖2,2,𝑄𝑇
+ 1)−1|𝑢(𝑥, 𝑡)|} 𝑑𝑥 𝑑𝑡

are finite for any generalized solution of equation (8) from the class 𝑉 1,0
2 (𝑄𝑇 ).

If this solution is bounded on Γ, then the integral 𝐸𝑄𝑇
(𝑢) is also finite.

Theorem 6. Let

1/𝑎 + 2/𝑛𝑎1 = 1/𝑛 − 𝜀, 𝜀 > 0, 𝑎1 ∈ (2, ∞), 𝑛 ⩾ 2;

1/𝑏 + 2/𝑛𝑏1 = 1/𝑛, 𝑏1 ∈ [2, ∞), 𝑛 ⩾ 2;
1/𝑐 + 2/𝑛𝑐1 = 2/𝑛 + 𝛿, 𝛿 > 0, 𝑐1 ∈ (1, ∞), 𝑛 ⩾ 2;

1/𝑓+2/𝑛𝑓1 = 1/𝑛−𝜎, 𝜎 > 0, 𝑓1 ∈ (2, ∞] for 𝑛 > 2, 𝑓1 ∈ (2, ∞) for 𝑛 = 2;
1/𝑔+2/𝑛𝑔1 = 2/𝑛−𝜃, 𝜃 > 0, 𝑔1 ∈ (1, ∞] for 𝑛 > 2, 𝑔1 ∈ (1, ∞) for 𝑛 = 2.

Then every generalized solution of equation (8) from the class 𝑉 1,0
2 (𝑄𝑇 ) is

bounded in every domain 𝑄′. If this generalized solution is bounded on Γ,
then it will also be bounded in the whole cylinder 𝑄𝑇 .

Theorem 7. Under the assumptions of Theorem 6, an arbitrary generalized
solution of equation (8) from the class 𝑉 1,0

2 (𝑄𝑇 ) is Hölder continuous in any
domain 𝑄′. If, in addition, such a generalized solution is Hölder continuous on
Γ, then it will have a bounded Hölder constant in the whole cylinder 𝑄𝑇 .

We now consider the quasilinear equation

𝜕𝑢
𝜕𝑡 − 𝑑

𝑑𝑥𝑖
(𝐴𝑖(𝑥, 𝑡, 𝑢, 𝑢𝑥)) + 𝐴(𝑥, 𝑡, 𝑢, 𝑢𝑥) = 0, (9)

in which the functions 𝐴𝑖(𝑥, 𝑡, 𝑢, ⃗𝑝) and 𝐴(𝑥, 𝑡, 𝑢, ⃗𝑝) are defined for (𝑥, 𝑡) ∈ 𝑄𝑇 ,
|𝑢| ⩽ 𝑀 , and arbitrary 𝑝 = (𝑝1, … , 𝑝𝑛), are continuous in 𝑢 and 𝑝𝑘, and satisfy
the conditions

𝐴𝑖𝑝𝑖 ⩾ 𝜈| ⃗𝑝|2 − 𝜑(1), |𝐴𝑖| ⩽ 𝜇| ⃗𝑝| + 𝜑(2), |𝐴| ⩽ 𝜇| ⃗𝑝|2 + 𝜑(3), (10)

where 𝜈, 𝜇 > 0, 𝜑(1) ∈ 𝐿𝑞,𝑞1
(𝑄𝑇 ), 𝜑(2) ∈ 𝐿𝑟,𝑟1

(𝑄𝑇 ), 𝜑(3) ∈ 𝐿𝑠,𝑠1
(𝑄𝑇 ), 𝜑(𝑖) ⩾ 0,

𝑖 = 1, 2, 3.
Theorem 8. Let 1/𝑞+2/𝑛𝑞1 = 2/𝑛−𝜀, 𝜀 > 0, 𝑞1 ∈ (1, ∞] for 𝑛 > 2, 𝑞1 ∈ (1, ∞)
for 𝑛 = 2; 1/𝑟 + 2/𝑛𝑟1 ≤ 1/𝑛 − 𝛿, 𝛿 > 0, 𝑟1 ∈ (2, ∞] for 𝑛 > 2, 𝑟1 ∈ (2, ∞) for
𝑛 = 2; 1/𝑠 + 2/𝑛𝑠1 = 2/𝑛 − 𝜒, 𝜒 > 0, 𝑠1 ∈ (1, ∞], 𝑛 > 2, 𝑠1 ∈ (1, ∞), 𝑛 = 2.
Then any bounded generalized solution from the class 𝑉 1,0

