Soviet-era science, translated into English

SOME PROPERTIES OF
GENERALIZED
SOLUTIONS OF
SECOND-ORDER
PARABOLIC
EQUATIONS

MATHEMATICS
1966

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196601.40090

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196601.40090

Abstract

Full Text
UDC 517.946
MATHEMATICS

A. V.IVANOV, O. A. LADYZHENSKAYA, A. L. TRESKUNOV, N. N. URAL’
TSEVA

SOME PROPERTIES OF GENERALIZED SO-
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(Presented by Academician V. I. Smirnov on 9 VII 1965)

The paper investigates generalized solutions (g.s.) of linear and quasilinear uni-
formly parabolic second-order equations, to which the papers (179) are devoted.
Here, to characterize the coefficients of the equation, a continuous scale of norms
of the spaces L, ,(Qr) is used, i.e. the norm

T p/p N\ P
el 0 = ( [ ([ ) dt) 7 )
0 Q

where ) is some bounded domain contained in the Euclidean space E,, and
Qr = x[0.7].
Let Q = Qx[t;,t5]. By V3°°(Q) (V4°(Q)) we denote the closure of all functions

smooth in @ (all smooth functions equal to zero near the lateral surface of Q)
in the norm

1/2
“Hv;v‘)(Q) = (ter[riii]/guz(:v,t) dx+//Q|gradu|2dxdt> . (2)

Denote by K, = K ,(z,) the ball of radius p with center at the point x, contained
in E,; by Q,, = Q,(2g,tg) the cylinder K,(zq) x [ty — 7,15, and let v, =
max(v,0).

Lemma 1. Let the numbers v > 0, k' > 0 be fized, and let the function v(x,t)
belong to V21’0(Qm2) and, for oll k > k', o € (0,1), 8 € (0,1), p € [r/2,7],
7 € [(r/2)2,7%], satisfy the inequality

(v—k)? d:r—i—r’"// | grad v|? dx dt <
(t)>F) @

max 71" /
telto—T,to] (K oprrs V)
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< o072 4 071 (nt2) // (v— k)2 dz dt+
(Qp,rrv>k)

5 ) - b rmes(K,, v(t) > k) a—2/n B
1k {r 2[[ ) ] dt} | N

mes K.
0

where ¥ >0, 7 >0, 0<§<2, 1<a<o0, 20, af=1+¢, e6>—1.%

* We agree that for a = co the expression

to ) (1+e)/ea
{7“_2/ [mes(Kp7 v(t) > k)mes ' K| B dt}
to—T

0

is understood as the limit of the written expression as o — oo, i.e. as

max [mes(K,,v(t) > k) - mes™' K| e
tefto—to)

1) Let —1 <& <0, §=0. Then

p—(n+2) meS(Qr/z,r2/27 v>h)< Clh72(n+2)/nle\ <7~*(n+2)/2”1}+ ”272@ L+ 1)

(4)

h>hy= cél) (7"(7”2)/2”11+

|2,2,QT1T2 + 1) :

2) Lete =0, 0 < § <2, and let p be any number greater than 1. There exists
a number d, depending only on n, such that for v; < de™? the inequality
holds

P
F—(n+2) mes(Q, 5,2 /0, 0 > h) < ch P (7"7("+2>/2|\U+”2,2,Q,, L, T 1) , ()
b = @ (22 1
ZNg=¢Cy " \T ||U+H2,2,QT1T2 + :

3) Let e =0, 6 =0. Then

-1

Tﬁ(n+2) mes(Qr/Z,r2/27 v > h) < Cg €XP {_C4 <T7<n+2)/2”ru+ ||2,2,QT1T2 + 1) h

(6)

3) (. —(n
h>hy=c? (r (n+2)/2))y), 2, T 1) .
4) Let € >0, 0 <6 < 2. Then
vraimax v < ¢; (r’("+2)/2\|v+| 22,0 o T 1) : (7)

r/2,72/2
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In inequalities (4)—(7), the constants Co ( #2) and ¢; (j # 2) depend only on
(2)

7,771, k', @, and B, while the constants ¢, ¢, depend on the same quantities
and on the number p.

