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MATHEMATICS

V. D. REPNIKOV, S. D. EIDELMAN

NECESSARY AND SUFFICIENT CONDI-
TIONS FOR THE STABILIZATION OF THE
SOLUTION OF THE CAUCHY PROBLEM
(Presented by Academician I. G. Petrovskii, 16 VI 1965)

The main result of the paper is the proof that, for parabolic equations with
constant coefficients whose fundamental solution level surfaces (with respect
to 𝑥1, 𝑥2, … , 𝑥𝑛, with the time coordinate 𝑡 fixed) are well arranged and ad-
mit a simple description, a necessary and sufficient condition for the pointwise
stabilization of the solution of the Cauchy problem is the existence, for the
initial function, of a limiting mean over bodies bounded by the level surfaces
of the fundamental solution. This assertion is established with the aid of the
well-known Tauberian theorem of N. Wiener (1). In addition, equations with
coefficients depending on 𝑡 are indicated for which analogous assertions are valid.
In conclusion, for general parabolic equations, some properties of the means of
the initial function are studied under the assumption that the solution of the
Cauchy problem constructed from it stabilizes.

1. As a model, let us consider the equation

𝜕𝑢/𝜕𝑡 = (−1)𝑏−1Δ𝑏𝑢, Δ = 𝜕2/𝜕𝑥2
1 + ⋯ + 𝜕2/𝜕𝑥2

𝑛. (1)

Its fundamental solution (for 𝑡 > 0) is determined by the formula

𝐺(𝑡, 𝑥) = (2𝜋)−𝑛 ∫ 𝑒𝑖𝑥⋅𝜎−|𝜎|2𝑏𝑡 𝑑𝜎, |𝜎|2 = 𝜎2
1 + ⋯ + 𝜎2

𝑛. (2)

It is not difficult to verify that 𝐺(𝑡, 𝑥) in fact depends on two variables 𝑡 and 𝑟
and is determined by the formula

𝐺(𝑡, 𝑥) ≡ 𝐺1(𝑡, 𝑟) =

sovietrxiv.org/items/ru-196601.35168 Machine Translation

https://sovietrxiv.org/items/ru-196601.35168


= 𝑡−𝑛/2𝑏𝑘𝑛 ∫
∞

0
𝜌𝑛−1𝑒−𝜌2𝑏𝐽𝑛/2−1(𝜌 𝑟

𝑡1/2𝑏 ) (𝜌 𝑟
𝑡1/2𝑏 )

1−𝑛/2
𝑑𝜌 = 𝑡−𝑛/2𝑏𝐺2( 𝑟

𝑡1/2𝑏 ) ;
(3)

𝐽𝜈(𝑥) is the Bessel function of the first kind of order 𝜈 (3). We are interested
in the question of when there exists, as 𝑡 → ∞, a limit of the solution of the
Cauchy problem

𝑢∣𝑡=0 = 𝑢0(𝑥) (4)

for equation (1), where 𝑢0(𝑥) is a continuous bounded function, determined by
the Poisson integral

𝑢(𝑡, 𝑥) = ∫ 𝐺(𝑡, 𝑥 − 𝜉)𝑢0(𝜉) 𝑑𝜉. (5)

Theorem 1. In order that lim
𝑡→∞

𝑢(𝑡, 𝑥) = 𝑙, it is necessary and sufficient that
the initial function have a spherical limiting mean equal to 𝑙, i.e.

lim
𝑅→∞

1
mes𝐾𝑅

∫
𝐾𝑅

𝑢0(𝑥) 𝑑𝑥 = 𝑙; (6)

𝐾𝑅 is the ball of radius 𝑅 with center at the point 𝑥.
Proof. One may always assume 𝑙 = 0. Let us write integral (5), 𝑥 = 0, in
spherical coordinates:

𝑢(𝑡, 0) = 𝑡−1/2𝑏 ∫
∞

0
( 𝑟

𝑡1/2𝑏 )
𝑛−1

𝐺2 ( 𝑟
𝑡1/2𝑏 ) 𝑣0(𝑟) 𝑑𝑟;

𝑣0(𝑟) is the integral of 𝑢0(𝜉) over the sphere of radius 𝑟, 𝑛 ≥ 2.
Consider

𝐼2𝑣0 = 𝑡−1/2𝑏 ∫
∞

1
( 𝑟

𝑡1/2𝑏 )
𝑛−1

𝐺2 ( 𝑟
𝑡1/2𝑏 ) 𝑣0(𝑟) 𝑑𝑟.

