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MATHEMATICS
A. D. BERIEV

EMBEDDING THEOREMS FOR THE SPACES
𝑊 ( ̄𝑙)

𝑝0 ̄𝑝, 𝐵( ̄𝑙)
𝑝0 ̄𝜃

(Presented by Academician S. L. Sobolev on 18 V 1965)

In the present note embedding theorems are proved for the spaces

𝑊 ( ̄𝑙)
𝑝0𝑝̄(𝐸𝑛), 𝐵( ̄𝑙)

𝑝0 ̄𝜃(𝐸𝑛),

generalizing the results of V. P. Il’in (4) and A. Kh. Gudiyev (5); 𝑙𝑖 (𝑖 = 1, … , 𝑠)
are arbitrary positive numbers.

Let 𝐸𝜇, 𝐸𝑛𝑗 , 𝐸𝑛(𝑖) be, respectively, 𝜇-, 𝑛𝑗-, and 𝑛(𝑖)-dimensional Euclidean
spaces of points ̄𝑡(𝑡1, 𝑡2, … , 𝑡𝜇), ̄𝑥𝑗(𝑥𝑗

1, … , 𝑥𝑗
𝑛𝑗), ̄𝑦(𝑖)(𝑦(𝑖)

1 , … , 𝑦(𝑖)
𝑛(𝑖));

𝑛 =
𝑠

∑
𝑖=1

𝑛(𝑖) =
𝜏

∑
𝑗=1

𝑛𝑗; 𝐸𝑛(𝑖)∩𝐸𝑛𝑗 = 𝐸𝑚(𝑖)
𝑗 ; 𝑟 = 𝑟( ̄𝑥, ̄𝑦, ̄𝑡) = [

𝑠
∑
𝑖=1

𝑟2/𝜒𝑖
𝑖 + | ̄𝑡|2/𝜒0]

1/2

,

where

𝑟𝑖 = [| ̄𝑦(𝑖) − ̄𝑥(𝑖)|]1/2 = ⎡⎢
⎣

𝑛(𝑖)
∑
𝑘=1

(𝑦(𝑖)
𝑘 − 𝑥(𝑖)

𝑘 )2⎤⎥
⎦

1/2

; 𝜒𝑖 > 0 (𝑖 = 0, 1, … , 𝑠); 𝐷0;𝑠

= 𝜇
ℎ𝜒0 ( ̄0) ×

𝑠
∏
𝑖=1

𝑛(𝑖)
ℎ𝜒𝑖 ( ̄𝑥(𝑖)); 𝜇

ℎ𝜒0 ( ̄0) ⊂ 𝐸𝜇

is the 𝜇-dimensional ball of radius ℎ𝜒0 with center at ( ̄0); 𝑛(𝑖)
ℎ𝜒𝑖 ( ̄𝑥(𝑖)) ⊂ 𝐸𝑛(𝑖)

is the 𝑛(𝑖)-dimensional ball of radius ℎ𝜒𝑖 with center at ( ̄𝑥(𝑖)); ( ̄𝑙) = (𝑙1, … , 𝑙𝑠);
̄𝑝 = (𝑝1, … , 𝑝𝑠); 𝜃 = (𝜃1, … , 𝜃𝑛); 𝑠 ≤ 𝑛; (𝜌0;𝑠) = (𝜌0, 𝜌1, … , 𝜌𝑠); ( ̄𝑞) = (𝑞1, … , 𝑞𝜏),
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𝐴(𝜌0;𝑠)
(𝐷0;𝑠)[|𝑓|𝜌𝑠] ≡ ‖𝑓‖𝐿(𝜌0;𝑠)(𝐷0;𝑠).

