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Abstract
Full Text
UDC 517.948

MATHEMATICS

A. YANUSHAUSKAS

ON A CLASS OF SINGULAR INTEGRAL
EQUATIONS
(Presented by Academician M. A. Lavrent’ev on May 6, 1965)

Let 𝑅3 be three-dimensional Euclidean space; 𝑆 ∶ {𝑥2 + 𝑦2 + 𝑧2 = 1} the unit
sphere of the space 𝑅3. Consider the following singular integral equation:

𝑓1(𝑥, 𝑦, 𝑧) = [𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧)]𝑢1(𝑥, 𝑦, 𝑧) +

+ ∫
𝑆

𝛼(𝑧)[𝑥(𝑥 − 𝑥0) + 𝑦(𝑦 − 𝑦0)] + 𝛽(𝑧)(𝑧 − 𝑧0)
[(𝑥 − 𝑥0)2 + (𝑦 − 𝑦0)2 + (𝑧 − 𝑧0)2]3/2 𝑢1(𝑥0, 𝑦0, 𝑧0) 𝑑𝑠,

(1)

where 𝑃 = (𝑥, 𝑦, 𝑧) and 𝑄 = (𝑥0, 𝑦0, 𝑧0) are points of the sphere 𝑆; 𝛼(𝑟), 𝛽(𝑟),
and 𝑓1(𝑥, 𝑦, 𝑧) are Hölder-continuous functions, 𝛼2 + 𝛽2 ≠ 0, 𝛽(1) ≠ 0.

Using the equation of the sphere 𝑆 and taking as independent variables on 𝑆
the variables 𝑧 and 𝜑 = arctg 𝑦/𝑥, we reduce equation (1) to the form

𝑓(𝑧, 𝜑) = [𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧)]𝑢(𝑧, 𝜑) +

+ 𝛼(𝑧)𝑧 − 𝛽(𝑧)
2
√

2
∫

+1

−1
∫

2𝜋

0

(𝑧 − 𝑧0)𝑢(𝑧0, 𝜓)
(1 − 𝑧𝑧0)3/2[1 − 𝜆 cos(𝜓 − 𝜑)]3/2 𝑑𝜓 𝑑𝑧0 +

+ 𝛼(𝑧)√
2

∫
+1

−1
∫

2𝜋

0

𝑢(𝑧0, 𝜓)
(1 − 𝑧𝑧0)1/2[1 − 𝜆 cos(𝜓 − 𝜑)]1/2 𝑑𝜓 𝑑𝑧0,

(2)

where

𝜆 = [(1 − 𝑧2)(1 − 𝑧2
0)]1/2/(1 − 𝑧𝑧0).

The operator

𝑇 (𝑢) = 𝛼(𝑧)√
2

∫
+1

−1
∫

2𝜋

0

𝑢(𝑧0, 𝜓)
(1 − 𝑧𝑧0)1/2[1 − 𝜆 cos(𝜓 − 𝜑)]1/2 𝑑𝜓 𝑑𝑧0
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is completely continuous; therefore, first of all, we consider the equation

𝑔(𝑧, 𝜑) = [𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧)]𝑢(𝑧, 𝜑) +

+ 𝛼(𝑧)𝑧 − 𝛽(𝑧)
2
√

2
∫

+1

−1
∫

2𝜋

0

(𝑧 − 𝑧0)𝑢(𝑧0, 𝜓)
(1 − 𝑧𝑧0)3/2[1 − 𝜆 cos(𝜓 − 𝜑)]3/2 𝑑𝜓 𝑑𝑧0.

(3)

We shall seek solutions of equations (2) and (3) in the class of Hölder-continuous
functions. Since 𝑔(𝑧, 𝜑) and 𝑢(𝑧, 𝜑) are Hölder-continuous on the sphere 𝑆, they
can be represented by uniformly convergent series of the form (1)

𝑢(𝑧, 𝜑) =
∞

∑
𝑙=0

[𝑢𝑙(𝑧) cos 𝑙𝜑 + 𝑣𝑙(𝑧) sin 𝑙𝜑], (4a)

