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Abstract
Full Text
V. RYBARSKA

ON THE QUANTUM THEORY OF ANISOTROPIC
FERROMAGNETISM
(Presented by Academician N. N. Bogolyubov, 16 VI 1965)

In this work the results of papers (1, 2) (in which Green’s thermodynamic-
function method was applied to an anisotropic ferromagnet) are obtained by
the method of linearization of the equations of motion, developed in (3, 4) for
the isotropic case.

The system consists of 𝑁 spins of length 𝑆, located at the sites of a crystal
lattice, and is described by the Hamiltonian

𝐻 = −𝜇ℋ𝛼 ∑
𝑓

𝑆𝛼
𝑓 − 1

2 ∑
𝑓,𝑔
𝑓≠𝑔

𝑃 𝛼𝜒
𝑓𝑔 𝑆𝛼

𝑓 𝑆𝜒
𝑔 , (1)

where 𝜇𝑆 is the magnetic moment of one ion, ℋ𝛼 is a component of the external
magnetic field; 𝑆𝛼

𝑓 is a component of the spin operator at the site 𝑓 ; 𝑃 𝛼𝜒
𝑓𝑔 are

the components of the tensor of exchange interaction of the spins 𝑆𝛼
𝑓 , 𝑆𝜒

𝑔 at the
sites 𝑓 and 𝑔; 𝑃 𝛼𝜒

𝑓𝑔 = 𝑃 𝜒𝛼
𝑔𝑓 . We assume that there is a center of symmetry in the

crystal. The spin operators satisfy the known commutation relations

[𝑆𝛼
𝑓 , 𝑆𝜒

𝑔 ] = 𝑖𝛿𝑓𝑔𝜀𝛼𝜒𝜏𝑆𝜏
𝑓 . (2)

The magnetization vector at the site 𝑓 is defined as 𝜎⃗𝑓 = ⟨S𝑓⟩, where ⟨…⟩
denotes averaging over the canonical ensemble with temperature 𝑇 = 1/𝑘𝛽. For
one domain (which we shall consider), 𝜎⃗𝑓 does not depend on the lattice site:
𝜎⃗𝑓 = 𝜎⃗. We introduce (5) a new orthonormal coordinate system, whose unit
vectors we denote by a, b, ⃗𝛾. By definition, ⃗𝛾 = 𝜎⃗/𝜎, where 𝜎 is the length of
the vector 𝜎⃗. In the new coordinate system the Hamiltonian has the same form
as the original one, but the quantities entering it (we denote them by primes)
are expressed as follows: ℋ′1 = ℋ⃗a, 𝑆′1

𝑓 = S𝑓a, 𝑃 ′12
𝑓𝑔 = 𝑃 𝛼𝜒

𝑓𝑔 𝑎𝛼𝑏𝜒, etc. The
further calculations will be carried out in the variables 𝑆′+

𝑓 , 𝑆′−
𝑓 , 𝑆′0

𝑓 , defined as
follows:

𝑆′0
𝑓 = 𝑆′3

𝑓 , 𝑆′±
𝑓 = 𝑆′1

𝑓 ± 𝑆′2
𝑓 . (3)

In the new coordinate system
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⟨𝑆′±
𝑓 ⟩ = 0, ⟨𝑆′0

𝑓 ⟩ = 𝜎.

The Heisenberg equations of motion for the variables (3) have the form

𝑑𝑆′Γ
𝑓 (𝑡)
𝑑𝑡 = −𝑖Γ𝜇ℋ′0𝑆′Γ

𝑓 (𝑡) + 𝑖Γ𝜇ℋ′Γ𝑆′0
𝑓 (𝑡)+

+ 𝑖
2Γ ∑

𝑔≠𝑓
𝑃 ′Γ̄Λ

𝑓𝑔 𝑆′0
𝑓 (𝑡)𝑆′Λ

𝑔 (𝑡) + 𝑖Γ ∑
𝑓≠𝑔

𝑃 ′Γ0
𝑓𝑔 𝑆′0

𝑓 (𝑡)𝑆′0
𝑔 (𝑡)−

− 𝑖
2Γ ∑

𝑔≠𝑓
𝑃 ′0Λ̄

𝑓𝑔 𝑆′Γ
𝑓 (𝑡)𝑆′Λ

𝑔 (𝑡) − 𝑖Γ ∑
𝑔≠𝑓

𝑃 ′00
𝑓𝑔 𝑆′Γ

𝑓 (𝑡)𝑆′0
𝑔 (𝑡), (4)