Theorem 1. If

𝐹( ̄𝑦, ̄𝑡) ∈ 𝐿(𝜌0;𝑠)(𝐸𝑛+𝜇),

1 ≤ 𝜌𝑖 ≤ 𝑞𝑗 < ∞ (𝑖 = 0, 1, … , 𝑠; 𝑗 = 1, … , 𝜏); 𝛽 > 0,

𝛾 > −𝜇𝜌𝑠/𝜌′
𝑠𝜌0,

𝜆 = 𝜌𝑠
𝜌′𝑠

(
𝑠

∑
𝑖=1

𝑛(𝑖)𝜒𝑖
𝜌𝑖

+ 𝜇𝜒0
𝜌0

) +
𝜏

∑
𝑗=1

1
𝑞𝑗

𝑠
∑
𝑖=1

𝑚(𝑖)
𝑗 𝜒𝑖,

then

∥⎛⎜
⎝

𝐴(𝜌0;𝑠)
(𝐷0;𝑠)

⎡⎢
⎣

| ̄𝑡|𝛾𝐹( ̄𝑦, ̄𝑡)
(
√

𝑟2 + 𝐻2)𝜆+𝛾𝜒0+𝛼
⎤⎥
⎦

⎞⎟
⎠

𝜌𝑠

∥
𝐿( ̄𝑞)(𝐸𝑛)

≤

≤

⎧{{{{
⎨{{{{⎩

𝑐1ℎ𝛽‖𝐹‖𝐿( ̄𝜌0;𝑠)(𝐸𝑛+𝜇), if 𝛼 = −𝛽, 𝐻 = 0,
𝑐2𝐻−𝛽‖𝐹‖𝐿( ̄𝜌0;𝑠)(𝐸𝑛+𝜇), if 𝛼 = 𝛽, 0 < 𝐻 ≤ ℎ,

𝑐3 ∥ | ̄𝑡|𝛾𝐹( ̄𝑦, ̄𝑡)
(√| ̄𝑡|2/𝜒0 + 𝐻2)𝛾𝜒0 ∥

𝐿( ̄𝜌0;𝑠)(𝐸𝑛×Π𝜇
ℎ𝜒0 (0̄))

, if 𝛼 = 0, 𝛾 ≥ 0, 0 < 𝐻 ≤ ℎ,

where 𝑐1, 𝑐2, 𝑐3 are constants independent of 𝐻, ℎ, 𝐹 .

Theorem 2. If

𝐹( ̄𝑦, ̄𝑡) ∈ 𝐿𝑝(𝐸𝑛+𝜇), 1 < 𝑝 < 𝑞𝑗 < ∞ (𝑗 = 1, … , 𝜏),

𝜆 = 𝜇𝜒0
𝑝′ +

𝜏
∑
𝑗=1

( 1
𝑝′ + 1

𝑞𝑗
)

𝑠
∑
𝑖=1

𝑚(𝑖)
𝑗 𝜒𝑖,

then
∥∫

𝐸𝜇
𝑑 ̄𝑡 ∫

𝐸𝑛

𝐹( ̄𝑦, ̄𝑡)
𝑟𝜆 𝑑 ̄𝑦∥

𝐿( ̄𝑞)(𝐸𝑛)
≤ 𝑐 ‖𝐹‖𝐿𝑝(𝐸𝑛+𝜇), (1)

where 𝑐 does not depend on 𝐹 .
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Proof. On the basis of the theorem of Benedek and Panzone (3), the proof of
the inequality

∫
𝐸𝑛𝑥

∫
𝐸𝑛𝑦

∫
𝐸𝜇

𝑡

𝜑( ̄𝑥)𝐹( ̄𝑦, ̄𝑡)
𝑟𝜆 𝑑 ̄𝑡 𝑑 ̄𝑦 𝑑 ̄𝑥 ≤ 𝑐1‖𝐹‖𝐿𝑝(𝐸𝑛+𝜇)‖𝜑‖𝐿( ̄𝑞′)(𝐸𝑛) (2)

is equivalent to the proof of inequality (1).

