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MATHEMATICS

A. D. ALEKSEEV

ON ONE CASE OF A DISCONTINUOUS RIE-
MANN PROBLEM
(Presented by Academician P. Ya. Kochina on 7 VI 1965)

Let 𝑡 = 𝑡(𝑠) be the equation of a simple rectifiable curve 𝐶, where 𝑠 is arc length.
By 𝐿𝑝, 𝑝 ≥ 1, we denote the space of complex-valued functions 𝜑(𝑡) on 𝐶 for

which ‖𝜑(𝑡)‖𝑝 = (∫𝐶 |𝜑(𝑡(𝑠))|𝑝 𝑑𝑠)1/𝑝 < ∞. Let 𝜔𝑝(𝛿, 𝜑) = max|ℎ|<𝛿 ‖𝜑(𝑡(𝑠 +
ℎ)) − 𝜑(𝑡(𝑠))‖𝑝 be the integral modulus of continuity of the function 𝜑(𝑡). We
shall say that 𝜑(𝑡) ∈ 𝐻𝛼

𝑝 if 𝜔𝑝(𝛿, 𝜑) ≤ 𝐴𝛿𝛼, where 𝐴, 𝛼 are certain constants,
0 < 𝛼 ≤ 1. We shall call 𝐶 a curve of class 𝐾 if there exists a constant 𝑘 > 0
such that for any points 𝑡1, 𝑡2 ∈ 𝐶 we have

|𝑡1 − 𝑡2| ≥ 𝑘𝜎(𝑡1, 𝑡2), (1)

where 𝜎(𝑡1, 𝑡2) is the length of the smallest arc with endpoints at 𝑡1 and 𝑡2. By
𝐻(𝜇) we denote the class of functions satisfying on 𝐶 the Hölder condition with
exponent 𝜇, 0 < 𝜇 ≤ 1.

1°. Theorem 1. Let 𝜑(𝑡) ∈ 𝐻𝛼1𝑝1 , 𝜓(𝑡) ∈ 𝐻𝛼2𝑝2 on a rectifiable curve 𝐶,
1/𝑝1+1/𝑝2 ≤ 1, 0 < 𝛼1, 𝛼2 ≤ 1. Then 𝜑(𝑡)𝜓(𝑡) ∈ 𝐻𝛼3𝑝3 , where 𝑝3 = 𝑝1𝑝2/𝑝1+𝑝2,
𝛼3 = min(𝛼1, 𝛼2). (If 𝜓(𝑡) ∈ 𝐻(𝛼2), then 𝜑(𝑡)𝜓(𝑡) ∈ 𝐻𝛼3𝑝1 .)

Theorem 2. Let 𝐶 be a simple closed curve of class 𝐾, 𝜑(𝑡) ∈ 𝐻𝛼1𝑝1 , 𝜓(𝑡) ∈ 𝐻𝛼2𝑝2
on 𝐶, where 1/𝑝1 + 1/𝑝2 < 1, 0 < 𝛼1, 𝛼2 ≤ 1. Then almost everywhere on 𝐶
the following equality holds (the Poincaré–Bertrand formula):

∫
𝐶

𝜑(𝑡)
𝑡 − 𝑡0

𝑑𝑡 ∫
𝐶

𝜓(𝜏)
𝜏 − 𝑡 𝑑𝜏 = −𝜋2𝜑(𝑡0)𝜓(𝑡0) + ∫

𝐶
𝜓(𝜏) 𝑑𝜏 ∫

𝐶

𝜑(𝑡) 𝑑𝑡
(𝑡 − 𝑡0)(𝜏 − 𝑡) . (2)

The existence of each of the repeated integrals in equality (2) follows from
Theorem 1 and from the fact that

∫
𝐶

𝑔(𝑡) 𝑑𝑡
𝑡 − 𝜏 ∈ 𝐻𝛼

𝑝 , if 𝐶 ∈ 𝐾 and 𝑔(𝑡) ∈ 𝐻𝛼
𝑝 .
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The latter was proved in paper (1).

