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Let R? be three-dimensional Euclidean space; S : {22 + y? + 22 = 1} the unit
sphere of the space R3. Consider the following singular integral equation:

filz,y,2) = [a(2)(1 = 2%) + 2B(2)|uy (2, y, 2) +
o zl?*ff)er(y Yo)] + B(2) (2 — z)
+ 0 20 uy (g, Yo, 2o) dS,
/s (@ — @) + (y — o) + (2 — )] S N
1

where P = (z,y,2) and Q = (z, Yy, 2¢) are points of the sphere S; «a(r), B(r),
and f,(z,y, 2z) are Holder-continuous functions, a? + 3% # 0, 3(1) # 0.

Using the equation of the sphere S and taking as independent variables on S
the variables z and ¢ = arctgy/x, we reduce equation (1) to the form

f(z0) = [a(x)(1 = 2 )+Zﬂ( Nu(z, ) +
a(z o 20) (20, ¥)
T / / T T A~ Wt

a(Z) (Zoﬂﬁ)
+ V2 /1 /0 (1—,220)1/2[1—/\cos(z/;—@)]yg dip dzg,

where

A= (1 2) (1= 2)] /(1 - 2z).
The operator

+1

n u(207 1/})
(1= 220) P — Acos(i = )] 2

d dz,
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is completely continuous; therefore, first of all, we consider the equation

9(z,¢) = | ()(1*Z)+Z¢3 z¢) +

1 2
" 20)u(Zp, )
dip dz,.
(1—zz,) 3/2[1 — Acos(yp — p)]3/2
3)
We shall seek solutions of equations (2) and (3) in the class of Holder-continuous

functions. Since g(z, ¢) and u(z, ¢) are Holder-continuous on the sphere S, they
can be represented by uniformly convergent series of the form (%)

u(z, ) = Z [u;(2) cosly + v;(2) sinly], (4a)
1=0
9(2,0) = Y _[fi(2) coslp + hy(2) sinlp]. (4b)

—~
Il
(=

Substituting (4a) into (3), we obtain

—22) 1+ 28()u(z a(z)z — B(z) o (z = 2)VT
0(:)(1 = 22) + 2B(2utz ) + S [ T

= T(+3) L1 (5)
2 g (l/uQ ”*“)

X [uy(2g) cos lp + v;(zg) sinlp] dzg = g(z, ¢).

Equation (5) can be rewritten in the following form:

9(z,) = [a(2)(1 = 2%) + 2B(2)]u(z, )+

a(z)z = Ple) $ / (L = 22)) 12

* 2

[u;(zo) coslp + v,(z) sinly] dz,

=0 J/—1 Z— % (6)

+1 27
+/ / H(z, 29, % — @)u(2q, ) dyp dz,
1 Jo
where

H(z, 2,0 — ) =
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oo ) 1 1. .
z—zozo lQllf) (l/2+ /*Z,lﬂLl, /\2>1] cos I(1hp—p).

The operator

+1 2
Alu) = / / H(z, 20, — @)ulz, %) dip dzg
-1

0

is completely continuous.

Consider the equation

9(z,) = [a(2)(1 = 2%) + 2B(2)]u(z, @)+
a(z)z—B(2) ¢

UL — 2t)1/2 .
* 2;/1 ?[Ul(t) coslp + vy (t) sinly] dt.

(7)

Separating the variables in equation (7), we obtain

fiz) = [a(2)(1 = 22) + 2B(2)Juy(2)+

_|_

M@z—ﬁ@%/“A%l—nﬂ“

. [ = w,(t) dt (8)

(an analogous equation is also obtained for v;(z)). To equation (8) the theory

developed in (2) is applicable.

Introduce the following notation:

Q(2) = —la(2)z = B(2)]mi/2,  P(z) = a(2)(1-2%) + 2B(2),

P(2)— Q()(1 - 22)12
&)= o Toma -2
. P(2)

P = PP eeEd -2y
Qe
V= POE - ERA—2)
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Choose that branch of the logarithm for which InG(—1) = 0; then we have
In G(+1) = 2nmi, where 2n7 is the increment of the argument of the function
G(2) on the interval —1 < z < 1, and n is an integer. Consider the integral
operator

K = Ptz - LEZEL | Z(thm "

where Z(z) = w(z)(z—1)"; w(z) is a completely determined function depending
only on P and Q; w(z) #0 for —1 <z < 1.