𝑔(𝑧, 𝜑) =
∞

∑
𝑙=0

[𝑓𝑙(𝑧) cos 𝑙𝜑 + ℎ𝑙(𝑧) sin 𝑙𝜑]. (4b)

Substituting (4a) into (3), we obtain

[𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧)]𝑢(𝑧, 𝜑) + 𝛼(𝑧)𝑧 − 𝛽(𝑧)
2
√

2
∫

+1

−1

(𝑧 − 𝑧0)√𝜋
(1 − 𝑧𝑧0)3/2(1 − 𝑧2)

×
∞

∑
𝑙=0

Γ (𝑙 + 3
2 )

2𝑙−1Γ(𝑙 + 1)𝜆𝑙𝐹 (𝑙/2 + 1
4, 𝑙

2 − 1
4; 𝑙 + 1; 𝜆2)

× [𝑢𝑙(𝑧0) cos 𝑙𝜑 + 𝑣𝑙(𝑧0) sin 𝑙𝜑] 𝑑𝑧0 = 𝑔(𝑧, 𝜑).

(5)

Equation (5) can be rewritten in the following form:

𝑔(𝑧, 𝜑) = [𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧)]𝑢(𝑧, 𝜑)+

+ 𝛼(𝑧)𝑧 − 𝛽(𝑧)
2

∞
∑
𝑙=0

∫
+1

−1

𝜆𝑙(1 − 𝑧𝑧0)1/2

𝑧 − 𝑧0
[𝑢𝑙(𝑧0) cos 𝑙𝜑 + 𝑣𝑙(𝑧0) sin 𝑙𝜑] 𝑑𝑧0

+ ∫
+1

−1
∫

2𝜋

0
𝐻(𝑧, 𝑧0, 𝜓 − 𝜑)𝑢(𝑧0, 𝜓) 𝑑𝜓 𝑑𝑧0,

(6)

where

𝐻(𝑧, 𝑧0, 𝜓 − 𝜑) =
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= 1
𝑧 − 𝑧0

∞
∑
𝑙=0

𝜆𝑙 [
√𝜋 Γ (𝑙 + 3

2 )
2𝑙−1Γ(𝑙 + 1) 𝐹 (𝑙/2 + 1

4, 𝑙/2 − 1
4; 𝑙 + 1; 𝜆2) − 1] cos 𝑙(𝜓−𝜑).

The operator

𝐴(𝑢) = ∫
+1

−1
∫

2𝜋

0
𝐻(𝑧, 𝑧0, 𝜓 − 𝜑)𝑢(𝑧0, 𝜓) 𝑑𝜓 𝑑𝑧0

is completely continuous.

Consider the equation

𝑔(𝑧, 𝜑) = [𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧)]𝑢(𝑧, 𝜑)+

+ 𝛼(𝑧)𝑧 − 𝛽(𝑧)
2

∞
∑
𝑙=0

∫
+1

−1

𝜆𝑙(1 − 𝑧𝑡)1/2

𝑧 − 𝑡 [𝑢𝑙(𝑡) cos 𝑙𝜑 + 𝑣𝑙(𝑡) sin 𝑙𝜑] 𝑑𝑡. (7)

Separating the variables in equation (7), we obtain

𝑓𝑙(𝑧) = [𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧)]𝑢𝑙(𝑧)+

+ 𝛼(𝑧)𝑧 − 𝛽(𝑧)
2 ∫

+1

−1

𝜆𝑙(1 − 𝑧𝑡)1/2

𝑧 − 𝑡 𝑢𝑙(𝑡) 𝑑𝑡 (8)

(an analogous equation is also obtained for 𝑣𝑙(𝑧)). To equation (8) the theory
developed in (2) is applicable.