The following estimate holds:

∫
𝐸𝜇

𝑡

|𝐹 ( ̄𝑦, ̄𝑡)|
𝑟𝜆 𝑑 ̄𝑡 ≤ 𝑐2 ̄𝑟− ∑𝜏

𝑗=1(1/𝑝′+1/𝑞𝑗) ∑𝑠
𝑖=1 𝑚(𝑖)

𝑗 𝜒𝑖 ‖𝐹‖𝐿𝑝(𝐸𝜇), (3)

where

̄𝑟2 =
𝑠

∑
𝑖=1

𝑟2/𝜒𝑖
𝑖 > 𝑐3

𝜏
∑
𝑗=1

𝑠
∑
𝑖=1

𝑟2/𝜒𝑖
𝑗,𝑖 , 𝑟𝑗,𝑖 =

∑𝑗
𝜂=1 𝑚(𝑖)

𝜂

∑
𝑘=∑𝑗−1

𝜂=1 𝑚(𝑖)
𝜂 +1

(𝑥(𝑖)
𝑘 − 𝑦(𝑖)

𝑘 )2.

If inequality (3) is taken into account, then

∫
𝐸𝑛𝑥

∫
𝐸𝑛𝑦

∫
𝐸𝜇

𝑡

𝜑( ̄𝑥)𝐹( ̄𝑦, ̄𝑡)
𝑟𝜆 𝑑 ̄𝑡 𝑑 ̄𝑦 𝑑 ̄𝑥 ≤

≤ 𝑐4 ∫
𝐸𝑚(1)

𝜏𝑥

∫
𝐸𝑚(1)

𝜏𝑦

⋯ ∫
𝐸𝑚(𝑠)

𝜏𝑥

∫
𝐸𝑚(𝑠)

𝜏𝑦

∫
𝐸𝑚(1)

1𝑥

∫
𝐸𝑚(1)

1𝑦

⋯

⋯ ∫
𝐸𝑚(𝑠)

1𝑥

∫
𝐸𝑚(𝑠)

1𝑦

𝜑( ̄𝑥)‖𝐹‖𝐿𝑝(𝐸𝜇)

(∑𝜏
𝑗=1 ∑𝑠

𝑖=1 𝑟2/𝜒𝑖
𝑗,𝑖 )

1
2 [∑𝜏

𝑗=1(1/𝑝′+1/𝑞𝑗) ∑𝑠
𝑖=1 𝑚(𝑖)

𝑗 𝜒𝑖]
𝑑 ̄𝑦(𝑠)

1 𝑑 ̄𝑥(𝑠)
1 ⋯

⋯ 𝑑 ̄𝑦(1)
1 𝑑 ̄𝑥(1)

1 ⋯ 𝑑 ̄𝑦(𝑠)
𝜏 𝑑 ̄𝑥(𝑠)

𝜏 ⋯ 𝑑 ̄𝑦(1)
𝜏 𝑑 ̄𝑥(1)

𝜏 . (4)

If Sobolev’s theorem (1) is applied 𝑠−𝜏 times to the right-hand side of inequality
(4), we obtain the required result.

On the basis of Theorems 1 and 2, with the aid of the integral inequalities of V.
P. Il’in (4), the following embedding theorems are proved for 𝐸𝑛.

Theorem 3. If 𝑓 ∈ 𝑊 ( ̄𝑙)
𝑝0𝑝̄(𝐸𝑛), 𝜈(𝑖)

𝑗 (𝑖 = 1, … , 𝑠; 𝑗 = 1, … , 𝑛(𝑖)) are nonnegative
integers satisfying the conditions

𝜈
𝑠

∑
𝑖=1

𝜈(𝑖), 𝜈(𝑖) =
𝑛(𝑖)
∑
𝑗=1

𝜈(𝑖)
𝑗 , 1 ≤ 𝑝𝑖 ≤ 𝑞𝑗 < ∞ (𝑖 = 0, 1, … , 𝑠; 𝑗 = 1, … , 𝜏),
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𝜀 = 1 −
𝑠

