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CYBERNETICS
AND CONTROL THEORY

B. I. KORENBLYUM

ESTIMATE OF THE TYPE OF AN ENTIRE
FUNCTION AND THE PROBLEM OF OPTI-
MAL SPEED OF RESPONSE

(Presented by Academician A. Yu. Ishlinskii, 18 XII 1965)

1°. In the present paper, for entire functions f(z) of order 1 (of exponential
type), having on the real axis —oo < x < o0 a prescribed rate of decrease
as || — oo, a lower estimate of the type is established, exact up to an abso-
lute constant (coefficient). With the help of this estimate, the time of optimal
speed of response in one control problem is determined (to within an absolute
coefficient).

2°. Theorem 1. Let f(z) be an entire function of order 1 and type T', satisfying
on the real axis the conditions

sup [ f(x)] = Ay, (1)

—oo<r<oo

lf (@) < A, l=|™ (—o<z<oo; n=12..), (2)

where {4,,}5° is a given sequence of positive numbers, which may (except for
Ap) tend to +o0, and

lim A,l/n = 00. (3)
n—o0
Then
2 X AC
T> =2 In—1 4
O @

where {AS}5° is the convex regularization of the sequence {A,} by means of
logarithms (see (1), p. 24). Conversely, whatever the sequence {4, }5° subject

sovietrxiv.org/items/ru-196601.37836 Machine Translation


https://sovietrxiv.org/items/ru-196601.37836

to the indicated conditions and such that the series in (4) converges, there exists
an entire function f(z) of order 1 satisfying (1), (2) and having type

T:z;;’{%l. (5)

Remark 1. {AS} can also be defined in the following way: among the sequences
{B,,} satisfying the conditions

By/B, > B,/By > By/Bs >+, 0<B,<A, (n=012,.),

the sequence {AS} is maximal:

AS =max B, (n=0,1,2,...).

Remark 2. It is easy to see that Af = A,.

Remark 3. The sum in (4) increases together with A,. Therefore estimate (4)
remains valid if (1) is replaced by the inequality

sup | f(z)] = Ay. (1)

—oo<r<0oo

3°. We proceed to the proof of Theorem 1. We may assume that at least one
A, (n > 1) is finite, since for A, = 400 (n = 1,2, ...) inequality (4) is trivial:

T > 0. Therefore

f(@) =0 (|z] = o0), max | f(z)] = |f(zo)| = Ao

—oo<r<oo

Introduce the function

k(z) = min{A,, A, /|z|, Ay/|x|?, ...} (—o0 < < 00). (6)

Obviously,
[f(@)] <k(z)  (—00 <x <o), (7)
|f(zo)] = K(zg) = Ao (8)

Since the function log |f(z + iy)| — T'|y| is bounded above and subharmonic in
each of the half-planes +y > 0, using (7), the Poisson integral, and the properties
of the harmonic majorant, we easily find
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log k( )

Y
log | f(z + iy)| | |/ S

dt+Tlyl  (y#0).

For x = x, we obtain, by virtue of (8):

y log k(t) logA
g (g + i) — ozl ) < 21 [~ EHOZRESo gy 20

i loglf (o +iy)| —log|f(zo)| _ 1/ logk(t)—longo Q4T (9)
ly| =0 |yl T) o (=)

(The passage to the limit under the integral sign is possible, since the integrand
changes monotonically as |y| | 0.)

Since log | f(z)| is harmonic in a neighborhood of the point z = x, at this point

there must exist the derivative 82 log|f(z)|. By virtue of (9), this is possible
Y

only if
log Ay /k(t
/ 0g O/ dt
(t —x)?
Obviously, k(t) = Ay (—|zg] < t < |xg|); therefore the last inequality can be

rewritten as

r= i/m <1°ng?>> [@_ ot e

Using the inequality

CHR— 2 >l
(t—lzol)?  (t+ |zo])? o
we find
2 [ A
T>Z t2log —9 dt 10
7r/O %8 11) (10)

(by virtue of (6) and (3), the integrand is equal to zero in some neighborhood
of the point 0).