Formula (2) is obtained from the equality

∫
𝐶

𝜑(𝑡)
𝑡 − 𝑧 𝑑𝑡 ∫

𝐶

𝜓(𝜏)
𝜏 − 𝑡 𝑑𝜏 = ∫

𝐶
𝜓(𝜏) 𝑑𝜏 ∫

𝐶

𝜑(𝑡) 𝑑𝑡
(𝑡 − 𝑧)(𝜏 − 𝑡) , 𝑧 ∉ 𝐶, (3)

by passing to the limit as 𝑧 → 𝑡0, using the known Sokhotski formulas, which
in the case under consideration are valid (see (1)). To prove equality (3), as in
the case considered in (2), it is sufficient to show that

lim
𝜀→0

∫
𝐶

𝜑(𝑡) 𝑑𝑡(𝑠)
𝑡 − 𝑧 ∫

𝑠+𝜀

𝑠−𝜀

𝜓(𝜏) 𝑑𝜏(𝜎)
𝜏 − 𝑡 = 0, lim

𝜀→0
∫

𝐶
𝜓(𝜏) 𝑑𝜏(𝜎) ∫

𝜎+𝜀

𝜎−𝜀

𝜑(𝑡) 𝑑𝑡(𝑠)
(𝑡 − 𝑧)(𝜏 − 𝑡) = 0.

(4)

Here 𝑡 = 𝑡(𝑠), 𝜏 = 𝜏(𝜎); 𝑠, 𝜎 are the arc abscissae of the points 𝑡 and 𝜏 . We
shall prove

the first of these equalities. We represent the integral entering into it in the
form of a sum

∫
𝐶

𝜑(𝑡) 𝑑𝑡(𝑠)
𝑡 − 𝑧 ∫

𝑠+𝜀

𝑠−𝜀

𝜓(𝜏) 𝑑𝜏(𝜎)
𝜏 − 𝑡 = ∫

𝐶

𝜑(𝑡) 𝑑𝑡(𝑠)
𝑡 − 𝑧 ∫

𝑠+𝜀

𝑠−𝜀

𝜓(𝜏) − 𝜓(𝑡)
𝜏 − 𝑡 𝑑𝜏(𝜎)+

+ ∫
𝐶

𝜑(𝑡)𝜓(𝑡) 𝑑𝑡(𝑠)
𝑡 − 𝑧 ∫

𝑠+𝜀

𝑠−𝜀

𝑑𝜏(𝜎)
𝜏 − 𝑡 = 𝐼1 + 𝐼2.

Considering 𝑧 fixed, put 𝑚 = min𝑡∈𝐶 |𝑡 − 𝑧|. Then

|𝐼1| ≤ ‖𝜑(𝑡)‖𝑟
𝑚 (∫

𝐶
∣∫

𝑠+𝜀

𝑠−𝜀

𝜓(𝜏(𝜎)) − 𝜓(𝑡(𝑠))
𝜏(𝜎) − 𝑡(𝑠) 𝜏 ′(𝜎) 𝑑𝜏∣

𝑝2

𝑑𝑠)
1/𝑝2

,

where 𝑟 = 𝑝2/(𝑝2 − 1) < 𝑝1. Putting 𝜎 = 𝑠1 + 𝑠, on the basis of the generalized
Minkowski inequality we obtain

|𝐼1| ≤ 𝑀1 ∫
𝜀

−𝜀
(∫

𝐶

|𝜓(𝑡(𝑠1 + 𝑠)) − 𝜓(𝑡(𝑠))|𝑝2

|𝑡(𝑠1 + 𝑠) − 𝑡(𝑠)|𝑝2
𝑑𝑠)

1/𝑝2

𝑑𝑠1, 𝑀1 = const.

By virtue of (1), |𝑡(𝑠1 + 𝑠) − 𝑡(𝑠)| ≥ 𝑘|𝑠1|. Therefore
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|𝐼1| ≤ 2𝑀1
𝑘 ∫

𝜀

0

𝜔𝑝2
(𝛿, 𝜓)
𝛿 𝑑𝛿 ≤ 2𝐴𝑀1

𝑘𝛼2
𝜀𝛼2 .

