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MATHEMATICS

E. I. GRINDLINGER

ON THE UNSOLVABILITY OF THE WORD
IDENTITY PROBLEM FOR ONE CLASS OF
SEMIGROUPS WITH A SOLVABLE ISOMOR-
PHISM PROBLEM
(Presented by Academician P. S. Novikov, February 4, 1966)

In the paper (2) the isomorphism problem was solved for the class 𝐾1 of semi-
groups defined by systems of defining relations such that none of the defining
words occurs in any one of the defining words distinct from it. The question of
the solvability of the identity problem for these semigroups remained open, al-
though for a certain subclass of the class of semigroups 𝐾1 the identity problem
was solved in (1).

Theorem 1. The class 𝐾1 contains a semigroup 𝔄 whose word identity problem
has the highest recursively enumerable degree of unsolvability.*

The semigroup 𝔄 is defined by 15 generating elements: 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑥, 𝑦, 𝑝, 𝑟, 𝑠, 𝑞, 𝑚, 𝑛, 𝑣,
and 13 defining relations:

𝑎𝑑 = 𝑑𝑎, 𝑏𝑐 = 𝑐𝑏, 𝑏𝑑 = 𝑑𝑏, 𝑎𝑐 = 𝑐𝑎 = 𝑣𝑛, 𝑎𝑒𝑓 = 𝑚𝑛, 𝑐𝑐𝑚 = 𝑐𝑣,

𝑓𝑐 = 𝑟𝑠, 𝑠𝑎 = 𝑞𝑓, 𝑒𝑟𝑞 = 𝑐𝑒, 𝑓𝑑 = 𝑥𝑦, 𝑦𝑏 = 𝑝𝑓, 𝑒𝑥𝑝 = 𝑑𝑒.

The semigroup 𝔄 contains, as a subsemigroup, the semigroup 𝔅 of G. S. Tseitin
(6), defined by generating elements 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 and defining relations:

𝑎𝑐 = 𝑐𝑎, 𝑎𝑑 = 𝑑𝑎, 𝑏𝑐 = 𝑐𝑏, 𝑏𝑑 = 𝑑𝑏,

𝑒𝑐𝑎 = 𝑐𝑒, 𝑒𝑑𝑏 = 𝑑𝑒, 𝑐𝑐𝑎 = 𝑐𝑐𝑎𝑒.
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It is easy to verify that the mapping 𝜑 of the semigroup 𝔅 into the semigroup
𝔄, which sends

𝑎 → 𝑎, 𝑏 → 𝑏, 𝑐 → 𝑐, 𝑑 → 𝑑, 𝑒 → 𝑒𝑓,

is a homomorphism. The proof that 𝜑 is a monomorphism is omitted because
of its cumbersome nature.

From the works of G. S. Tseitin (6) and P. S. Novikov (5) it is clear that the word
identity problem of the semigroup 𝔅, and consequently also of the semigroup
𝔄, has the highest recursively enumerable degree of unsolvability.

Definition 1. By the strictly restricted isomorphism problem for a finitely de-
fined semigroup 𝔄, given by generating elements 𝑎1, … , 𝑎𝑛 and defining relations
𝐴𝑖 = 𝐵𝑖 (𝑖 = 1, … , 𝑘), we shall understand the following problem: to find an
algorithm which, for any semigroup 𝔅 given by the same number 𝑛 of genera-
tors and by a finite number of defining relations, makes it possible to determine
whether the semigroup 𝔅 is isomorphic to the semigroup 𝔄, or to prove that no
such algorithm exists.

Theorem 2. Let the semigroup 𝔄 belong to the class 𝐾1. Then the degree of
unsolvability of the word identity problem of the semigroup 𝔄 is ≤ the degree of
unsolvability of the strictly restricted isomorphism problem for 𝔄.

* For the definition of the notion of the degree of unsolvability, see (3).

Theorem 2 easily follows from the theorem that the semigroup 𝔄 is not isomor-
phic to any of its proper factor-semigroups (the latter theorem is stated without
proof in paper (2), Remark 3).

Theorem 3. Let the semigroup 𝔄 belong to the class 𝐾1. Then the degree of
unsolvability of the strictly bounded isomorphism problem for the semigroup 𝔄
is ≤ the degree of unsolvability of the word identity problem for the semigroup
𝔄.

In the proof of Theorem 3 the following lemma is used:

Lemma 1. Let 𝔄 be a semigroup of the class 𝐾1, given by generators 𝑎1, … , 𝑎𝑛
and defining relations 𝐴𝑖 = 𝐵𝑖 (𝑖 = 1, … , 𝑘). Let 𝔅 be any semigroup isomorphic
to the semigroup 𝔄 and given by generators 𝑏1, … , 𝑏𝑚 and defining relations
𝐶𝑗 = 𝐷𝑗 (𝑗 = 1, … , 𝑠), where 𝐶𝑗 ≠ 𝐷𝑗 (for all 𝑗). Then any isomorphism 𝜑
of the semigroup 𝔅 onto the semigroup 𝔄 maps the set {𝑏𝑘} one-to-one onto
{𝑎𝑘} (𝑘 = 1, … , 𝑚); 𝜑−1(𝐴𝑖) and 𝜑−1(𝐵𝑖) are defining words of the semigroup
𝔅, and all defining words of the semigroup 𝔅 are nonempty. Moreover, if some
defining word 𝐶𝑗 or 𝐷𝑗 of the semigroup 𝔅 does not contain another defining
word of the semigroup 𝔅 as a proper subword, then the equality 𝜑(𝐶𝑗) = 𝜑(𝐷𝑗)
is a defining relation in the semigroup 𝔄.

From Theorems 2 and 3 follows Theorem 4:
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Theorem 4. Let the semigroup 𝔄 belong to the class 𝐾1. Then the degree of
unsolvability of the strictly bounded isomorphism problem for the semigroup 𝔄 is
equal to the degree of unsolvability of the word identity problem for the semigroup
𝔄.

Theorem 5. The class 𝐾1 contains both an infinite number of pairwise noni-
somorphic semigroups with solvable strictly bounded isomorphism problem and
an infinite number of pairwise nonisomorphic semigroups, each of which is not
isomorphic to any semigroup with a smaller number of generators and has the
highest recursively enumerable degree of unsolvability of this problem.

It is interesting to compare Theorem 5 with the result of A. A. Markov (4)
that, for every semigroup with 𝑛 generators, the problem of recognizing the
isomorphism of this semigroup to any previously given semigroup with 𝑛 +
4 generators is unsolvable. In an unpublished work, G. S. Tseitin improved
A. A. Markov’s result by replacing the number of generators 𝑛 + 4 by the
number of generators 𝑛 + 2. Well-known examples of semigroups for which the
strictly bounded isomorphism problem is unsolvable are, however, isomorphic
to semigroups with a smaller number of generators.

In conclusion I express my gratitude for advice and attention to the work to M.
Grindlinger, S. I. Adian, A. A. Markov, and P. S. Novikov.
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