It is obvious that 𝑢(𝑡, 0) and 𝐼1𝑣0 tend to zero as 𝑡 → ∞ simultaneously. Along
with 𝐼2𝑣0 consider

𝐼1𝑣0 = 1
𝑡1/2𝑏 ∫

𝑡1/2𝑏

0
𝑣0(𝑟) 𝑑𝑟

and in both integrals introduce new variables 𝑟 = 𝑒𝑦, 𝑒1/2𝑏 = 𝑒𝜂. Then

𝐼𝑠𝑣0 = ∫
∞

−∞
𝐾𝑠(𝜂 − 𝑦)𝑣0(𝑦) 𝑑𝑦,
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where

𝐾1(𝜂) = {𝑒−𝜂, 𝜂 ≥ 0,
0, 𝜂 < 0, 𝐾2(𝜂) = 𝑒−𝑛𝜂𝐺2(𝑒−𝜂), 𝑣0(𝑦) ≡ 0, 𝑦 < 0.

It is obvious that the kernels 𝐾𝑠(𝜂) ∈ 𝐿1(−∞, ∞) and that the Fourier trans-
form of the kernel 𝐾1(𝜂) has no real zeros; in order to establish the analogous
fact for the kernel 𝐾2(𝜂), write its Fourier transform in the form

𝐹(𝑧) = 𝑘𝑛 ∫
∞

0
𝑟𝑧 (∫

∞

0
𝛼𝑛/2𝐽𝑛/2−1(𝛼𝑟)𝑒−𝛼2𝑏 𝑑𝛼) 𝑑𝑟, 𝑧 = 𝑛

2 +𝑖𝑥, −∞ < 𝑥 < ∞.

It turns out that, with the aid of formula (1) from ((3), p. 428), the function
𝐹(𝑧) is explicitly computed for −1 < Re 𝑧 < 0, and then analytically continued
to the required values of the argument. In the case 𝑛 = 1, 𝐹(𝐾2(𝜂)) is also
computed. It then turns out that, for any 𝑛 and any real values of the argument,
𝐹(𝐾2(𝜂)) ≠ 0. Therefore, by N. Wiener’s Tauberian theorem (1),

lim
𝑡→∞

𝑢(𝑡, 0) = 0

if and only if

lim
𝑅→∞

𝑅−1 ∫
𝑅

0
𝑣0(𝑟) 𝑑𝑟 = 0.

From the last assertion theorem 1 is established with the aid of the following
elementary lemma.

Lemma 1. The limits

lim
𝑅→∞

𝑛𝑅−𝑛 ∫
𝑅

0
𝑟𝑛−1𝑣0(𝑟) 𝑑𝑟, lim

𝑅→∞
𝑅−1 ∫

𝑅

0
𝑣0(𝑟) 𝑑𝑟,

where 𝑣0(𝑟) is a bounded continuous function, exist simultaneously and their
values coincide.

2. We give a generalization of theorem 1. Its proof, in its essential part, uses
theorem 1.

Theorem 2. Let the coefficients of the parabolic equation

𝜕𝑢
𝜕𝑡 = (−1)𝑏−1 (

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑡)
𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
)

𝑏

𝑢 (7)

satisfy the conditions:

1) lim
𝑡→∞

̄𝐴𝑖𝑗(𝑡)[det𝐴(𝑡)]1/𝑛 = 𝛼𝑖𝑗, 𝛼𝑖𝑖 ≠ 0;
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2) lim
𝑡→∞

det𝐴(𝑡) = ∞;

𝐴(𝑡) = ∥∫
𝑡

0
𝑎𝑖𝑗(𝜏) 𝑑𝜏∥ , ̄𝐴𝑖𝑗(𝑡) are the elements of the matrix inverse to 𝐴(𝑡).

Then, in order that the solution of problem (7), (4), represented by the Poisson
integral, tend to the limit 𝑙, it is necessary and sufficient that

lim
𝑟→∞

1
mes𝐹𝑟

∫
(𝐹𝑟)

𝑢0(𝜉) 𝑑𝜉 = 𝑙;

(𝐹𝑟) is the body bounded by the surface

𝑛
∑
𝑖,𝑗=1

𝛼𝑖𝑗𝜉𝑖𝜉𝑗 = 𝑟2.