Introduce the following notation:

𝑄(𝑧) = −[𝛼(𝑧)𝑧 − 𝛽(𝑧)]𝜋𝑖/2, 𝑃 (𝑧) = 𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧),

𝐺(𝑧) = 𝑃(𝑧) − 𝑄(𝑧)(1 − 𝑧2)1/2

𝑃(𝑧) + 𝑄(𝑧)(1 − 𝑧2)1/2 ,

𝑃 ∗(𝑧) = 𝑃(𝑧)
{[𝑃 (𝑧)]2 − [𝑄(𝑧)]2(1 − 𝑧2)} ,

𝑄∗(𝑧) = 𝑄(𝑧)(1 − 𝑧2)1/2

{[𝑃 (𝑧)]2 − [𝑄(𝑧)]2(1 − 𝑧2)} .
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Choose that branch of the logarithm for which ln 𝐺(−1) = 0; then we have
ln 𝐺(+1) = 2𝑛𝜋𝑖, where 2𝑛𝜋 is the increment of the argument of the function
𝐺(𝑧) on the interval −1 ≤ 𝑧 ≤ 1, and 𝑛 is an integer. Consider the integral
operator

𝐾∗(ℎ) = 𝑃 ∗(𝑧)ℎ(𝑧) − 𝑄∗(𝑧)𝑍(𝑧)
𝜋𝑖 ∫

+1

−1

ℎ(𝑡)
𝑍(𝑡)(𝑡 − 𝑧) 𝑑𝑡,

where 𝑍(𝑧) = 𝜔(𝑧)(𝑧 −1)𝑛; 𝜔(𝑧) is a completely determined function depending
only on 𝑃 and 𝑄; 𝜔(𝑧) ≠ 0 for −1 ≤ 𝑧 ≤ 1.

Let 𝑛 ≤ 0. From (8) we have

𝑢𝑙(𝑧) = 𝐾∗(𝑓𝑙) + ℒ𝑙(𝑢), (9)

where

ℒ𝑙(𝑢) = 1
𝜋𝑖 ∫

+1

−1
𝐾∗ (𝑄(𝑟)𝜆𝑙(1 − 𝑧𝑡)1/2 − (1 − 𝑧2)1/2

𝑧 − 𝑡 ) 𝑢(𝑡) 𝑑𝑡.

As 𝑙 → ∞, the operators ℒ𝑙 converge to the operator

𝐴(𝑢) = −𝐾∗ (𝑄(𝑧)
√

1 − 𝑧2

𝜋𝑖 ∫
+1

−1

𝑢(𝑡)
𝑡 − 𝑧 𝑑𝑡) + 𝑄∗(𝑧)𝑄(𝑧)(1 − 𝑧2)1/2𝑢(𝑧).

The singular integral equation

𝑓(𝑧) = 𝑢(𝑧) + 𝐴(𝑢)

is always solvable and has a unique solution. It follows from this that equation
(9), for sufficiently large 𝑙, is always solvable and has a unique solution. For the
solution of equation (8) we have the representation (2)

𝑢𝑙(𝑧) = 𝑃(𝑧)𝑓𝑙(𝑧) + ∫
+1

−1

𝑁𝑙(𝑧, 𝑡)
𝑡 − 𝑧 𝑓𝑙(𝑡) 𝑑𝑡 +

𝑚
∑
𝑖=1

𝐶𝑖𝜔𝑖(𝑧), (10)

where 𝑁𝑙(𝑧, 𝑡) is a completely determined bounded function; 𝐶𝑖 are arbitrary
constants; 𝜔𝑖 are solutions of the homogeneous equation (8), and, for the validity
of representation (10), it is necessary and sufficient that the function 𝑓𝑙(𝑧) satisfy
−𝑛 + 𝑚 orthogonality conditions
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∫
+1

−1
𝑓𝑙(𝑧)𝜓𝑙𝑖(𝑧) 𝑑𝑧 = 0, 𝑖 = 0, 1, … , −𝑛 + 𝑚 − 1, (11)

where 𝜓𝑙𝑖(𝑧) are linearly independent solutions of the adjoint homogeneous equa-
tion.

From the convergence of the operators ℒ𝑙 to the operator 𝐴, and from the fact
that the equation 𝑓(𝑧) = 𝑢(𝑧)+𝐴(𝑢) is always solvable and has a unique solution,
it follows that the functions 𝑁𝑙(𝑧, 𝑡) are bounded uniformly with respect to 𝑙.
Consider the series

𝑁(𝑧, 𝑡, 𝜓 − 𝜑, 𝜏) = 1
𝑧 − 𝑡

∞
∑
𝑙=0

𝑁𝑙(𝑧, 𝑡)𝜏 𝑙 cos 𝑙(𝜓 − 𝜑), 0 ≤ 𝜏 < 1.