We now need the following

Lemma.
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o A A5 AS
t2log —L dt =0 4 2L 4 ... 11

/ o " a tag )
To prove the lemma, consider the function

M(s) = max(ns —log 4,,/4y) (00 < s < 00).

In view of (6) we have

A o A o0
M(s) = log k(e‘l), / t~2log Wz(f)) dt = / e SM(s)ds.
0 —00

Using the convexity of the function M(s), it is easy to show by integration by
parts that

[: e *M(s)ds = Zoo e M’ (s)ds = /_: e SdM’(s). (12)

oo

On the other hand, it is known (see (1), p. 25) that the function M’(s) is
piecewise constant and is equal to

M'(s)=0 (s <log AT/AF),

M'(s)=n (log A5 JAS | < s <logAf /AS; n>1).

n?

It follows that the integral (12) is equal to the sum (11). The lemma is proved.
From (10) and (11) follows (4).

To prove the second part of Theorem 1, suppose that the series (4) converges,
and put §, = A, _,/AS (n > 1). Obviously, §; > J, > . Consider the function

< sind, 2z
f(z) = A .
1757

Obviously,
s @) =F0)=Ag [f@)] < Ag/0,0; - Oyl = AT/l (n 2 1).

On the other hand, f(z) is an entire function of order one, and its type is equal
to 0; + 5 + ---. The theorem is proved.
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4°. We now consider the one-dimensional problem of optimal speed* for the
control d™x/dt"™ = u(t): it is required to transfer the point of the phase space
(x,2/,..., 2" V) from the position (0,0, ...,0) to the position (1,0, ...,0) in the
minimal time interval (0,7, subject to the following restrictions on the phase
coordinates and the control parameter u:

e () <A, (k=1,2,...,n—1); lu(t)| = |2 (t)] < A,

(0<t<T).

Somewhat generalizing this formulation, we arrive at the following problem:

A. Let {A,}1° be a prescribed sequence of positive numbers, allowed to tend to
+00, and suppose that condition (3) is fulfilled. Find the lower bound of the
numbers T > 0 such that there exists a function z(¢) (—oco < t < 00) satisfying
the conditions

a)

£t =0 (t<0); (13)
b)
z(t)=1 (t>T); (14)
¢)
2™ ()] < A, (=00 <t <oo; n>1), (15)

Theorem 2. In problem A the estimate is valid (4, = 1)

4 X A
T>-—) —nl (16)
3m i~ Af

* We follow the terminology and general ideas of the monograph (2).

** If some A, = o0, then the corresponding inequality (15) is not taken into

account, i.e. the existence and boundedness of the derivative x(™0)(t) is not
assumed in advance.

Conversely, whatever the sequence {4,,}$° for which the series (16) converges
may be, there exists a nondecreasing function x(t) (—oo < t < 00), satisfying
(13)—(15) and such that
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_ A5 Al A7 | A3
T_A§+A§+2(A§+A3+ : (17)

Proof. Let z(t) satisfy (13)—(15). Consider the entire function of order 1 and
type T'/2:

T/2

flz) = /T/2 x’ (t + %) ett= dt. (18)

Obviously, f(0) = 1. Integrating (18) by parts and using (15), we obtain the
estimates

If(z)| < App/|z| ™t (—oo <z <o0; n>1).

Now consider the function

of type 3/2T. Obviously,

HO)=1, [fi@)] <A, /lz[" (o0 <a <oo;n>1).

Applying Theorem 1 and Remark 3, we find

where Ay = 1. The estimate (16) is proved.

Now suppose that the series on the right-hand side of (16) converges. To con-
struct the function x(¢), we shall use an idea of S. Mandelbrojt and T. Bang
(see (1), p. 106). Denote

0 = AG/AT, 0y = AY/AS, 0, =240 /AL (n=3)

and consider the sequence of functions

ro(t) = {O Et i 0)7 x,(t) = L x,_1(7)dr (—co<t<oo;m>1).
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Refining somewhat the arguments of S. Mandelbrojt and T. Bang, it is not
difficult to show that the limiting function

z(t) = lim x,(t)

n—oo
satisfies (13)—(15) and (17). Theorem 2 is proved.
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