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MATHEMATICS

V. A. ZHELNOROVICH

REPRESENTATION OF SPINORS IN 𝑛-
DIMENSIONAL SPACE BY SYSTEMS OF
TENSORS
(Presented by Academician L. I. Sedov on 1 III 1966)

§ 1. Basic definitions. Let us first consider the even-dimensional complex Eu-
clidean space 𝑅+

𝑛 , 𝑛 = 2𝜈, referred to an orthonormal basis 𝑒𝑖. Let 𝛾1, 𝛾2, … , 𝛾2𝜈
be matrices of dimension 2𝜈, which by definition satisfy the equation

𝛾𝑖𝛾𝑗 + 𝛾𝑗𝛾𝑖 = 2𝛿𝑖𝑗𝐼, (1)

where 𝛿𝑖𝑗 is the Kronecker symbol, and 𝐼 is the identity matrix of dimension
2𝜈. Introduce the notation 𝛾𝑖1,𝑖2…𝑖𝑘

= 𝑖𝑘(𝑘−1)/2𝛾𝑖1
𝛾𝑖2

⋯ 𝛾𝑖𝑘
, 𝑖1 < 𝑖2 < ⋯ <

𝑖𝑘. The matrices 𝐼, 𝛾𝑖, 𝛾𝑖1𝛾𝑖2
, … , 𝛾𝑖1𝛾𝑖2…𝑖𝑛

are linearly independent and form a
group of 22𝜈 elements. As is known, any two solutions 𝛾𝑖, ̄𝛾𝑖 of equation (1)
are connected by the equality ̄𝛾𝑖 = 𝑇 𝛾−1

𝑖𝑇 , det 𝑇 ≠ 0, and the matrices 𝛾𝑖 may
be chosen Hermitian and in such a way that 𝛾1, 𝛾2, … , 𝛾𝜈 are symmetric, while
𝛾𝜈+1, 𝛾𝜈+2, … , 𝛾2𝜈 are antisymmetric (1).
Let 𝐿 = ‖𝑙𝑝𝑞‖ be an orthogonal transformation of the space 𝑅+

2𝜈. The set of
unimodular matrices 𝑆, defined by the equation

𝛾𝑝 = 𝑙𝑞𝑆
𝑝 𝛾−1

𝑞𝑆 , (2)

forms a group realizing a representation of the group 𝐿, called the spin repre-
sentation.

An object 𝜓 = {𝜓𝑖} with components 𝜓𝑖, defined up to sign and transforming
according to the representation 𝑆, is called a spinor of first rank in the space
𝑅+

2𝜈.

If 𝛾𝑖 is a solution of (1), then, obviously, 𝛾𝜏
𝑖 (𝛾𝜏

𝑖 are the transposed 𝛾𝑖) is also a
solution of (1); therefore there exists a matrix 𝐶 such that 𝛾𝜏

𝑖 = 𝐶𝛾−1
𝑖𝐶 , det 𝐶 = 1.

If 𝜈 is odd, then it is easy to see that 𝐶 = 𝛾𝜈𝛾𝜈−1 ⋯ 𝛾1; if 𝜈 is even, then 𝐶 =
𝛾2𝜈 ⋯ 𝛾𝜈+1 in the case when 𝛾1, 𝛾2, … , 𝛾𝜈 are symmetric and 𝛾𝜈+1, 𝛾𝜈+2, … , 𝛾2𝜈
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are antisymmetric. Hence it follows that 𝐶𝜏 = (−1)𝜈(𝜈−1)/2𝐶. If 𝜓𝑖 are the
covariant components of the spinor 𝜓, then, by definition, 𝜓𝑖 = 𝑒𝑖𝑗𝜓𝑗, where
𝐸 = ‖𝑒𝑖𝑗‖ = 𝑖𝑛(𝑛−1)/2𝛾𝑛𝛾𝑛−1 ⋯ 𝛾1𝐶.

In the space 𝑅+
𝑛 , select a pseudo-Euclidean space 𝑅(𝑠)

𝑛 of index 𝑠, fixing the basis
𝑖𝑒1 … 𝑖𝑒𝑠𝑒𝑠+1 … 𝑒𝑛. Introduce the Hermitian matrix Π, defined by the equations

Π𝛾𝑖Π−1 = ±𝛾𝑖, ΠΠ∗ = (−1)(𝜈−𝑠)(𝜈−𝑠+1)/2𝐼; (3)

here the minus sign is for 𝑖 = 1, … , 𝑠, and the plus sign for 𝑖 = 𝑠 + 1, … , 2𝜈.
A dot over a letter denotes complex conjugation. The spinor ̇𝜓 = Π𝜓 is called
conjugate with respect to 𝜓.

