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In this note the distribution of the zeros of functions

o+T
f(2) = / o(t)e= dt, 1)

where ¢(t) is continuous and (o) # 0, is studied.

Theorem 1. If ¢(t) is continuous at t = o and of bounded variation on the
segment [o,0 + T, then some half-plane y > h is free of zeros of the function

f(2).

Proof. Integrating by parts, we obtain, as y — oo, uniformly in z,

f(z) = —iz71e'*[1 4+ o(1)].

This asymptotic equality implies Theorem 1.

Yu. I. Lyubich posed the following question: is it possible that, for a continuous
function ¢(t), (o) # 0, the function f(z) defined in (1) should have zeros with
arbitrarily large imaginary parts? The following theorem answers this question.

Theorem 2. Let ¥(§), 0 < § < 00, be a function satisfying the conditions: a)
¥(8) > 04f6 > 0; b) limg_,,¥(5) =0, ¢) limg_,q 6 1(d) = 0o; d) 1(J) increases,
and § 11 (8) decreases, as 0 increases.

Then there exists a function @(t), satisfying the condition p(—7) # 0, with
modulus of continuity

wy(9) < P(9)

and such that the entire function

sovietrxiv.org/items/ru-196601.34011 Machine Translation


https://sovietrxiv.org/items/ru-196601.34011

50 = [ wwerd ®)

has an infinite set of zeros z;, = x;, + iy, for which the real and imaginary parts
are related by

yr = lzgle(jzi ) + o(1).

Proof. We shall construct the function ¢(¢) in the form of an absolutely con-
vergent lacunary Fourier series

1 &
— 272 nkC € Mth’ (3)

k=0

* An analogous fact was noted earlier by T. M. Karaseva in the paper (5), § 3.
In that paper the restrictions on () are stronger. An analogous theorem from
the theory of almost-periodic functions is also well known.

where n, are integers. Substituting (3) into (2) and integrating term by term,
we obtain

o) = > e ()

The series in (4) converges absolutely and uniformly on every compact set in
the complex plane.

We shall construct the numbers ¢, and n,, inductively. Put ¢, = 1, ng = 1.
Suppose that the numbers ¢y, ¢y, ..., ¢, and ny < n; < -+ < n; have already
been constructed, and that the following conditions are satisfied:

L gl <2¥(nit) <270+ 1)7Y (1=1,2,...,k).
2.

Z lea] < ( “=H D)o, (1= 0,1,k — 1).

s=l+1

D ngle] <mlel (1=1,2,...k).

4. In each disk

Ko={z: |z—n,(1+ip(n;"))| <2771}
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there is a zero of the function
l

1 . -
fl(z):TOSIHZA cilz—ny)™t (s=1,2,..,5; 1=1,2,.. k).

Put

k
Cr1 = —iw(n;il)[l + w(niil)] Z Cs (5)

S

Il
[=}

and choose n, . By virtue of properties b) and c) of the function (4) and our
choice of ¢, 1, there exists N; such that, for n,,; > NN;, conditions 1, 2, 3 of the
inductive construction will be satisfied with k replaced by k+1. Using condition
1 with | = k + 1, property b) of the function (), and Rouché s theorem, we
obtain that there exists N > N, such that, for n,, > N, the function f, ,(2)
will have a zero 2,  in the disk K (s = 1,2, ..., k). Choose n;; > N so that
the inequalities

-1

k
pncly) <250 (z ) | ©
s=0

1 sinz <
fk(z)_ﬁ P SZ:;C&

Then the function f;;(2) will have a zero ;4 ;. in the disk K ;. Indeed,
on the circle

|z =g (L + ()] = 272

the inequality

k
chz_l + O (2 = my) T > 27 g (g ) (8)
s=0
holds, and the function
k
Z Z Co+ (2= Mpp1) G
s=0

vanishes at the point
7= (1+ ().

From (9), (10), and (11), by Rouché s theorem it follows that the function
fry1(2) has a zero zj, ;1 1.4 in the disk K}, ;, and thus we have satisfied condition
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4 of the inductive construction with &k replaced by k + 1. This completes the
inductive construction.

By virtue of this construction the function (4) is defined, and there exists a
sequence {z;}7°, of its zeros satisfying the condition

|2 =y (1 +ap(ny 1)) < 27

The coefficients ¢; satisfy conditions 1, 2, and 3 with k& = co. The condition
p(—m) # 0 is fulfilled, since, by condition 1,

o0 o0

20[p(—m)| > el =Y _lepl > 1= (k+1)7t-27F > 271,
k=1 k=1

Let us estimate the modulus of continuity w,,(d) of the function ¢(t). Let m be
a natural number such that n;é < 1 for K < m and n,6 > 1 for k > m. From
conditions 1, 2, and 3, used with k£ = co, we obtain

) < 7Z|Ck| —inkd 1|+* Z el < 10 Z:|Ck|”k+

o0

2 2 _
e D 1l < olleli + oo <€ S + 25k,

k=m-+1

Since n,,'; < d < n,}, it follows from condition d) of Theorem 2 that

w,(8) < (3).

Theorem 2 is proved.
This theorem is in a certain sense sharp, as is shown by

Theorem 3. The function f(2), defined in (1), has no zeros in the region

y > Clo(o)|Halwy (Jz| 1) + Oy,

where C'is an absolute constant; Cy depends on ¢(t), and w,(5) is the modulus
of continuity of the function p(t).

The following theorem shows that, for any smoothness of the function ¢(t) near
the left endpoint of the segment [0, + T, the function f(z), defined in (1),
may have zeros with arbitrarily large imaginary part.
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Theorem 4. Let the function u(z), 0 < z < oo, satisfy the condition
lim, , u(x)=0,0<T,<T < oo, and let h(x) be a solution of the equation

r 1 h(z) exp[Tyh(x)] = u(x).

Then there exists a function ¢(t), continuous on [o,0 + T, satisfying the condi-
tion p(t) = p(0) #0, 0 <t < Ty+ 0, and such that the function f(z) (1) has a
sequence of zeros approaching without bound the curve y = h(x).

The sharpness of Theorem 4 is shown by

Theorem 5. If ¢(t) is continuous on the segment [o,0 + T] and of bounded
variation on the segment [o,0 +Ty], 0 < T, < T < o0, p(o) # 0, then there
exists a function h(t) satisfying the condition

lim z71h(x) - exp[Tyh(z)] =0

T—00

such that the region y > h(x) is free of zeros of the function f(z), defined by
equality (1).

The author expresses sincere gratitude to Yu. 1. Lyubich for formulating the
problem and to B. Ya. Levin for help in preparing the present article.
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