𝑑𝑆′0
𝑓 (𝑡)
𝑑𝑡 = −𝑖𝜇

2 ∑
Λ

Λℋ′Λ̄𝑆′Λ
𝑓 (𝑡)+ 𝑖

4 ∑
𝑔≠𝑓
Λ,Ω

𝑃 ′Λ̄Ω̄
𝑓𝑔 𝑆′Λ

𝑓 (𝑡)𝑆′Ω
𝑔 (𝑡)+ 𝑖

2 ∑
𝑔≠𝑓

Λ

Λ𝑃 ′Λ̄0
𝑓𝑔 𝑆′Λ

𝑓 (𝑡)𝑆′0
𝑔 (𝑡),

(5)

where Ω, Λ, Γ = ±, Ω̄ = −Ω, ℋ′0 = ℋ′3, ℋ′Λ = ℋ′1 − 𝑖Λℋ′2, 𝑃 ′00
𝑓𝑔 = 𝑃 ′33

𝑓𝑔 ,
𝑃 ′Λ̄0

𝑓𝑔 = 𝑃 ′13
𝑓𝑔 − 𝑖Λ𝑃 ′23

𝑓𝑔 , 𝑃 ′Λ̄Ω̄
𝑓𝑔 = 𝑃 ′11

𝑓𝑔 − ΛΩ𝑃 ′22
𝑓𝑔 − 𝑖Λ𝑃 ′21

𝑓𝑔 − 𝑖Ω𝑃 ′12
𝑓𝑔 .

The linearization is as follows. We substitute into the equations of motion
𝑆′0

𝑓 = 𝑆′0 = 𝜎, and then retain on the right-hand sides of equations (4), (5)
only terms linear in 𝑆′Λ

𝑓 . In this way we obtain the linearized approximate
equations of motion

𝑑𝑆′Γ
𝑓

𝑑𝑡 = 𝑖𝜎Γ [𝑀 ′Γ − 𝑖Γ𝑀 ′0𝑆′Γ
𝑓 + 𝑖𝜎

2 Γ ∑
𝑓≠𝑔

𝑃 ′Γ̄Λ
𝑓𝑔 𝑆′Λ

𝑔 ] , (6)

𝑑𝑆′0

𝑑𝑡 = 𝑖
2 ∑

Λ
Λ𝑀 ′Λ̄𝑆′Λ

𝑓 = 0, (7)

where

𝑀 ′Γ = 𝜇ℋ′Γ + 𝜎𝑃 ′Γ0
0 , 𝑀 ′0 = 𝜇ℋ′0 + 𝜎𝑃 ′00

0 . (8)

It follows from (7) that the vector M′ is parallel to the vector 𝜎⃗:

M′ = 𝜆𝜎⃗ or 𝜇ℋ𝛼 + 𝑃 𝛼𝜘
0 𝜎𝜘 = 𝜆𝜎𝛼.
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This equation determines the direction of 𝜎. To obtain an equation for the
length 𝜎, we pass to the reciprocal lattice. Equations (6) take the form

𝑑𝑆′+
𝐽 /𝑑𝑡 = −𝑖𝑝𝐽𝑆′+

𝐽 − 𝑖𝑟𝐽𝑆′−
𝐽 , 𝑑𝑆′−

𝐽 /𝑑𝑡 = 𝑖𝑟∗
𝐽𝑆′+

𝐽 + 𝑖𝑝𝐽𝑆′−
𝐽 , (9)

where 𝑝𝐽 = 𝑀 ′0 − 𝜎
2 𝑃 ′+−

𝐽 = 𝑝∗
𝐽 (the reality of 𝑝𝐽 follows from the fact that the

system has a center of symmetry); 𝑟𝐽 = − 𝑖
2𝜎𝑃 ′++

𝐽 .

The solutions of these equations are

𝑆′Γ
𝐽 (𝑡) = 𝜑Γ

𝐽(𝑡)𝑆′Γ
𝐽 (0) + 𝜒Γ

𝐽(𝑡)𝑆′Γ̄
𝐽 (0), (10)

where

𝜑+
𝐽 (𝑡) = cos(𝑐𝐽𝑡) − 𝑖𝑝𝐽

𝑐𝐽
sin(𝑐𝐽𝑡) = 𝜑−∗

𝐽 (𝑡),

𝜒+
𝐽 (𝑡) = −𝑖𝑟𝐽

𝑐𝐽
sin(𝑐𝐽𝑡) = 𝜒−∗

𝐽 (𝑡),

𝑐𝐽 = 𝑝2
𝐽 − 𝑟𝐽𝑟𝐽 ∗.