Let us now consider odd-dimensional spaces 𝑅+
𝑛 , 𝑛 = 2𝜈 +1. We denote 𝛾2𝜈+1 =

𝑖𝜈𝛾1,2,…,2𝜈. The matrices with an even number of indices 𝐼, 𝛾𝑖1𝑖2
, … , 𝛾𝑖1𝑖2…𝑖2𝜔(𝑖𝑝 = 1, 2, … , 2𝜈 + 1) are linearly independent. The spin representation of the

proper orthogonal group 𝐿 of transformations of the space 𝑅2𝜈+1 is given by the
group of matrices 𝑆, defined from equation (2), in which the indices 𝑝, 𝑞 take
values from 1 to 2𝜈 + 1.

The covariant components of the spinor 𝜓𝑖 are determined by the matrix 𝐸:

(−1)𝜈𝛾𝑇
𝑖 = 𝐸𝛾−1

𝑖𝐸 .

The conjugate spinor ̄𝜓 in the space 𝑅(𝑠)
2𝜈+1 is determined by the matrix Π

±𝛾𝑖 = (−1)𝜈−𝑠Π𝛾𝑖Π−1,

where the minus sign is for 𝑖 = 1, 2, … , 𝑠.

§ 2. Representation of spinors by a system of complex
tensors
Consider the complex matrix Ψ = {𝜓𝑖𝑗} of dimension 𝑟. If 𝜓𝑖𝑗 = 𝜓𝑖𝜓𝑗, then the
𝜓𝑖𝑗 satisfy the equalities

𝜓𝑖𝑗𝜓𝑘𝑙 = 𝜓𝑖𝑘𝜓𝑗𝑙 = 𝜓𝑖𝑙𝜓𝑘𝑗, 𝜓𝑖𝑗 = 𝜓𝑗𝑖, (4)

among which the independent ones are 𝑟(𝑟+1)/2−𝑟 equations 𝜓𝜈𝜈𝜓𝑖𝑗 = 𝜓𝜈𝑖𝜓𝜈𝑗

(𝑖, 𝑗 ≠ 𝜈, 𝜓𝜈𝜈 ≠ 0) and 1
2 𝑟(𝑟 − 1) equations 𝜓𝑖𝑗 = 𝜓𝑗𝑖. In all there are 𝑟2 − 𝑟

independent equations. Conversely, it follows from (4) that there exists a system
of 𝑟 components 𝜓𝑘, determined up to sign, such that 𝜓𝑖𝑗 = 𝜓𝑖𝜓𝑗. Indeed, if
𝜓𝜈𝜈 = 0 for all 𝜈, then from (4) it follows that 𝜓𝑖𝑗 = 0 for all values of the
indices 𝑖, 𝑗. If 𝜓𝜈𝜈 ≠ 0, then set
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𝜓𝑘 = 𝜓𝜈𝑘/ ± √𝜓𝜈𝜈. (5)

In view of (4), this definition of 𝜓𝑘 does not depend on the value of the index
𝜈.

Suppose now that the 𝜓𝑖𝑗 are the components of an object Ψ transforming
according to the representation 𝑆 × 𝑆, where 𝑆 is any representation of some
group, and let the equations (4) be invariant with respect to the group 𝑆 × 𝑆.
Then the components 𝜓𝑘, defined according to (5), transform according to the
representation 𝑆. Indeed, it follows from (5) that the transformation of 𝜓𝑘

is determined by the transformation of 𝜓𝑖𝑗 in a unique way. Obviously, the
invariance of the identities (4) is preserved if the 𝜓𝑘 transform according to
the representation 𝑆; consequently, by uniqueness, the 𝜓𝑘 can transform only
according to the representation 𝑆. Thus, the object 𝜓𝑖𝑗 satisfying the identities
(4) is equivalent to the object 𝜓𝑘.

Let 𝑆 be the spinor representation of the 2𝜈-dimensional orthogonal group. It
is known that

𝑆 × 𝑆 ∼
2𝜈

∑
𝑘=0

𝐷𝑘,

where 𝐷𝑘 is the representation according to which the tensor of rank 𝑘, antisym-
metric in all indices, transforms. Hence, in this case the object 𝜓𝑖𝑗 is equivalent
to the tensor aggregate

Λ = {𝑐0, 𝑐𝑖, 𝑐𝑖1𝑖2
, … , 𝑐𝑖1𝑖2…𝑖2𝜈

}.