Hence lim𝜀→0 𝐼1 = 0.

Now consider the integral 𝐼2. Almost everywhere on 𝐶 we have

∫
𝑠+𝜀

𝑠−𝜀

𝑑𝜏(𝜎)
𝜏 − 𝑡 = ∫

𝑡(𝑠+𝜀)

𝑡(𝑠−𝜀)

𝑑𝜏
𝜏 − 𝑡 = ln ∣ 𝑡(𝑠 + 𝜀) − 𝑡(𝑠)

𝑡(𝑠 − 𝜀) − 𝑡(𝑠) ∣ + 𝑖𝜔, (5)

where 𝜔 is the angle between the vectors 𝑡(𝑠 + 𝜀) − 𝑡(𝑠) and 𝑡(𝑠) − 𝑡(𝑠 − 𝜀),
measured from the latter and satisfying the inequalities −𝜋 < 𝜔 < 𝜋.

Since almost everywhere on 𝐶

lim
𝜀→0

∣ 𝑡(𝑠 + 𝜀) − 𝑡(𝑠)
𝑡(𝑠 − 𝜀) − 𝑡(𝑠) ∣ = 1 and lim

𝜀→0
𝜔 = 0,

it follows from (5) that

lim
𝜀→0

∫
𝑡(𝑠+𝜀)

𝑡(𝑠−𝜀)

𝑑𝜏
𝜏 − 𝑡 = 0 (6)

for almost all 𝑡 on 𝐶. On the basis of (1), for all 𝑠 and 𝑛 = 1, 2, … we have

0 < 𝑘 ≤ |𝑡(𝑠 + 1/𝑛) − 𝑡(𝑠)|
|𝑡(𝑠 − 1/𝑛) − 𝑡(𝑠)| ≤ 1

𝑘 .

Therefore, almost everywhere on 𝐶 and for any 𝑛,

∣∫
𝑡(𝑠+1/𝑛)

𝑡(𝑠−1/𝑛)

𝑑𝜏
𝜏 − 𝑡 ∣ < √ln2 𝑘 + 𝜋2 = 𝑀2 = const. (7)

Returning to the integral 𝐼2, we note that

lim
𝜀→0

|𝐼2| ≤ lim
𝑛→∞

‖𝜑(𝑡)𝜓(𝑡)‖𝑝3

𝑚
⎛⎜
⎝

∫
𝐶

∣∫
𝑠+1/𝑛

𝑠−1/𝑛

𝑑𝜏(𝜎)
𝜏 − 𝑡 ∣

𝑝3/(𝑝3−1)
⎞⎟
⎠

(𝑝3−1)/𝑝3

.

Denote
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𝑓𝑛(𝑠) = ∣∫
𝑠+1/𝑛

𝑠−1/𝑛

𝑑𝜏(𝜎)
𝜏 − 𝑡 ∣

𝑝3/(𝑝3−1)

, 𝑛 = 1, 2, … .

By virtue of (7),

𝑓𝑛(𝑠) < 𝑀𝑝3/(𝑝3−1)
2

almost everywhere on 𝐶 and for all 𝑛 simultaneously. Moreover, on the basis of
(6), almost everywhere on 𝐶 we have lim𝑛→∞ 𝑓𝑛(𝑠) = 0. Then

lim
𝑛→∞

∫
𝐶

𝑓𝑛(𝑠) 𝑑𝑠 = ∫
𝐶

lim
𝑛→∞

𝑓𝑛(𝑠) 𝑑𝑠 = 0

and lim𝜀→0 𝐼2 = 0. It was shown earlier that lim𝜀→0 𝐼1 = 0. Thus, the first of
the equalities (4) is proved. The second is proved analogously.

Let 𝐼(𝐶, 𝐵, 𝑃 (𝑧)) denote the class of functions representable by a Cauchy-type
integral with density from some class 𝐵, with line of jumps 𝐶 and principal part
𝑃(𝑧) at infinity.

