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Abstract

Full Text
V. RYBARSKA

ON THE QUANTUM THEORY OF ANISOTROPIC
FERROMAGNETISM

(Presented by Academician N. N. Bogolyubov, 16 VI 1965)

In this work the results of papers (1, 2) (in which Green’ s thermodynamic-
function method was applied to an anisotropic ferromagnet) are obtained by
the method of linearization of the equations of motion, developed in (3, 4) for
the isotropic case.

The system consists of N spins of length S, located at the sites of a crystal
lattice, and is described by the Hamiltonian

1
H= e Y57 - LS Py W
f 1.9
I#g
where 1S is the magnetic moment of one ion, A is a component of the external
magnetic field; S]‘} is a component of the spin operator at the site f; PJ?QX are
the components of the tensor of exchange interaction of the spins S¢, Sy at the

sites f and g; Py = P}". We assume that there is a center of symmetry in the
crystal. The spin operators satisfy the known commutation relations

5%, 5%] = 1848 0 ST- 2)

The magnetization vector at the site f is defined as 6, = (S;), where (...)
denotes averaging over the canonical ensemble with temperature T'= 1/kf. For
one domain (which we shall consider), 6, does not depend on the lattice site:
gy = . We introduce (5) a new orthonormal coordinate system, whose unit
vectors we denote by a,b,7. By definition, ¥ = /0, where o is the length of
the vector ¢. In the new coordinate system the Hamiltonian has the same form
as the original one, but the quantities entering it (we denote them by primes)
are expressed as follows: H’'! = Ha, St = Ssa, P? = P;ra®bX, etc. The
further calculations will be carried out in the variables S}*, S}_, S }0, defined as
follows:

SP =SB, SE=S}LSP (3)

In the new coordinate system
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(57 =0, (5=

The Heisenberg equations of motion for the variables (3) have the form

ds’F(t
fz t( ) = —iCuFOST (t) + T TSP (t)+

+ F Z P/FAs/O S/A + ZF Z P/FOs/O S/O( )

91 f#9
7r ST PPASE()SA (1) —il Y PROSIE()S0(1), (4)
g#f g#f
dsSP(t
gt( ) _ i Z AFAGA Z PRSI S2(1) Z APROSIN(1)S0(1),
q#f

(5)

where QAT =+, Q = —Q, H'0 = K3, H'N = H'T —iAH"?, P20 = P33,
/A0 _ pr13 /23 /AQ _ pril /22 ; /21 ; /12
Pi" = P; —zAPfg Pt =Pt — AP — AP — QP

The hnearlzatlon is as follows. We substitute into the equations of motion

S}O = 8% = 0, and then retain on the right-hand sides of equations (4), (5)

only terms linear in S}-A. In this way we obtain the linearized approximate
equations of motion

dsyF ]
— L —iol | M —iTM"S} + WFZP;gAsgA , (6)
f+#g
s’ i Ko
= §;AM/ SP =0, (7)
where
M"Y = pH'" + o PO, M0 = pH'® + o PJ°. (8)

It follows from (7) that the vector M’ is parallel to the vector &:

M =X or pH®+ P§™c” = Ao®.
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This equation determines the direction of ¢. To obtain an equation for the
length o, we pass to the reciprocal lattice. Equations (6) take the form

dS5t/dt = —ip ;S —ir ;S dSy/dt =i ST +ip ST, (9)
where p; = M0 — %Pf* = p% (the reality of p; follows from the fact that the

)
system has a center of symmetry); r; = —iaPﬁ‘L.

The solutions of these equations are

S () = 50T (0) + X5 ()57 (0), (10)

where

Using the obvious relations

Tr(e”PH[ST, Y]) = Tr(Y[e™?H, ST)

Y is for the time being an arbitrary operator
g Yy op )
S}F (t) — ethSL/]F (O)e—th’

[e=PH, ST (0)] = (¢5(iB) — 1)SF(0)e #H +X5(iB)SF (0)e X,

we obtain the equations

([STF.Y]) = (£568) — 1) (YST) +x5iB) (Y SF)

from which we calculate the averages

(YS5") = Q957 YD) + Ry (97, YD),
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(VS5) = Uy {855 Y1) + V{7, YD), (11)

where

Qs = (¢;(iB) —=1)' /Dy, R;=—x;(iB)/D,,
Uy =—x;(iB)/Dy, V= (¢3(i8) —1)/Dy,
Dy = (5(iB) — (g5 (iB) — 1) = xj (iB)x; (if)-
Suppose that Y depends only on one site of the direct lattice (Y = Y}). Then

[S57,Y;] = €7[S{T,Y;]. Multiplying equations (11) by e /7 and summing
over J, we obtain

(Y;S§) =Qut + Rvm,  (V;8)) =Uv" + Vo, (12)

where

1 1 /
Q=§2Qr U=y2.Up =570

1 1 _ _
R:N;RL V:N;Vb v :<[S;‘ ’Yf]>'
If one substitutes Y, = (S}O)"S}’, then equations (12) take the form

(14 @)S)"2) + L+ QS)™) = (14 Q)S(S + 1)((S)")—
—Q((S" = 1)"(8)%) + QS = D"S) + QS(S + (S — 1))+
+HR((S +1)"(57)?) — R{(S")"(57)%) =0,
U((S70)2) + U((S"0)) —US(S + 1){(S)")— (13)

—U((S"0 —1)™(8"9)2) + U{(8° —1)"S"%) + US(S + 1){((S"° — 1))+
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V(S + 1)"(87)%) = (L+V)((SO)"(57)%) =0.

Adding to equations (13) the well-known Cayley-Hamilton equation

(fio1-0)
k=—S

and setting the exponent n equal to 0,1,...,25 — 1, we obtain a closed system
of linear equations for the averages

((S77)2), (S70(8"7)%)s e, ((S70)257H(S77)%), (870), 0, {(879)%5).
From this we calculate o = (S’°) as a function of the quantities Q, R,U,V,

which, in turn, depend on o. Thus, o satisfies one complicated transcendental
equation.

For example, for S =1, n =0,1,

(89)? = 8% =0,
(89 +(1+2Q)(8°) —2=0,  20U(S°) —((S7)*) =0,
((S9)%) + (1 +3Q){((5°)%) — (Q +2)(S%) + R((S7)?*) —2Q =0,

3U{(S%)2) —U(S%) — (S°(S7)?) + V{((S7)?) —2U = 0.
Hence

B 20 +1
C3Q2+3Q—-UR+1’

g

In an analogous way, for S = %,

o 3(10Q? +10Q — 5UR + 3)
2403 +36Q2 +23Q —SUR — 20URQ +4UVR + 6’

For the simple example of a uniaxial anisotropic ferromagnet, for which

afB _ 1 _ .2 _ 3 _
Pry = 0apPfy Pty = Py = Ly Pig = Ppg +Agyg
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the problem is solved uniquely for a definite sign of Ay, and a definite choice
of the magnitude and direction of the external magnetic field. The uniqueness
is directly connected with the requirement that the coefficients of the equations
solved in the problem be finite. These coefficients diverge if c; tends to zero. It
turns out that there always exists one and only one solution that does not lead
to zero c;. These solutions coincide with the results of works (1:2).

The author expresses gratitude to A. Pavlikowski for discussions of the work.
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