An analogous assertion is valid for the equation

𝜕𝑢
𝜕𝑡 =

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑡)
𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑗
+

𝑛
∑
𝑖=1

𝑏𝑖(𝑡)
𝜕𝑢
𝜕𝑥𝑖

+ 𝑐(𝑡)𝑢, (8)

if, in addition to assumptions 1) and 2) of Theorem 2 concerning 𝑎𝑖𝑗(𝑡), the
following conditions are satisfied:

3) lim
𝑡→∞

𝐵𝑖(𝑡)[det𝐴(𝑡)]−1/𝑛 = 0;

4) lim
𝑡→∞

𝐶(𝑡) = 𝛾;

𝐵𝑖(𝑡) = ∫
𝑡

0
𝑏𝑖(𝜏) 𝑑𝜏, 𝐶(𝑡) = ∫

𝑡

0
𝑐(𝜏) 𝑑𝜏,

𝛾 being any number. The stabilization will be to the limit 𝑙𝑒𝛾.

Thus, in the case of pointwise stabilization of the solution of the Cauchy problem
it is necessary that the initial function have a limiting mean over a quite definite
system of bodies. How delicately the limiting means take into account the
behavior of the initial function at infinity may be judged from the following.
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Theorem 3. 1) Let 𝐹𝑅 and Φ𝑅 be families of bodies obtained by a similarity
transformation with center at the origin and similarity coefficient 𝑅 of two dif-
ferent bodies containing the origin. Then one can specify a bounded continuous
function 𝑢0(𝑥) having a limiting mean over one family and not having a mean
over the other.

2) Let 𝐹𝑅 and Φ𝑅 be two properly arranged families of bodies*, for which

lim
𝑅→∞

mes(𝐹𝑅 ∪ Φ𝑅/𝐹𝑅 ∩ Φ𝑅)
mes(𝐹𝑅 ∩ Φ𝑅) = 0.

Then for any bounded locally summable function the limiting means over the
systems 𝐹𝑅 and Φ𝑅 exist simultaneously.

Let us also note the following proposition.

Theorem 4. If 𝑢0(𝑥) has a limiting mean equal to 𝑙 over some properly arranged
system of bodies and, for |𝑥| > 𝑅, 𝑢0(𝑥) ≥ 𝑙 (or 𝑢0(𝑥) ≤ 𝑙), then 𝑢0(𝑥) has
a limiting mean over any properly arranged system of bodies. Therefore the
solution of the Cauchy problem for equations (7), (8), constructed from this
initial function, stabilizes as 𝑡 → ∞.

In conclusion we give a one-dimensional version of the stabilization theorem for
arbitrary parabolic equations of higher orders whose Green functions possess
properly arranged families of level surfaces.

* That is, families of convex bodies 𝐹𝑅 bounded by surfaces ̄𝐹𝑅,
satisfying the following conditions: 1) exactly one surface passes through each
point of space; 2) there exists a constant 𝑘 such that, for any surface of this
family, the ratio of the greatest radius vector to the least does not exceed 𝑘.
Consider the function 𝑢(𝑡, 𝑥) = ∫ 𝐺(𝑡, 𝑥 − 𝜉)𝑢0(𝜉) 𝑑𝜉 and suppose that 𝐺(𝑡, 𝑥)
satisfies the following conditions:

1) ∫ 𝐺(𝑡, 𝑥) 𝑑𝑥 = 1;

2) 𝐺(𝑡, 𝑥) = 𝐺(𝑡, −𝑥);

3) |𝐷𝑚𝐺(𝑡, 𝑥)| ≤ 𝐶
𝑎(𝑡) (1 + |𝑥|

𝑎(𝑡))
𝑟

, 𝑚 = 0, 1, 𝑟 < −1, 𝑎(𝑡) → ∞, 𝑡 → ∞.

Theorem 5. I. If the double limit

lim
𝑚→∞

lim
𝑡→∞

𝑚 ∣ 1
2𝑡 ∫

𝑡

−𝑡
𝑢0(𝑥𝑚) 𝑑𝑥∣ = 0,

then
lim

𝑡→∞
𝑢(𝑡, 𝑥) = 0.
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II. If
lim

𝑚→∞
lim

𝑡→∞
𝑚 ∣ 1

2𝑡 ∫
𝑡

−𝑡
𝑢0(𝑥𝑚) 𝑑𝑥∣

is greater than a constant 𝛿, depending on the coefficients of the equation,
then

lim
𝑡→∞

𝑢(𝑡, 𝑥) ≠ 0.

The authors express their gratitude to B. M. Levitan, who drew their attention
to the possibility of studying stabilization by means of Tauberian theorems; to
V. P. Gurarii, who computed 𝐹(𝐾2(𝜂)) in the case 𝑛 = 1, and to F. O. Porper
for useful discussions.
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