The solution of equation (7) is written in the following form:

𝑢(𝑧, 𝜑) = 𝑃(𝑧)𝑔(𝑧, 𝜑) + lim
𝜏→1

∫
+1

−1
∫

2𝜋

0
𝑁(𝑧, 𝑡, 𝜓 − 𝜑, 𝜏)𝑔(𝑡, 𝜓) 𝑑𝜓 𝑑𝑡, (12)

and, in order that a solution (12) exist, it is necessary and sufficient that the
function 𝑔(𝑧, 𝜑) satisfy a countable set of conditions

orthogonality

∫
+1

−1
∫

2𝑘

0
𝜇𝑙𝑗(𝑧)𝑒𝑖𝑙𝜑𝑔(𝑧, 𝜑) 𝑑𝜑 𝑑𝑧 = 0, (13)

𝑗 = 0, 1, … , −𝑛 + 𝑚 − 1; 𝑙 = 0, 1, 2, …

The operator

𝑁(𝑔) = lim
𝜏→1

∫
+1

−1
∫

2𝜋

0
𝑁(𝑧, 𝑡, 𝜓 − 𝜑, 𝜏) 𝑔(𝑡, 𝜓) 𝑑𝜓 𝑑𝑡

is a bounded operator; therefore the following theorem is valid.

Theorem 1. If 𝑛 < 0, then for the solvability of equation (3) it is necessary
and sufficient that the function 𝑔(𝑧, 𝜑) satisfy a countable set of orthogonality
conditions. The homogeneous equation corresponding to equation (3) has no
more than a finite number of linearly independent solutions. Equation (3) is
normally solvable in the sense of Hausdorff.

The equation
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ℎ(𝑧, 𝜑) = [𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧)] 𝑣(𝑧, 𝜑)−

− 1
2
√

2
∫

+1

−1
∫

2𝜋

0

[𝑡𝛼(𝑡) − 𝛽(𝑡)](𝑧 − 𝑡)
(1 − 𝑡𝑧)3/2[1 − 𝜆 cos(𝜓 − 𝜑)]3/2 𝑣(𝑡, 𝜓) 𝑑𝜓 𝑑𝑡 (14)

will be called the adjoint equation to equation (3). Equation (14) is also normally
solvable in the sense of Hausdorff (3).
If 𝑛 > 0 for equation (3), then for the adjoint equation (14) 𝑛 < 0; therefore, also
in the case 𝑛 > 0, equation (3) is normally solvable in the sense of Hausdorff.

Theorem 2. Equation (3) is normally solvable in the sense of Hausdorff. For
𝑛 < 0, for the solvability of equation (3) it is necessary and sufficient to impose
on the function 𝑔(𝑧, 𝜑) a countable set of orthogonality conditions; the corre-
sponding homogeneous equation has no more than a finite number of linearly
independent solutions. For 𝑛 > 0, the homogeneous equation corresponding to
equation (3) has infinitely many linearly independent solutions, and for the solv-
ability of equation (3) it is necessary and sufficient to impose on the function
𝑔(𝑧, 𝜑) no more than a finite number of orthogonality conditions. For 𝑛 = 0,
equation (3) is Fredholm.

Theorem 2 is also valid for the more general integral equation

ℎ(𝑧, 𝜑) = [𝛼(𝑧)(1 − 𝑧2) + 𝑧𝛽(𝑧)] 𝑢(𝑧, 𝜑) + 𝑇 (𝑢)+

+ ∫
+1

−1
∫

2𝜋

0

[𝑧𝛼(𝑧) − 𝛽(𝑧)](𝑧 − 𝑡)
2
√

2(1 − 𝑧𝑡)3/2[1 − 𝜆 cos(𝜓 − 𝜑)]3/2 𝑢(𝑡, 𝜓) 𝑑𝜓 𝑑𝑡, (15)

where the operator 𝑇 (𝑢) is completely continuous. A special case of equation
(15) is equation (2).
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196601.38621 Machine Translation

https://sovietrxiv.org/items/ru-196601.38621

	Abstract
	Full Text
	ON A CLASS OF SINGULAR INTEGRAL EQUATIONS
	REFERENCES