2 (𝑄𝑇 ) of equation
(9)∗, satisfying conditions (10), belongs to the Hölder space 𝐶𝛼,𝛼/2

𝑥,𝑡 (𝑄′) with
some 𝛼 > 0 for any domain 𝑄′ ⊂ 𝑄′ ⊂ 𝑄𝑇 .

Finally, let 𝑢(𝑥, 𝑡) be a solution of the equation
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𝜕𝑢
𝜕𝑡 − 𝐴𝑖𝑗(𝑥, 𝑡, 𝑢, 𝑢𝑥)𝑢𝑥𝑖𝑥𝑗

+ 𝐴(𝑥, 𝑡, 𝑢, 𝑢𝑥) = 0,

in which the functions 𝐴𝑖𝑗(𝑥, 𝑡, 𝑢, ⃗𝑝), 𝐴(𝑥, 𝑡, 𝑢, ⃗𝑝) are defined in a neighborhood
of the manifold

𝔐 = {(𝑥, 𝑡) ∈ 𝑄𝑇 , 𝑢 = 𝑢(𝑥, 𝑡), ⃗𝑝 = 𝑢𝑥(𝑥, 𝑡)}

and are continuous in 𝑢 and 𝑝. Suppose further that 𝐴𝑖𝑗(𝑥, 𝑡, 𝑢, 𝑝) are continu-
ously differentiable with respect to 𝑥, 𝑢, and 𝑝𝑘, and that on the solution 𝑢(𝑥, 𝑡)
the functions 𝐴𝑖𝑗 and 𝐴 satisfy the conditions

𝜈
𝑛

∑
𝑖=1

𝜉2
𝑖 ≤ 𝐴𝑖𝑗(𝑥, 𝑡)𝜉𝑖𝜉𝑗 ≤ 𝜈−1

𝑛
∑
𝑖=1

𝜉2
𝑖 , 𝜈 > 0,

∣𝜕𝐴𝑖𝑗/𝜕𝑝𝑘∣ ≤ 𝜇, ∣𝜕𝐴𝑖𝑗/𝜕𝑢; 𝜕𝐴𝑖𝑗/𝜕𝑥𝑘, 𝐴∣ ≤ 𝜑(𝑥, 𝑡), 𝜑(𝑥, 𝑡) ≥ 0,

𝜑 ∈ 𝐿𝑞,𝑞1
(𝑄𝑇 ), 1/𝑞 + 2/𝑛𝑞1 = 1/𝑛 − 𝜀, 𝜀 > 0, 𝑞1 ∈ (2, ∞), 𝑛 ≥ 2.

Theorem 9. Under the assumptions made above, the Hölder norm

|𝑢𝑥|𝐶𝛼,𝛼/2
𝑥,𝑡 (𝑄′)

with some 𝛼 > 0 is estimated solely in terms of 𝑛, 𝜈, 𝜇, 𝑞, 𝑞1, the distance from
𝑄′ to Γ, and

max
𝑄𝑇

|𝑢𝑥|.
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∗ That is, any function 𝑢(𝑥, 𝑡) belonging to 𝑉 1,0
2 (𝑄𝑇 ), satisfying for all 𝑡1, 𝑡2 ∈

[0, 𝑇 ] and bounded Φ(𝑥, 𝑡) ∈ 𝑊 1
2 (Ω × [0, 𝑇 ]) the integral identity

∫
Ω

𝑢Φ 𝑑𝑥∣
𝑡2

𝑡1

+ ∫
𝑡2

𝑡1

∫
Ω

[𝐴𝑖Φ𝑥𝑖
+ 𝐴Φ] 𝑑𝑥 𝑑𝑡 = 0

and such that |𝑢(𝑥, 𝑡)| ≤ 𝑀 .

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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