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Let t = ¢(s) be the equation of a simple rectifiable curve C, where s is arc length.
By L,, p > 1, we denote the space of complex-valued functions ¢(t) on C for

1
which [o(t)l, = ([, le(t()Pds) """ < oo, Let w,(8,) = maxy; lp(t(s +
h)) — ¢(t(s))[, be the integral modulus of continuity of the function ¢(t). We
shall say that ¢(t) € Hy if w,(0,¢) < Ad*, where A, a are certain constants,
0 < a<1. Weshall call C a curve of class K if there exists a constant k > 0
such that for any points ¢;,t, € C' we have

[t; —to] > ko(ty,ty), (1)

where o(t1,15) is the length of the smallest arc with endpoints at ¢; and t,. By
H () we denote the class of functions satisfying on C' the Holder condition with
exponent p, 0 < p < 1.

1°. Theorem 1. Let p(t) € Hyp', ¢(t) € Hp? on a rectifiable curve C,
1/p1+1/py <1, 0 < ay,ap < 1. Then p(t)(t) € Hpa;’ where p3 = p1p,/p1+p,,
ay =min(ay, ay). (IfY(t) € H(a,), then p(t)(t) € Hp?.)

Theorem 2. Let C be a simple closed curve of class K, ¢(t) € Hp!, ¢(t) € Hp?

on C, where 1/p; +1/py <1, 0 < ay,a, < 1. Then almost everywhere on C'
the following equality holds (the Poincaré-Bertrand formula):

(p(t) ¢(T) _—7T2 7)dT M
/ctto‘“/mtd“ w<t0>w<to>+/cw< )d /C(tto)(Tt)' @)

The existence of each of the repeated integrals in equality (2) follows from
Theorem 1 and from the fact that

t) dt
4W6H37 if C € K and g(t) € HS.

t—T1
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The latter was proved in paper (1).

Formula (2) is obtained from the equality

[ [ [ [ g

by passing to the limit as z — ¢, using the known Sokhotski formulas, which
in the case under consideration are valid (see (1)). To prove equality (3), as in
the case considered in (2), it is sufficient to show that

[ p)di(s) [T y(r)dr(o) _ . T () di(s)
hm/c =0, llmL¢(T) dr(o) /_

e—0 t—z  J,_ . T—t €0 . (t=2)(T—1) B
(4)

Here t = t(s), 7 = 7(0); s,0 are the arc abscissae of the points ¢ and 7. We
shall prove

the first of these equalities. We represent the integral entering into it in the
form of a sum

JECLG " () dr(o) [ £ ) )
c C

t—z s—e T—t t—z s—e T—1

p(t)p(t)dt(s) [ dr(o)
+/C / — I, + 1,

t—2z . Tt

Considering z fixed, put m = min, . [t — z|. Then

lo®)] po
|1|<‘p ( ds> :

where 1 = py/(py — 1) < p;. Putting o = s; + s, on the basis of the generalized
Minkowski inequality we obtain

T (r(0) —P(t(s)
(o) —t(5) 7' (0)dr

s, + 9) =)\ _
|I,| < M, /E (/C [t(s1  5) — t(5) Pz ds) dsq, M, = const.

By virtue of (1), |t(s; +s) —t(s)| > k|s;|. Therefore
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Hence lim I, =0.

e—0

Now consider the integral I,. Almost everywhere on C we have

/s+£ d’T(J) /t(s+a) dr ¢

= = 1In
e T—1 (s—e) T—1 t
where w is the angle between the vectors t(s + €) — t(s) and t(s) — t(s — ¢),
measured from the latter and satisfying the inequalities —m < w < 7.

+ iw, (5)

Since almost everywhere on C'

lim t(s+e) —t(s)
t(s—e) —t(s)

=1 and limw=0,
e—=0

e—0

it follows from (5) that

t(s+e) d

lim
e—0 4

=0 (6)

s—¢)

for almost all ¢ on C'. On the basis of (1), for all s and n =1,2,... we have

[t(s+1/n)—t(s)
O<F< s =1/ —u(s)

Therefore, almost everywhere on C and for any n,

t(s+1/n)
/ dr < \/In®k + 72 = M, = const. (7)
t(s—1/n) Tt

Returning to the integral I,, we note that
P3/(P3_1>)

t t s+1/n d
g 1< g 20 (] 7 it
e—0 n—o0 m o |/s—1/n T—1t

Denote

| 1
< -
| — k

(ps—1)/ps
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ps3/(ps—1)

/s+1/n dT(O’)
s—1/n Tt

By virtue of (7),

f (S) < Mé’s/(l’s*”

almost everywhere on C' and for all n simultaneously. Moreover, on the basis of
(6), almost everywhere on C' we have lim,,_,  f,,(s) = 0. Then

n—oo n—oo

lim /Cfn(s)ds:/c lim f,(s)ds =0

and lim,_,y I, = 0. It was shown earlier that lim__,q/; = 0. Thus, the first of
the equalities (4) is proved. The second is proved analogously.