For a = 1+ 2/n, Lemma 1 was proved in ().

Consider in @ the linear equation

o0 (4o
ot ox, \'Y Oz

Ju 0]

i %

under the condition that
n n
VZSZQ < Aij(xvﬂgigj < V_l Zf?’
i=1 i=1
where v > 0. Let

Ae Lo, (Qr), Be Ly (Qr), CelL.. (Qp), Fe Ly ¢ (Qr),
Ge Lg,gl (QT)v

and moreover

||A||aaa17QT + ||B||bab17QT ¢,c1,Qrp S H-

A generalized solution of equation (8) from the class V,%(Qp) (V3 °(Qr)) is a
function u(z,t) belonging to Vo %(Qp) (V3 (Qr)) and satistying, for all t,,t, €
[0, 7] and all ®(z,t) € Wi (Q X [t;,1,]), the identity

/u‘bdax / /[u—l—(z]g + A, )gj—l—

+ Bi% Cu <1>+an—¢’+Gq> ddt = 0.
Ox; Ox

Theorem 1. Let
1/a+2/na; =1/n, a; €[2,0), n>2;
1/b+2/nby =1/n, b €[2,00), n>2;
1/c+2/nc; =2/n, ¢ €[1,),
f=2 fH=2
1/g+2/ng, =2/n+ %, g1 €[1,2] forn>2, g, €[1,2) forn=2.
Then every generalized solution of equation (8) from the class V,*(Qy) satisfies

the inequality

[0, < ¢ [1E1y 51.0m + 1G], g1 0r + hu(z,0)lls0]
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where
c= C(?’L, vV, ayq, blv cl)'

Theorem 2. Under the assumptions of Theorem 1 and for any ¢(z) € Ly (),

there exists a unique generalized solution of equation (8) from the class V;’O(Q),
equal to p(z) for t = 0. Every generalized solution from this class satisfies the
condition

lu(z,t + h) —u(z,t)]52,q, = o(h*/?).

Denote by I' the set of points lying on the lateral surface and the lower base of
the cylinder Qp. Let Q" denote an arbitrary domain contained in @ and at
positive distance from T'.

Theorem 3. Let

1/a+2/nay =1/n, ay €[2,0), n=2;
1/b+2/nby =1/n, b €[2,00), n>2;
1/c+2/nc;, =2/n, ¢ €[1,0), n=2;

1/f+2/nf, =1/n+0/2, c€(0,1), f,€[2,2/clforn>2 f €[2,2/0)forn=2;
1/9+2/ng, =2/n+6/2, 0€(0,1), g, €[1,2/0lforn>2, g, €][1,2/6)forn=2.

Then an arbitrary generalized solution of equation (8) from the class V,"(Qy)

belongs to the space L, , (Q), where

1/x4+2/nx; = A2, x1 €[2/A,00]for n>2, x; € (2/\,00]forn=2, X\=max(c,0).
If this generalized solution is bounded on I', then it also belongs to L, , (Qr)
with the same exponents x and x;.

Theorem 4. Suppose that, in the assumptions of Theorem 3, the exponents o
and 6 are equal to zero.

Then an arbitrary generalized solution of equation (8) from the class V,"(Qy)
belongs to the space L, , (Q’) with arbitrary x and x;. If this generalized
solution is bounded on I', then it also belongs to L, , (Qr).

Theorem 5. Let

1/a+2/na; =1/n—e, >0, a; €(2,00), n=>=2;
1/b+2/nby =1/n, b €[2,00), n>2;

1/e+2/nc; =2/n—46, §6>0, ¢ €(1,

1/f+2/nfy=1/n, f1€[2,00]forn>2 f

1/g+2/ngy =2/n, ¢ €[1,00] forn>2, ¢

), n=2%
€ [2,00) for n = 2;
€ [1,00) for n = 2.