Theorem 3. Let Φ(𝑧) ∈ 𝐼(𝐶, 𝐻𝛼1𝑝1 , 𝑃 (𝑧)), Ψ(𝑧) ∈ 𝐼(𝐶, 𝐻𝛼2𝑝2 , 𝑄(𝑧)) (Ψ(𝑧) ∈
𝐼(𝐶, 𝐻(𝛼2), 𝑄(𝑧))), where 𝐶 is a simple closed curve of class 𝐾, 1/𝑝1+1/𝑝2 < 1.
Then

Φ(𝑧)Ψ(𝑧) ∈ 𝐼(𝐶, 𝐻𝛼3𝑝3 , 𝑅(𝑧))

(Φ(𝑧)Ψ(𝑧) ∈ 𝐼(𝐶, 𝐻𝛼3𝑝1 , 𝑅(𝑧))), 𝑝3 = 𝑝1𝑝2
𝑝1 + 𝑝2

, 𝛼3 = min(𝛼1, 𝛼2).

This assertion follows from Theorem 2, and also from Theorem 1.10.1 in (4). We
note that if the orders at infinity of the functions Φ(𝑧) and Ψ(𝑧) are respectively
𝑛 ≥ 0 and 𝑚 ≥ 0, then 𝑅(𝑧) is a polynomial of degree 𝑛 + 𝑚. In the case when
𝑛 < 0, but 𝑛 + 𝑚 ≥ 0, 𝑅(𝑧) is a polynomial of degree not higher than 𝑛 + 𝑚.

2∘. Let 𝐶 be a simple closed curve of class 𝐾, bounding a finite domain 𝐷+.
Denote by 𝐷− the complement of 𝐷+ +𝐶 to the full plane. We assume that the
point 𝑧 = 0 is contained in 𝐷+. Consider the following Riemann problem: to find
a piecewise-analytic function Φ(𝑧) = Φ±(𝑧), belonging to the class 𝐼(𝐶, 𝐻𝛼

𝑝 , 𝑎0),
𝑎0 = const, such that its angular boundary values Φ±(𝑡) almost everywhere on
𝐶 satisfy the equality

Φ+(𝑡) = 𝐺(𝑡)Φ−(𝑡) + 𝑔(𝑡), (8)

where 𝐺(𝑡) ∈ 𝐻(𝛼), 𝐺(𝑡) ≠ 0, 𝑔(𝑡) ∈ 𝐻𝛼
𝑝 on 𝐶, 𝑝 ≥ 1, 0 < 𝛼 ≤ 1.

This problem was studied in (2,3) in the case when 𝐶 is a smooth curve and
𝐺(𝑡), 𝑔(𝑡) ∈ 𝐻(𝛼). In (4−9) the requirements imposed on 𝐺(𝑡), 𝑔(𝑡) are consid-
erably weakened, but additional restrictions are imposed on the curve 𝐶. In
(10−12), conversely, the class of curves 𝐶 is enlarged, but the functions 𝐺(𝑡), 𝑔(𝑡)
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remain the same as in (2,3). In the present work, in comparison with (2,3), both
the class of contours and the class of coefficients of the boundary condition are
enlarged simultaneously.

1) Let ind 𝐺(𝑡) = 𝜘 ≥ 0. Relying on (13), it is easy to show that

𝑡−𝜘𝐺(𝑡) = 𝑋+(𝑡)[𝑋−(𝑡)]−1,

where 𝑋±(𝑡) are the boundary values of the piecewise-analytic function

𝑋±(𝑧) = exp { 1
2𝜋𝑖 ∫

𝐶

ln [𝑡−𝜘𝐺(𝑡)]
𝑡 − 𝑧 𝑑𝑡} .

It also follows from (13) that the functions 𝑋±(𝑧) are continuously extendable
to 𝐶, and 𝑋±(𝑡) ∈ 𝐻(𝛼). Therefore 𝑋±(𝑧) ∈ 𝐼(𝐶, 𝐻(𝛼), 1). Rewrite (8) in the
form

Φ+(𝑡)[𝑋+(𝑡)]−1 = 𝑡𝜘Φ−(𝑡)[𝑋−(𝑡)]−1 + 𝑔(𝑡)[𝑋+(𝑡)]−1.

