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1°. On the interval [0, a] the boundary-value problem

Ly = —y" +q(z)y = s%y, (1)

y(0)=0,  y'(a)+isy(a) =0, (17)

is considered, where ¢(z) is a complex-valued function, and s is the spectral
parameter. Problem (1) arises in various questions of mathematical physics.
Redheffer, who studied it in connection with scattering theory, showed that if
q(z) in a left half-neighborhood of the point a satisfies the condition

q(x) ~c,(a—a)*, = —=a—=0; p=0, c,#0, (2)

then the problem has a discrete spectrum s,,, and the system of eigenfunctions

o, (x), n=41, +£2,..., (3)

is complete in L,(0,a)*.

Let us point out a remarkable feature of problem (1): for ¢(z) = 0 the spectrum
is absent altogether.

From the completeness, established by Redheffer, of the system (3), generally
speaking, the convergence of an expansion in a series with respect to this system
does not follow. The present article is devoted to the study of this question.

Note that the expansion
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f(l‘) = Z Cn(pn(ﬂ;‘), HAS [0,&),

n=—oo

whose convergence is established below, is the expansion of the integral

fw) = / FONgle, N dp(V), 0 < < oo,

generated by the operator Ly = —y” + ¢q(z)y in L4(0, +00) with finite potential
q(z), into a series by residues and, consequently, makes it possible to replace
the Fourier integral by a series in the system of solutions (3), which in a number
of cases turns out to be very convenient.

2°. Let us formulate the results obtained by us.

Theorem 1. Let in (2) p be equal to 0 or 1, and let f(x) be twice differentiable
on [0,a], f(0) =0, and for p =1 also f'(a) = 0. Then f(x) is expanded into
the series

o0

fla)= Y cupula) =

n=—oo

1Y @ [/Oaﬂtm(wdtz‘f(a>¢g<“>}/[/oasa (0ai— 22

n=—00 n

S

*TIn (1) it is proved, moreover, that if the functions (3) are continued smoothly to the interval [a, 2a] by the f

converging everywhere on the half-open interval [0, a) and uniformly inside this
interval. Moreover,

Ny

f(z) — Z ¢, ()| < const - N7/t
n=—N,;

uniformly in « € [0,a — §], where b = 2a/u + 2, and N = min(N;, N,).*

For the proof we use the method of contour integration (see (*)). Denote by
yp(x, s) and yo(z, s) the solutions of equation (1”) satisfying the conditions

y1(0,8) =0, y1(0,5) = 1; yo(a,s) =1, y5(a,s) = —is,
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and by w(s) = W (y,,y,) the Wronskian determinant of these solutions:

w(s) = —v1(a,s) —isy;(as) = —y,(0,5).

It can be shown that, as s — 0o, s = 0 + i1, the following formulas hold:

sin sx elmlz
yl(.’L',S): +O< $2 )7 (5)

S

Yo (3, 5) = e35(a=) [1 +0 (é)] + meismr) {1 +0 G)} ; (6)

w(s) = —y5(0,5) = —eis@ [1 +0 (é)} [1 +0 (é) — Z;:] , (7)

where A = —(—2i)*"?/¢,T'(1u + 1), so that the eigenvalues s, asymptotically
satisfy the equation

e 250 = AstT2[1 4+ 0(1/s)].

Solving it, we obtain for s,, = o, + 147,

n:nlf—argAJrO(ln—n),

a

A L[y ()

=5 nn|—|—2aln[(a) Al +o(5)- (8)

From these formulas it is evident, in particular, that, beginning with some n,
all eigenvalues of problem (1) are simple.

The principal asymptotic terms of formulas (8) were obtained by a different
method by Reddhe (2). The method we use makes it possible to obtain for s,,
any number of terms of the asymptotic expansion.