9
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Then there exists a constant d, depending only on n, v, i1, such that the integrals
Eq (u) = // exp{d(fuls s g, + 1) ula, )]} do dt

are finite for any generalized solution of equation (8) from the class V, *(Q7).
If this solution is bounded on T', then the integral E (u) is also finite.

Theorem 6. Let
1/a+2/nay =1/n—e, >0, a; €(2,00), n>=2

1/b+2/nby =1/n, b €[2,00), n>2;
1/c+2/nc; =2/n+6, §>0, ¢ €(1,00), n=2
1/f+2/nf, =1/n—0, o>0, f€(200forn>2, f €(200)forn=2;
el

1/g+2/ng, =2/n—0, 6>0, g€ (l,00]forn>2, g ,00) for n = 2.
Then every generalized solution of equation (8) from the class V,'°(Qy) is
bounded in every domain @’. If this generalized solution is bounded on T,
then it will also be bounded in the whole cylinder Q).

Theorem 7. Under the assumptions of Theorem 6, an arbitrary generalized
solution of equation (8) from the class V;"°(Q;) is Holder continuous in any
domain Q’. If, in addition, such a generalized solution is Holder continuous on
I', then it will have a bounded Hélder constant in the whole cylinder Q.

We now consider the quasilinear equation

ou d
i %(Ai(x,tu,ux)) + Az, t,u,u,) =0, ©)

7

in which the functions A;(z,t, u,p) and A(x,t,u,p) are defined for (z,t) € Qp,
|u| < M, and arbitrary p = (py, ..., p,,), are continuous in u and p;, and satisfy
the conditions

Ap; > vplP— oW, A <plBl+e®, A < pBl+¢®,  (10)

where Vit > 07 90(1) € Lq,ql (QT)7 30(2) € Lr,rl (QT>7 @(3> € Ls7sl (QT)7 90(1) = 07
i=1,2,3.

Theorem 8. Let 1/q+2/ngq; =2/n—e, e >0, ¢, € (1,00] forn > 2, ¢; € (1,00)
forn=2;1/r+2/nry <1/n—248,5 >0, € (2,00] for n > 2, r; € (2,00) for
n=2;1/s+2/ns; =2/n—x, x>0, s; €(1,00],n>2,8; €(1,00), n=2.
Then any bounded generalized solution from the class V21’0(QT) of equation
(9)*, satistying conditions (10), belongs to the Holder space Cﬁ’ta/z(@/) with
some a > 0 for any domain Q' C Q" C Q.

Finally, let u(x,t) be a solution of the equation
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0
au At u,ug)u

5 + Az, t,u,u,) =0,

;T

in which the functions A;;(z,t,u,p), A(x,t,u,p) are defined in a neighborhood
of the manifold

M= {(xat) € @’ U= U(ZE,t), p= ux($7t)}

and are continuous in v and p. Suppose further that Aij(x, t,u,p) are continu-
ously differentiable with respect to x, u, and p, and that on the solution u(x,t)
the functions A;; and A satisfy the conditions

szggAij(x7t)§i§jgyilz£i27 V>Oa
i=1 i=1

|0A;;/0py] < 1, 0A;;/0u; 0A;;/0x;, Al < p(x,t), o(x,t) >0,

p €Ly, (Qp), 1/g+2/ng =1/n—e, >0, ¢ €(2,00), n>2.
Theorem 9. Under the assumptions made above, the Hélder norm

el ooz )

with some o > 0 is estimated solely in terms of n,v, 11, g, ¢;, the distance from
@ toT', and

max |u,,|.
nax o,
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* That is, any function u(z,t) belonging to V,(Qy), satisfying for all t,,t, €
[0, 7] and bounded ®(z,t) € W} (Q x [0,T]) the integral identity

ts
/uq)dsc / /A<1> +A<I> dedt =0

and such that |u(z,t)] < M.
Note: Figure translations are in progress. See original paper for figures.
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