If 𝑆 is the spinor representation of the (2𝜈 + 1)-dimensional group, then

𝑆 × 𝑆 ∼
𝜈

∑
𝑘=0

𝐷2𝑘;

therefore, the object 𝜓𝑖𝑗 is equivalent to a tensor aggregate consisting of tensors
of even ranks.

The components of antisymmetric tensors 𝐶𝑖1𝑖2…𝑖𝑘
may be defined in the follow-

ing way:

𝑐𝑖1𝑖2…𝑖𝑘
= (𝐴𝑖1𝑖2…𝑖𝑘

)𝛼𝛽𝜓𝛼𝛽, 𝐴𝑖1𝑖2…𝑖𝑘
= 𝐸𝛾𝑖1

𝛾𝑖2
⋯ 𝛾𝑖𝑘

. (6)

Since det 𝐸 ≠ 0 and the 𝛾𝑖1𝑖2…𝑖𝑘
are linearly independent, the 𝐴𝑖1𝑖2…𝑖𝑘

are also
linearly independent, and, consequently, the aggregates Λ are indeed equivalent
to the objects 𝜓𝑖𝑗.
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Using the symmetry properties of 𝐶, one can show that the matrices 𝐴𝑖1𝑖2…𝑖𝑘
have the following symmetry properties:

(𝐴𝑖1𝑖2…𝑖𝑘
)𝑇 = (−1)(𝜈(𝜈+1)+𝑘(𝑘+1))/2𝐴𝑖1𝑖2…𝑖𝑘

.

Therefore, if 𝜓𝑖𝑗 satisfies the identities (4), then the part of the tensors 𝑐𝑖1𝑖2…𝑖𝑘
for which [𝜈(𝜈 + 1) + 𝑘(𝑘 + 1)]/2 is odd vanishes. If 𝜓𝑖𝑗 satisfy the identities (4),
then the tensors 𝑐𝑖1𝑖2…𝑖𝑘

satisfy 1
2 2𝜈(2𝜈 − 1) independent bilinear identities, all

of which contain—

be obtained in generalizing the Pauli identity for the case of an 𝑛-dimensional
space [2]

2𝜈(𝜓+𝜃𝜓)(𝜓+𝜃′𝜓) =
2𝜈

∑
𝑘=1

2𝜈
∑

𝑖1<𝑖2<⋯<𝑖𝑘

(𝜓+𝛾𝑖1𝑖2…𝑖𝑘
𝜓)(𝜓+𝜃′𝛾𝑖1𝑖2…𝑖𝑘

𝜃𝜓)

+ (𝜓+𝜓)(𝜓+𝜃′𝜃𝜓), 𝑛 = 2𝜈.
(7)

2𝜈(𝜓+𝜀𝜓)(𝜓+𝜃′𝜓) =
2𝜈

∑
𝑘=1

2𝜈+1
∑

𝑖1<𝑖2<⋯<𝑖𝑘

(𝜓+𝛾𝑖1𝑖2…𝑖2𝑘
𝜓)(𝜓+𝜃′𝛾𝑖1𝑖2…𝑖2𝑘

𝜃𝜓)

+ (𝜓+𝜓)(𝜓+𝜃′𝜃𝜓), 𝑛 = 2𝜈 + 1,

where 𝜃′, 𝜃 are arbitrary matrices of dimension 2𝜈; 𝜓+, 𝜓 are the covariant and
contravariant components of a spinor.

Thus, a spinor 𝜓𝑘 in the space 𝑅+
𝑛 , 𝑛 = 2𝜈, 2𝜈 + 1, is equivalent to a tensor

aggregate Λ consisting of complex antisymmetric tensors satisfying the 1
2 2𝜈(2𝜈 −

1) bilinear identities (7). In view of this, any spinor equation can be written in
an equivalent manner as an equation in the components of the tensors 𝑐𝑖1𝑖2…𝑖𝑘

.

We note that formula (5) determines the components 𝜓𝑘 in any coordinate
systems, but the transformation of the components 𝜓𝑘 to curvilinear coordinates
turns out to be nonlinear with respect to 𝜓𝑘.