After this, consider, as usual, the nonhomogeneous equation Ly — s%y = f(z).
Tts solution ®(x, s), satisfying the conditions (1”), has the form

@(az,s)z/o Gz, t;8)f(t)dt =

IGL) / ) p e+ 1) / "ol )£ dt,
0 T

—w(s) —w(s)
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where G(z,t;s) is the Green’ s function of the problem under consideration.
Using smooth-

* For simplicity of notation we assume that the eigenvalues are simple. Be-
low we shall show that problem (1) can have only a finite number of multiple
eigenvalues.

ness of f(x) and the boundary conditions, one can prove the identity

s, ) i L0 gy SO 8D ) Lo )

w(s) s sw(s)

where G| is the integral operator with kernel G(z,t; s).
As the contour of integration we choose the rectangle v, with vertices
(:l:RN, i]"]\/’)7 (:l:RN, —TN>, Whel"e

T 1 1
Ry="(N+42)- —aga
N a< +2> 2q B

and Ty is such that T /In N — oo, Ty/Ry — 0 as N — occ.

Using the asymptotic formulas (5)—(7), one can show that, under the conditions
of the theorem, the integral over 7, of the second and third terms on the right-
hand side of (9) is O(N~%/®) on [0,a — §]. Therefore, by virtue of (9),

j;%
211

IN

st i 20 ) as > g0

On the other hand, taking this integral by residues and using the relation

we obtain the partial sum of the series (4). The theorem is proved.

3°. By the same method, but somewhat more complicatedly, one investigates the
case of an arbitrary nonnegative integer p in formula (2). In this case stronger
restrictions have to be imposed on the function being expanded. Denote by D,
(1 > 0 an integer) the class of functions f(x) satisfying the following conditions:

a) the derivative f(#+2=%)(z) exists and has bounded variation on the interval
[}, a], where x;, = max[0,a — kb], b =2a/pn+2, 1 < k <2+ [p/2]%;

b) LFf(0) = 0,0 <k < [u/4], fP(a) =0, 1 <k < [u].
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Then the following is valid.

Theorem 2. For f € D,,, the series (4) converges to f(x) uniformly on [0, a—d],
and

N2
flx) — Z ()| < const - N—9/b, N =min(Ny, N,).  (10)
n=—N;

In connection with this theorem we make several remarks.

1) By somewhat strengthening the smoothness requirements on f(x), one
can obtain uniform convergence of the series on the whole interval [0, a].

2) The smoothness conditions imposed in the theorem on the function f(z)
are essential. One can construct a function f(x) satisfying all smoothness
requirements except one (for example, f*)(z) has a discontinuity at a
point a — b < zy < a) and for which the series (4) diverges on the whole
interval [0, a] or on some part of it.

3) It follows from Theorem 2 that when p = 0, in the condition of Theorem
1 it is sufficient to require one-time differentiability of f(x).

* Let us explain that the smoothness requirements on f(z) imposed by this
condition weaken as one moves away from the right endpoint of the interval
[0, a]; thus, on the interval [a — b, a], f(x) has pu+ 1 derivatives, on the interval
[a —2b,a — b] it has u derivatives, and so on.

4°. Let us note that the system of functions (3) is linearly dependent on [0, a).
Namely, as can be shown, for any function f € D, 5, 1, m = 0,1,..., the
relations

o0
Z si7 e, 0, (2) =0, z €[0,a), 0<j<m, (11)

n=—oo

hold, where ¢, are determined from formula (4). (In addition, for j = 0 it is
necessary to require that f(a) = 0.)

Equality (11) makes it possible to establish the following fact:

Theorem 3. The system of functions (3) is twice complete in Ly(0,a), and

for any pair of functions {fy(x), f,(x)}, fy € Dyyr. f1 € D, fi(a) = 0, the
expansion

n=—oo
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(see (13)), converging uniformly inside the interval [0,a), is valid.

Indeed, by Theorem 1,

fo@) =3 @), h@) =Y dle.(w),
and according to (11)
> Wsem=0 > dEog
n=—oo nonn ’ n=—oo " S”

Therefore

= (0, o S
fO(m): Z Cn +T (pn(x)ﬂ fl(‘r): Z Cn +T Sn‘lon(x)7

n=-—00 n

and the theorem is proved for

a, = 04 cﬁll)/sn. (13)

Unfortunately, in the general case we have not been able to prove the uniqueness
of the expansion (12); however, if the expansion (12) converges uniformly on the
closed interval [0, a], then it is unique.

The author expresses deep gratitude to Prof. V. B. Lidskii for proposing the
problem and for his constant attention to the work.
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