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(Presented by Academician S. L. Sobolev on 18 V 1965)

In the present note embedding theorems are proved for the spaces

1) (pn O n
Wpop(E ) Bpoé(E )7
generalizing the results of V. P. II'in () and A. Kh. Gudiyev (°); I, (i = 1,...,s)
are arbitrary positive numbers.

Let E*, E" E™) be, respectively, p-, n-, and n?-dimensional Euclidean

J )
spaces of points #(ty,ty,...,t,), 2/ (¢}, ..., 27%,), TRICTIR ,ys()i));

T ! s 1/2
n = Zn(i) — _z;nj; ErAE"; = Em;“; . ’r‘(f, 7, 1?) _ lz r?/Xi + |t|2/x0] ’
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0) x [T @) fixo (0) € B#

is the ,u dimensional ball of radius hXe with center at (0); Z(Xl '(zV) c B
is the n(¥-dimensional ball of radius hXi with center at (z); (1) = (I, ...,1,);

p - (plv ,p3>, 0= (917 "'agn)v 5 < n; (Po;s) - (p07p1’ s P, ) <_) (qla ""qT)’
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Theorem 1. If
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L(po3s)(En <11, (0)

where ¢;, ¢y, c5 are constants independent of H, h, I

Theorem 2. If

F(g,t) € L(E™"),  1<p<g<oo (j=1,..,7),
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where ¢ does not depend on F.

)\ = MXo

then

< elFlp (e (1)
L(g)(E™)

sovietrxiv.org/items/ru-196601.36655 Machine Translation


https://sovietrxiv.org/items/ru-196601.36655

Proof. On the basis of the theorem of Benedek and Panzone (%), the proof of
the inequality

DF(y,t) - _ _
/ / / MdtdydxgclﬂFnL (@)
»JEp JEy T ’

is equivalent to the proof of inequality (1).

el e (2)

The following estimate holds:

/ ‘F(?Lt)‘ dfg Cy 7—“725:1(1/p/+1/qj)2§:1 m;i)xi
EH

> Fl;, (- (3)

where

J (1)
n=1"n

Z AT C3 Z ZT%& T = Z (xgj) - y](:>)2'

i= =1 Byl

If inequality (3) is taken into account, then

///E DR g aga
< fon [ /Q/LM/ /E

)”F”LP(E“) ' az'®
oo Sy o e S ]
(Z] 121 175, )

cedy\V dz\M e dgt dzl) - dygh dzl (4)

If Sobolev’s theorem (1) is applied s—7 times to the right-hand side of inequality
(4), we obtain the required result.

On the basis of Theorems 1 and 2, with the aid of the integral inequalities of V.
P. Il in (%), the following embedding theorems are proved for E™.

Theorem 3. If f € W, (E") i) (i=1,....,8 j=1,...,n(i)) are nonnegative
integers satisfying the condztzons
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i= 1= Jj=1 17 i=1
then:
Lo D@ ) < lflyn s i >0,
2 DL @, ey < oMl s e =0, 1<p; < gy <00

(i=1,..,8 j=1,...,7).

Theorem 4. If

Z .
feBY (B, 1<p<<ooli=1..m), 1<p <g <o

then:

L. HDZf<£)”Lq(En> < Cl”f”B(f\ (En)’ if e > 0.
Po

p,0
2. HD;f(‘i‘)”Lq(En) £C2||f||£g>(En>7 ife =0, pi:9i7 1 <p; <qj <00
We indicate the path of the proof of Theorem 4. For the proof we use inequality
(29.2) of V. P. I' in (*) for the domain

i=1

Applying Minkowski’ s inequality to (29.2), we shall have
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HD;JC(E)HL,(En) < C3h72?,1 xi (1+0®)
q

| 1wnas
D

1;s Lq(E") (5)
. AZ(t/2)D", £(7)
D
i=1|[Ihy, (0) Diys " L, (E™)
The estimate holds
B S xa (1) || dy < c4h*5“f||Lp0(En), (6)
Dyss Li(E™)

where

"1 /1 1
F—1—c+ (_)
;li Po D

If € > 0, then, on the basis of Theorem 1, for xo = x;, p =1, B =¢, p; = p;
(j=0,1,...,9),

_ 1 n T 1 n
A=A=— ZXi+Xi +Z*ZX1‘
Pi \imA = 95 =
after simple transformations we obtain the estimate
Xi(o) F(y E E’y
/ it / (Ay ) It] d7

If e = 0, then, on the basis of Theorem 2, we obtain the estimate

Xi((]) F(1 {
/ dt / 7@}’ ) 4z
h D,, T
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From inequalities (5), (6), (7), and (8) we obtain
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7 <h6||f||Lp0(E”) + h5|f|£zp<En>> ; ife >0,

Drf(@)| < ’
vz o< - O —
Lig(E™) Cg <h 6||fHLp0(E‘") + Hf”%(En)) ; ife =0, 0, =p;,

1<p;<gj<oo (i=1..,n;j=1,..,7).
)
(10)

If for the right-hand side of (9) one finds the minimum of the function for the
corresponding h, and in (10) lets h — oo, then we obtain what was required.
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