On the basis of Theorem 1,

𝑔(𝑡)[𝑋+(𝑡)]−1 ∈ 𝐻𝛼
𝑝 .

Putting

Φ+(𝑧)[𝑋+(𝑧)]−1 = Φ+
1 (𝑧), 𝑧𝜘Φ−(𝑧)[𝑋−(𝑧)]−1 = Φ−

1 (𝑧),

we arrive at the jump problem with boundary condition

Φ+
1 (𝑡) − Φ−

1 (𝑡) = 𝑔(𝑡)[𝑋+(𝑡)]−1, (9)

in which the unknown function Φ±
1 (𝑧) is analytic in 𝐷+ and 𝐷−, except at the

infinitely distant point, where it has a pole of order 𝜘, i.e., at infinity it has a
principal part of the form

𝑃𝜘(𝑧) = 𝑎0 + 𝑎1𝑧 + ⋯ + 𝑎𝜘𝑧𝜘.

From the Sokhotski formulas it follows that the function

Φ±
1 (𝑧) = 1

2𝜋𝑖 ∫
𝐶

𝑔(𝑡)
𝑋+(𝑡)

𝑑𝑡
𝑡 − 𝑧 + 𝑃𝜘(𝑧) (10)

is a solution of problem (9). It belongs to the class 𝐼(𝐶, 𝐻𝛼
𝑝 , 𝑃𝜘(𝑧)).

Let Φ±
2 (𝑧) be another solution of the indicated problem in the same class of

functions. Then, as follows from (4),

Φ±
2 (𝑧) = 1

2𝜋𝑖 ∫
𝐶

Φ+
2 (𝑡) − Φ−

2 (𝑡)
𝑡 − 𝑧 𝑑𝑡 + 𝑃𝜘(𝑧) = 1

2𝜋𝑖 ∫
𝐶

𝑔(𝑡)
𝑋+(𝑡)

𝑑𝑡
𝑡 − 𝑧 + 𝑃𝜘(𝑧).
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Consequently, the solution (10) of problem (9) in the class 𝐼(𝐶, 𝐻𝛼
𝑝 , 𝑃𝜘(𝑧)) is

unique (up to the coefficients of the polynomial 𝑃𝜘(𝑧)).
From the solution found for the jump problem we obtain the solution of the
Riemann problem (8) in the form

Φ+(𝑧) = 𝑋+(𝑧)Φ+
1 (𝑧); Φ−(𝑧) = 𝑧−𝜘𝑋−(𝑧)Φ−

1 (𝑧). (11)

The complex constants 𝑎0, 𝑎1, … , 𝑎𝜘 in it are arbitrary.

Since Φ±
1 (𝑧) ∈ 𝐼(𝐶, 𝐻𝛼

𝑝 , 𝑃𝜘(𝑧)) and 𝑋±(𝑧) ∈ 𝐼(𝐶, 𝐻(𝛼), 1), it follows, on the
basis of Theorem 3, that Φ±(𝑧) ∈ 𝐼(𝐶, 𝐻𝛼

𝑝 , 𝑎0).
2) Let 𝜘 < 0. As above, we arrive at problem (9), where, however, Φ−

1 (𝑧)
has a zero of order −𝜘 at infinity. The function

Φ±
1 (𝑧) = 1

2𝜋𝑖 ∫
𝐶

𝑔(𝑡)
𝑋+(𝑡)

𝑑𝑡
𝑡 − 𝑧

will be the unique solution of problem (9) if the conditions

∫
𝐶

𝑔(𝑡)
𝑋+(𝑡) 𝑡𝑘−1 𝑑𝑡 = 0, 𝑘 = 1, 2, … , −𝜘 − 1

are satisfied.

When these conditions are fulfilled, the solution of problem (8) is obtained from
(11) with 𝑃𝜘(𝑧) ≡ 0.

Rostov State University
Received
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