Let n < 0. From (8) we have

w(z) = K*(fi) + £i(u), (9)

where

) z—1

+1 U1 — 24)1/2 (1 — z2)1/2
£l(u):1/1 K* (Q(r)”l el Gl 29 )u(t)dt.

As [ — oo, the operators £; converge to the operator

A(u) - _K* (Q(Z) Vﬁ; — 22 /1 tuit)z dt) + Q*(Z)Q(Z)(l o z2)1/2u(z).

The singular integral equation

F(2) = u(z) + A(w)

is always solvable and has a unique solution. It follows from this that equation
(9), for sufficiently large I, is always solvable and has a unique solution. For the
solution of equation (8) we have the representation (?)

w@ =PEAE+ [ ppare Y e, a0

where Nj(z,t) is a completely determined bounded function; C; are arbitrary
constants; w; are solutions of the homogeneous equation (8), and, for the validity
of representation (10), it is necessary and sufficient that the function f;(z) satisfy
—n + m orthogonality conditions
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+1
/ f1(2),(2)dz =0, 1=0,1,...,—n+m—1, (11)
1

where 1, (z) are linearly independent solutions of the adjoint homogeneous equa-
tion.

From the convergence of the operators £; to the operator A, and from the fact
that the equation f(z) = u(z)+A(u) is always solvable and has a unique solution,
it follows that the functions N,(z,t) are bounded uniformly with respect to I.
Consider the series

N(z,t, ) — o, T —ZletTcosl(dJ ©), 0<r<1

The solution of equation (7) is written in the following form:

T—1

u(z,9) = P(2)g(z 0 +hm/ / Nzt — @, T)glt 9) dbdt,  (12)
and, in order that a solution (12) exist, it is necessary and sufficient that the

function g(z, ¢) satisfy a countable set of conditions

orthogonality

+1 2k )
/ / pj(2)eg(z, @) dp dz = 0, (13)
—1 0

7=0,1,....—n+m—1; [1=0,1,2,...
The operator
+1 27
Ng =t [ [ Netw-pngtvavd
T—1 1 o

is a bounded operator; therefore the following theorem is valid.

Theorem 1. If n < 0, then for the solvability of equation (3) it is necessary
and sufficient that the function g(z, ) satisfy a countable set of orthogonality
conditions. The homogeneous equation corresponding to equation (3) has no
more than a finite number of linearly independent solutions. Equation (3) is
normally solvable in the sense of Hausdorff.

The equation
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h(z,) = la(2)(1 = 2%) + 2B(2)] v(z, ¢)—

[ A [ta(t) — B(t)](z —t)
/0( o(t, ) dpdt  (14)

VAR 1—12)2[1 = Acos(¢ — @) P/2

will be called the adjoint equation to equation (3). Equation (14) is also normally
solvable in the sense of Hausdorff (3).

If n > 0 for equation (3), then for the adjoint equation (14) n < 0; therefore, also
in the case n > 0, equation (3) is normally solvable in the sense of Hausdorff.

Theorem 2. Equation (3) is normally solvable in the sense of Hausdorff. For
n < 0, for the solvability of equation (3) it is necessary and sufficient to impose
on the function g(z,¢) a countable set of orthogonality conditions; the corre-
sponding homogeneous equation has no more than a finite number of linearly
independent solutions. For n > 0, the homogeneous equation corresponding to
equation (3) has infinitely many linearly independent solutions, and for the solv-
ability of equation (3) it is necessary and sufficient to impose on the function
g(z, ) no more than a finite number of orthogonality conditions. For n = 0,
equation (3) is Fredholm.

Theorem 2 is also valid for the more general integral equation

h(z, @) = [a(2)(1 = 22) + 2B(2)] u(z, @) + T(u)+

oo [za(z) — B(2)|(z — 1)
- /1 /0 2v/2(1 — 2t)3/2[1 — A cos(yp — )]3/2 ult, ) dypd, (15)

where the operator T'(u) is completely continuous. A special case of equation
(15) is equation (2).
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