∑
𝑖=1

𝑛(𝑖)

𝑙𝑖𝑝𝑖
−

𝑠
∑
𝑖=1

𝜒𝑖𝜈(𝑖) +
𝜏

∑
𝑗=1

1
𝑞𝑗

𝑠
∑
𝑖=1

𝑚(𝑖)
𝑗 𝜒𝑖 ≥ 0, ℎ > 0,

then:

1. ‖𝐷𝜈
𝑥𝑓( ̄𝑥)‖𝐿 ̄𝑞(𝐸𝑛) ≤ 𝑐1‖𝑓‖𝑊 ( ̄𝑙)

𝑝0𝑝̄(𝐸𝑛), if 𝜀 > 0.

2. ‖𝐷𝜈
𝑥𝑓( ̄𝑥)‖𝐿 ̄𝑞(𝐸𝑛) ≤ 𝑐2‖𝑓‖𝐿( ̄𝑙)

𝑝̄ (𝐸𝑛), if 𝜀 = 0, 1 < 𝑝𝑖 < 𝑞𝑗 < ∞

(𝑖 = 1, … , 𝑠; 𝑗 = 1, … , 𝜏).

Theorem 4. If

𝑓 ∈ 𝐵( ̄𝑙)
𝑝0𝑝̄, ̄𝜃(𝐸𝑛), 1 ≤ 𝑝𝑖 ≤ 𝜃𝑖 < ∞ (𝑖 = 1, … , 𝑛), 1 ≤ 𝑝𝑖 ≤ 𝑞𝑗 < ∞

(𝑖 = 0, 1, … , 𝑛; 𝑗 = 1, … , 𝜏),

𝜀 = 1 −
𝑛

∑
𝑖=1

1
𝑙𝑖𝑝𝑖

−
𝑛

∑
𝑖=1

𝜈(𝑖)𝜒𝑖 +
𝜏

∑
𝑗=1

1
𝑞𝑗

𝑛
∑
𝑖=1

𝜒𝑖 ≥ 0,

then:

1. ‖𝐷𝜈
𝑥𝑓( ̄𝑥)‖𝐿 ̄𝑞(𝐸𝑛) ≤ 𝑐1‖𝑓‖𝐵( ̄𝑙)

𝑝0𝑝̄, ̄𝜃(𝐸𝑛), if 𝜀 > 0.

2. ‖𝐷𝜈
𝑥𝑓( ̄𝑥)‖𝐿 ̄𝑞(𝐸𝑛) ≤ 𝑐2‖𝑓‖ℒ( ̄𝑙)

𝑝̄ (𝐸𝑛), if 𝜀 = 0, 𝑝𝑖 = 𝜃𝑖, 1 < 𝑝𝑖 < 𝑞𝑗 < ∞

(𝑖 = 1, … , 𝑛; 𝑗 = 1, … , 𝜏).

We indicate the path of the proof of Theorem 4. For the proof we use inequality
(29.2) of V. P. Il’in (4) for the domain

𝐷1;𝑠 =
𝑠

∏
𝑖=1

Π𝑛(𝑖)
ℎ𝜒𝑖

( ̄𝑥(𝑖)).

Applying Minkowski’s inequality to (29.2), we shall have
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‖𝐷𝜈
𝑥𝑓( ̄𝑥)‖𝐿 ̄𝑞(𝐸𝑛) ≤ 𝐶3ℎ− ∑𝑛

𝑖=1 𝜒𝑖(1+𝜈(𝑖)) ∥∫
𝐷1;𝑠

|𝑓( ̄𝑦)| 𝑑 ̄𝑦∥
𝐿 ̄𝑞(𝐸𝑛)

+
𝑛

∑
𝑖=1

∥∫
𝐼ℎ𝜒𝑖 (0)