Using the obvious relations

Tr(𝑒−𝛽𝐻 [𝑆′Γ
𝐽 , 𝑌 ]) = Tr(𝑌 [𝑒−𝛽𝐻 , 𝑆′Γ

𝐽 ])

(𝑌 is for the time being an arbitrary operator),

𝑆′Γ
𝐽 (𝑡) = 𝑒𝑖𝐻𝑡𝑆′Γ

𝐽 (0)𝑒−𝑖𝐻𝑡,

[𝑒−𝛽𝐻 , 𝑆′Γ
𝐽 (0)] = (𝜑Γ

𝐽(𝑖𝛽) − 1)𝑆′Γ
𝐽 (0)𝑒−𝛽𝐻 + 𝜒Γ

𝐽(𝑖𝛽)𝑆′Γ̄
𝐽 (0)𝑒−𝛽𝐻 ,

we obtain the equations

⟨[𝑆′Γ
𝐽 , 𝑌 ]⟩ = (𝜑Γ

𝐽(𝑖𝛽) − 1) ⟨𝑌 𝑆′Γ
𝐽 ⟩ + 𝜒Γ

𝐽(𝑖𝛽) ⟨𝑌 𝑆′Γ̄
𝐽 ⟩ ,

from which we calculate the averages

⟨𝑌 𝑆′+
𝐽 ⟩ = 𝑄𝐽⟨[𝑆′+

𝐽 , 𝑌 ]⟩ + 𝑅𝐽⟨[𝑆′−
𝐽 , 𝑌 ]⟩,
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⟨𝑌 𝑆′−
𝐽 ⟩ = 𝑈𝐽⟨[𝑆′+

𝐽 , 𝑌 ]⟩ + 𝑉𝐽⟨[𝑆′−
𝐽 , 𝑌 ]⟩, (11)

where

𝑄𝐽 = (𝜑−
𝐽 (𝑖𝛽) − 1)′/𝐷𝐽 , 𝑅𝐽 = −𝜒+

𝐽 (𝑖𝛽)/𝐷𝐽 ,

𝑈𝐽 = −𝜒−
𝐽 (𝑖𝛽)/𝐷𝐽 , 𝑉𝐽 = (𝜑+

𝐽 (𝑖𝛽) − 1)/𝐷𝐽 ,

𝐷𝐽 = (𝜑+
𝐽 (𝑖𝛽)′ − 1)(𝜑−

𝐽 (𝑖𝛽) − 1) − 𝜒+
𝐽 (𝑖𝛽)𝜒−

𝐽 (𝑖𝛽).

Suppose that 𝑌 depends only on one site of the direct lattice (𝑌 = 𝑌𝑓). Then
[𝑆′𝑇

𝐽 , 𝑌𝑓 ] = 𝑒𝑖𝑓𝐽 [𝑆′𝑇
𝑓 , 𝑌𝑓 ]. Multiplying equations (11) by 1

𝑁 𝑒−𝑖𝑓𝐽 and summing
over 𝐽 , we obtain

⟨𝑌𝑓𝑆′+
𝑓 ⟩ = 𝑄𝑣+ + 𝑅𝑣−, ⟨𝑌𝑓𝑆′−

𝑓 ⟩ = 𝑈𝑣+ + 𝑉 𝑣−, (12)

where

𝑄 = 1
𝑁 ∑

𝐽
𝑄𝐽 , 𝑈 = 1

𝑁 ∑
𝐽

𝑈𝐽 , 𝑣+ = ⟨[𝑆′+
𝑓 , 𝑌𝑓 ]⟩,

𝑅 = 1
𝑁 ∑

𝐽
𝑅𝐽 , 𝑉 = 1

𝑁 ∑
𝐽

𝑉𝐽 , 𝑣− = ⟨[𝑆′−
𝑓 , 𝑌𝑓 ]⟩.