§ 3. Representation of spinors by a system of real tensors. Consider
an 𝑟-dimensional complex matrix 𝜓𝑝̇𝑞. Let 𝜓𝑝̇𝑞 = 𝜓𝑝̇𝜓𝑞. Then 𝜓𝑝̇𝑞 satisfy the
identities

𝜓𝑝̇𝑞 = (𝜓 ̇𝑞𝑝)⋅, (8)

among which the independent ones are (𝑟 − 1)2 real equations 𝜓 ̇𝜈𝜈𝜓𝑝̇𝑞 = 𝜓 ̇𝜈𝑞𝜓𝑝̇𝜈

(𝑝, 𝑞 ≠ 𝜈, 𝜓 ̇𝜈𝜈 ≠ 0) and 𝑟2 real equations 𝜓𝑝̇𝑞 = (𝜓 ̇𝑞𝑝)⋅. Obviously, if the
components 𝜓𝑘 determine the matrix 𝜓𝑝̇𝑞, then the components 𝜓𝑘𝑒𝑖𝜑, and only
they, determine the same matrix 𝜓𝑝̇𝑞.
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Conversely, it follows from (8) that there exists a system of components 𝜓𝑘,
determined up to a phase 𝑒𝑖𝜑, such that 𝜓𝑝̇𝑞 = 𝜓𝑝̇𝜓𝑞. Indeed, if 𝜓 ̇𝜈𝜈 = 0 for all
𝜈, then from (8) it follows that 𝜓𝑝̇𝑞 = 0 for all 𝑝, 𝑞. In this case we put 𝜓𝑘 = 0.
If 𝜓 ̇𝜈𝜈 ≠ 0, then set

𝜓𝑘 = 𝜓 ̇𝜈𝑘

±√𝜓 ̇𝜈𝜈
𝑒𝑖𝜑, 𝜑 is an arbitrary real number. (9)

In virtue of (8), such a definition of the set 𝜓𝑘 does not depend on the value of
𝜈. It can be shown that only the components 𝜓𝑘 determined by (9) satisfy the
equation 𝜓𝑝̇𝑞 = 𝜓𝑝̇𝜓𝑞.

Let 𝜓𝑝̇𝑞 be the components of an object transforming according to the repre-
sentation 𝑆 ⋅ × 𝑆, where 𝑆 is any representation of some group, and let the
equalities (8) be invariant with respect to the group 𝑆 ⋅ × 𝑆. Then, obviously,
one can specify such a transformation law 𝜑 that the components 𝜓𝑘 transform
according to the representation 𝑆.

Thus, specifying an object 𝜓𝑝̇𝑞 satisfying the identities (8), and the argument 𝜑
of one of the components 𝜓𝑘, completely determines the object 𝜓𝑘. Let 𝑆 be the
spinor representation of the 2𝜈-dimensional orthogonal group of transformations
of the space 𝑅(𝑠)

2𝜈 . It is known that

𝑆 ⋅ × 𝑆 ∼
2𝜈

∑
𝑘=0

𝐷𝑘.

Hence the object 𝜓𝑝̇𝑞 is equivalent to the tensor aggregate Ω = {Ω0Ω𝑖 … Ω𝑖1𝑖2…𝑖2
},

consisting of antisymmetric tensors.

If 𝑆 is a spinor representation in the space 𝑅(𝑠)
2𝜈+1, then 𝑆∗ × 𝑆 ∼∼

∑𝜈
𝑘=0 𝐷2𝑘, and in this case the object 𝜓𝑝𝑞 is equivalent to the aggregate

Ω = {Ω0Ω𝑖1𝑖2
… Ω𝑖1𝑖2…𝑖2𝜈

}, consisting of antisymmetric tensors of even rank.

The components of these tensors may be defined as follows:

Ω𝑖1𝑖2…𝑖𝑘
= (𝐷𝑖1𝑖2…𝑖𝑘

)⋅
𝛼𝜓𝛼𝛽, 𝐷𝑖1𝑖2…𝑖𝑘

= 𝐸Π𝛾𝑖1
𝛾𝑖2

… 𝛾𝑖𝑘
𝑖𝑘(𝑘+1)/2.

Using (3), one can show that the matrices 𝐷𝑖1𝑖2…𝑖𝑘
are Hermitian.

Therefore, if 𝜓𝑝𝑞 satisfy the identity 𝜓𝑝𝑞 = (𝜓𝑞𝑝)∗, then the components Ω𝑖1𝑖2…𝑖𝑘
are real. If 𝜓𝑝𝑞 satisfy the identities (8), then the components of the tensors
Ω𝑖1𝑖2…𝑖𝑘

satisfy (2𝜈 −1)2 bilinear identities, each of which is contained in identity
(7).

Thus, specifying the aggregate Ω and the argument 𝜑 of one of the components
𝜓𝑘 completely determines the spinor. Hence, the spinor equations can be written
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in an equivalent form in the components of the aggregate Ω and 𝜑. Eliminating
the argument 𝜑 from such equations, one can then obtain a closed system of
equations in the components of the aggregate Ω.

I express my sincere gratitude to L. I. Sedov for valuable advice in the course
of this work.

Moscow State University
named after M. V. Lomonosov
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