𝑑𝑡 ∫
𝐷1;𝑠

∣Δ2
𝑖 (𝑡/2)𝐷𝑙𝑖

𝑦(𝑖)𝑓( ̄𝑦)∣
𝑟𝜆𝑖

𝑑 ̄𝑦∥
𝐿 ̄𝑞(𝐸𝑛)

.
(5)

The estimate holds

ℎ− ∑𝑛
𝑖=1 𝜒𝑖(1+𝜈(𝑖)) ∥∫

𝐷1;𝑠

|𝑓| 𝑑𝑦∥
𝐿 ̄𝑞(𝐸𝑛)

≤ 𝑐4ℎ−𝛿‖𝑓‖𝐿𝑝0 (𝐸𝑛), (6)

where

𝛿 = 1 − 𝜀 +
𝑛

∑
𝑖=1

1
𝑙𝑖

( 1
𝑝0

− 1
𝑝𝑖

) .

If 𝜀 > 0, then, on the basis of Theorem 1, for 𝜒0 = 𝜒𝑖, 𝜇 = 1, 𝛽 = 𝜀, 𝜌𝑗 = 𝑝𝑖
(𝑗 = 0, 1, … , 𝑠),

𝜆̄ = 𝜆 = 1
𝑝𝑖

(
𝑛

∑
𝑖=1

𝜒𝑖 + 𝜒𝑖) +
𝜏

∑
𝑗=1

1
𝑞𝑗

𝑛
∑
𝑖=1

𝜒𝑖

after simple transformations we obtain the estimate

∥∫
𝜒𝑖(0̄)

ℎ
𝑑𝑡 ∫

𝐷1;𝑠

𝐹( ̄𝑦, ̄𝑡) | ̄𝑡|𝛾
𝑟𝜆̄+𝛾𝜒𝑖−𝜀 𝑑 ̄𝑦∥

𝐿 ̄(𝑞)(𝐸𝑛)

≤ 𝑐5ℎ𝜀 ‖𝑓‖ℒ 𝑙𝑖
𝑝𝑖,𝑦(𝑖) (𝐸𝑛). (7)

If 𝜀 = 0, then, on the basis of Theorem 2, we obtain the estimate

∥∫
𝜒𝑖(0̄)

ℎ
𝑑𝑡 ∫

𝐷1;𝑠

𝐹( ̄𝑦, ̄𝑡)
𝑟𝜆̄ 𝑑 ̄𝑦∥

𝐿 ̄(𝑞)(𝐸𝑛)

≤ 𝑐6 ‖𝑓‖ℒ 𝑙𝑖
𝑝𝑖,𝑦(𝑖) (𝐸𝑛). (8)

From inequalities (5), (6), (7), and (8) we obtain
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𝐷 𝜈
𝑥̄ 𝑓( ̄𝑥)∥𝐿 ̄(𝑞)(𝐸𝑛) ≤

⎧{{{
⎨{{{⎩

𝑐7 (ℎ−𝛿‖𝑓‖𝐿𝑝0 (𝐸𝑛) + ℎ𝜀‖𝑓‖ℒ ̄𝑙
𝑝̄

̄𝜃
(𝐸𝑛)) , if 𝜀 > 0,

𝑐8 (ℎ−𝛿‖𝑓‖𝐿𝑝0 (𝐸𝑛) + ‖𝑓‖ℒ ̄𝑙
𝑝̄(𝐸𝑛)) , if 𝜀 = 0, 𝜃𝑖 = 𝑝𝑖,

1 < 𝑝𝑖 < 𝑞𝑗 < ∞ (𝑖 = 1, … , 𝑛; 𝑗 = 1, … , 𝜏).
(9)

(10)

If for the right-hand side of (9) one finds the minimum of the function for the
corresponding ℎ, and in (10) lets ℎ → ∞, then we obtain what was required.

North Ossetian State
Medical Institute

Received
13 V 1965
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