Let I(C, B, P(z)) denote the class of functions representable by a Cauchy-type
integral with density from some class B, with line of jumps C and principal part
P(2) at infinity.

Theorem 3. Let ®(2) € I(C,Hp', P(2)), ¥(z) € I(C,Hp?,Q(2)) (¥(z) €
I(C, H(ay),Q(2))), where C is a simple closed curve of class K, 1/p;+1/py < 1.
Then

O(2)¥(2) € 1(C, Hp, R(2))

a3 b1p .
(®(2)¥(2) € I(C, Hp?, R(2))), Py = 172 ay = min(ay, ay).
P1 + Do

This assertion follows from Theorem 2, and also from Theorem 1.10.1 in *). We
note that if the orders at infinity of the functions ®(z) and ¥(z) are respectively
n >0 and m > 0, then R(z) is a polynomial of degree n + m. In the case when
n < 0, but n +m > 0, R(z) is a polynomial of degree not higher than n + m.

2°. Let C be a simple closed curve of class K, bounding a finite domain D*.
Denote by D~ the complement of D" + C to the full plane. We assume that the
point z = 0 is contained in D*. Consider the following Riemann problem: to find
a piecewise-analytic function ®(z) = ®*(z), belonging to the class I(C, H', a,),
ay = const, such that its angular boundary values ®*(¢) almost everywhere on
C satisfy the equality

(1) = GHP (1) + (1), (8)

where G(t) € H(a), G(t) #0, g(t) e Hy on C, p> 1,0 <a < 1.

This problem was studied in (>3) in the case when C is a smooth curve and

G(t),g(t) € H(a). In =9 the requirements imposed on G(t), g(t) are consid-
erably weakened, but additional restrictions are imposed on the curve C. In
(10-12) “conversely, the class of curves C' is enlarged, but the functions G(t), g(t)
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remain the same as in (>3, In the present work, in comparison with 33/, both

the class of contours and the class of coeflicients of the boundary condition are
enlarged simultaneously.

1) Let ind G(t) = » > 0. Relying on (13), it is easy to show that
G () = X)X (@),

where X*(¢) are the boundary values of the piecewise-analytic function

Xi(z)zexp{zlm/cm[ii(j(mdt}.

It also follows from (13) that the functions X*(z) are continuously extendable
to C, and X*(t) € H(«). Therefore X*(z) € I(C, H(a),1). Rewrite (8) in the
form
SH@[XT(O)] T =T ()X ()] + gt [XT ()]
On the basis of Theorem 1,
gOX* ()]t € Hy.
Putting
X)) =i (2), 2T (2)[XT(2)] 7! = Py (a),
we arrive at the jump problem with boundary condition

O () — @y (1) = g(®)[XT ()], 9)

in which the unknown function ®5(z) is analytic in D™ and D, except at the
infinitely distant point, where it has a pole of order #, i.e., at infinity it has a
principal part of the form

P, (z)=ag+az+ - +a,zz".
From the Sokhotski formulas it follows that the function

W) = 7 [ S s + Bl (10)

is a solution of problem (9). It belongs to the class I(C, H, P,(2)).

Let ®5(z) be another solution of the indicated problem in the same class of
functions. Then, as follows from (4),

o
(I)%(z):;M/CWdt+P%(z):2lm/C;$)t> td_tz—l-P%(z).
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Consequently, the solution (10) of problem (9) in the class I(C, H, P,(2)) is
unique (up to the coefficients of the polynomial P, (z)).

From the solution found for the jump problem we obtain the solution of the
Riemann problem (8) in the form

OHE) = XH(DF () O (2) = 2 X () (2). (1)

The complex constants ag, aq, ..., a,, in it are arbitrary.

Since ®7(2) € I(C, Hy, P,(2)) and X*(z) € I(C,H(a),1), it follows, on the
basis of Theorem 3, that ®*(2) € I(C, HS, ay).

2) Let » < 0. As above, we arrive at problem (9), where, however, ®7(z)
has a zero of order —» at infinity. The function

N | g(t) dt
orlz) = 2m’/CX+(t) t—z

will be the unique solution of problem (9) if the conditions

g(t) k—1
thdt =0, k=1,2,...,—u—1
/CXWt)

are satisfied.

When these conditions are fulfilled, the solution of problem (8) is obtained from
(11) with P, (z) = 0.
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