If one substitutes 𝑌𝑓 = (𝑆′0
𝑓 )𝑛𝑆′−

𝑓 , then equations (12) take the form

(1 + 𝑄)⟨(𝑆′0)𝑛+2⟩ + (1 + 𝑄)⟨(𝑆′0)𝑛+1⟩ − (1 + 𝑄)𝑆(𝑆 + 1)⟨(𝑆′0)𝑛⟩−

−𝑄⟨(𝑆′0 − 1)𝑛(𝑆′0)2⟩ + 𝑄⟨(𝑆′0 − 1)𝑛𝑆′0⟩ + 𝑄𝑆(𝑆 + 1)⟨(𝑆′0 − 1)𝑛⟩+

+𝑅⟨(𝑆′0 + 1)𝑛(𝑆′−)2⟩ − 𝑅⟨(𝑆′0)𝑛(𝑆′−)2⟩ = 0,

𝑈⟨(𝑆′0)𝑛+2⟩ + 𝑈⟨(𝑆′0)𝑛+1⟩ − 𝑈𝑆(𝑆 + 1)⟨(𝑆′0)𝑛⟩− (13)

−𝑈⟨(𝑆′0 − 1)𝑛(𝑆′0)2⟩ + 𝑈⟨(𝑆′0 − 1)𝑛𝑆′0⟩ + 𝑈𝑆(𝑆 + 1)⟨(𝑆′0 − 1)𝑛⟩+
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+𝑉 ⟨(𝑆′0 + 1)𝑛(𝑆′−)2⟩ − (1 + 𝑉 )⟨(𝑆′0)𝑛(𝑆′−)2⟩ = 0.

Adding to equations (13) the well-known Cayley–Hamilton equation

(
𝑆

∏
𝑘=−𝑆

(𝑆0 − 𝑘) = 0)

and setting the exponent 𝑛 equal to 0, 1, … , 2𝑆 − 1, we obtain a closed system
of linear equations for the averages

⟨(𝑆′−)2⟩, ⟨𝑆′0(𝑆′−)2⟩, … , ⟨(𝑆′0)2𝑆−1(𝑆′−)2⟩, ⟨𝑆′0⟩, … , ⟨(𝑆′0)2𝑆⟩.

From this we calculate 𝜎 = ⟨𝑆′0⟩ as a function of the quantities 𝑄, 𝑅, 𝑈, 𝑉 ,
which, in turn, depend on 𝜎. Thus, 𝜎 satisfies one complicated transcendental
equation.

For example, for 𝑆 = 1, 𝑛 = 0, 1,

(𝑆0)3 − 𝑆0 = 0,

⟨(𝑆0)2⟩ + (1 + 2𝑄)⟨𝑆0⟩ − 2 = 0, 2𝑈⟨𝑆0⟩ − ⟨(𝑆−)2⟩ = 0,

⟨(𝑆0)3⟩ + (1 + 3𝑄)⟨(𝑆0)2⟩ − (𝑄 + 2)⟨𝑆0⟩ + 𝑅⟨(𝑆−)2⟩ − 2𝑄 = 0,

3𝑈⟨(𝑆0)2⟩ − 𝑈⟨𝑆0⟩ − ⟨𝑆0(𝑆−)2⟩ + 𝑉 ⟨(𝑆−)2⟩ − 2𝑈 = 0.

Hence

𝜎 = 2𝑄 + 1
3𝑄2 + 3𝑄 − 𝑈𝑅 + 1.

In an analogous way, for 𝑆 = 3
2 ,

𝜎 = 3(10𝑄2 + 10𝑄 − 5𝑈𝑅 + 3)
24𝑄3 + 36𝑄2 + 23𝑄 − 8𝑈𝑅 − 20𝑈𝑅𝑄 + 4𝑈𝑉 𝑅 + 6.

For the simple example of a uniaxial anisotropic ferromagnet, for which

𝑃 𝛼𝛽
𝑓𝑔 = 𝛿𝛼𝛽𝑝𝛼

𝑓𝑔, 𝑝1
𝑓𝑔 = 𝑝2

𝑓𝑔 = 𝑃𝑓𝑔, 𝑝3
𝑓𝑔 = 𝑃𝑓𝑔 + Δ𝑓𝑔,
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the problem is solved uniquely for a definite sign of Δ𝑓𝑔 and a definite choice
of the magnitude and direction of the external magnetic field. The uniqueness
is directly connected with the requirement that the coefficients of the equations
solved in the problem be finite. These coefficients diverge if 𝑐𝐽 tends to zero. It
turns out that there always exists one and only one solution that does not lead
to zero 𝑐𝐽 . These solutions coincide with the results of works (1,2).
The author expresses gratitude to A. Pavlikowski for discussions of the work.
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