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MATHEMATICS

V. E. KATSNELSON

ON THE LOCATION IN THE COMPLEX
PLANE OF THE ZEROS OF THE FOURIER
TRANSFORM
(Presented by Academician S. N. Bernstein on 29 I 1966)

In this note the distribution of the zeros of functions

𝑓(𝑧) = ∫
𝜎+𝑇

𝜎
𝜑(𝑡)𝑒𝑖𝑡𝑧 𝑑𝑡, (1)

where 𝜑(𝑡) is continuous and 𝜑(𝜎) ≠ 0, is studied.
Theorem 1. If 𝜑(𝑡) is continuous at 𝑡 = 𝜎 and of bounded variation on the
segment [𝜎, 𝜎 + 𝑇 ], then some half-plane 𝑦 ≥ ℎ is free of zeros of the function
𝑓(𝑧).
Proof. Integrating by parts, we obtain, as 𝑦 → ∞, uniformly in 𝑥,

𝑓(𝑧) = −𝑖𝑧−1𝑒𝑖𝜎𝑧[1 + 𝑜(1)].

This asymptotic equality implies Theorem 1.

Yu. I. Lyubich posed the following question: is it possible that, for a continuous
function 𝜑(𝑡), 𝜑(𝜎) ≠ 0, the function 𝑓(𝑧) defined in (1) should have zeros with
arbitrarily large imaginary parts? The following theorem answers this question.

Theorem 2. Let 𝜓(𝛿), 0 < 𝛿 < ∞, be a function satisfying the conditions: a)
𝜓(𝛿) > 0 if 𝛿 > 0; b) lim𝛿→0 𝜓(𝛿) = 0, c) lim𝛿→0 𝛿−1𝜓(𝛿) = ∞; d) 𝜓(𝛿) increases,
and 𝛿−1𝜓(𝛿) decreases, as 𝛿 increases.

Then there exists a function 𝜑(𝑡), satisfying the condition 𝜑(−𝜋) ≠ 0, with
modulus of continuity

𝜔𝜑(𝛿) ≤ 𝜓(𝛿)

and such that the entire function
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𝑓(𝑧) = ∫
𝜋

−𝜋
𝜑(𝑡)𝑒𝑖𝑡𝑧 𝑑𝑡 (2)

has an infinite set of zeros 𝑧𝑘 = 𝑥𝑘 + 𝑖𝑦𝑘, for which the real and imaginary parts
are related by

𝑦𝑘 = |𝑥𝑘|𝜓(|𝑥−1
𝑘 |) + 𝑜(1).

Proof. We shall construct the function 𝜑(𝑡) in the form of an absolutely con-
vergent lacunary Fourier series

𝜑(𝑡) = 1
20

∞
∑
𝑘=0

(−1)𝑛𝑘𝑐𝑘𝑒−𝑖𝑛𝑘𝑡, (3)

* An analogous fact was noted earlier by T. M. Karaseva in the paper (5), § 3.
In that paper the restrictions on 𝜑(𝑡) are stronger. An analogous theorem from
the theory of almost-periodic functions is also well known.

where 𝑛𝑘 are integers. Substituting (3) into (2) and integrating term by term,
we obtain

𝑓(𝑧) = 1
10

∞
∑
𝑘=0

sin 𝑧
𝑧 − 𝑛𝑘

. (4)

The series in (4) converges absolutely and uniformly on every compact set in
the complex plane.

We shall construct the numbers 𝑐𝑘 and 𝑛𝑘 inductively. Put 𝑐0 = 1, 𝑛0 = 1.
Suppose that the numbers 𝑐0, 𝑐1, … , 𝑐𝑘 and 𝑛0 < 𝑛1 < ⋯ < 𝑛𝑘 have already
been constructed, and that the following conditions are satisfied:

1. |𝑐𝑙| < 2𝜓(𝑛−1
𝑙 ) < 2−𝑙+1(𝑙 + 1)−1 (𝑙 = 1, 2, … , 𝑘).

2.
𝑘

∑
𝑠=𝑙+1

|𝑐𝑠| < (2−1 − 2−(𝑘−𝑙+1))|𝑐𝑙| (𝑙 = 0, 1, … , 𝑘 − 1).

3.
𝑙−1
∑
𝑠=0

𝑛𝑠|𝑐𝑠| < 𝑛𝑙|𝑐𝑙| (𝑙 = 1, 2, … , 𝑘).

4. In each disk

𝐾𝑠 = {𝑧 ∶ |𝑧 − 𝑛𝑠(1 + 𝑖𝜓(𝑛−1
𝑠 ))| < 2−𝑠−1}
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there is a zero of the function

𝑓𝑙(𝑧) = 1
10 sin 𝑧

𝑙
∑
𝑗=0

𝑐𝑗(𝑧 − 𝑛𝑗)−1 (𝑠 = 1, 2, … , 𝑙; 𝑙 = 1, 2, … , 𝑘).

Put

𝑐𝑘+1 = −𝑖𝜓(𝑛−1
𝑘+1)[1 + 𝑖𝜓(𝑛−1

𝑘+1)]
𝑘

∑
𝑠=0

𝑐𝑠 (5)

and choose 𝑛𝑘+1. By virtue of properties b) and c) of the function 𝜓(𝛿) and our
choice of 𝑐𝑘+1, there exists 𝑁1 such that, for 𝑛𝑘+1 > 𝑁1, conditions 1, 2, 3 of the
inductive construction will be satisfied with 𝑘 replaced by 𝑘+1. Using condition
1 with 𝑙 = 𝑘 + 1, property b) of the function 𝜓(𝛿), and Rouché’s theorem, we
obtain that there exists 𝑁 > 𝑁1 such that, for 𝑛𝑘+1 > 𝑁 , the function 𝑓𝑘+1(𝑧)
will have a zero 𝑧𝑘+1,𝑠 in the disk 𝐾𝑠 (𝑠 = 1, 2, … , 𝑘). Choose 𝑛𝑘+1 > 𝑁 so that
the inequalities

𝜓(𝑛−1
𝑘+1) < 2−𝑘−6 (

𝑘
∑
𝑠=0

𝑛𝑠)
−1

, (6)

∣𝑓𝑘(𝑧) − 1
10

sin 𝑧
𝑧

𝑘
∑
𝑠=0

𝑐𝑠∣ ≤ 1
5

| sin 𝑧|
|𝑧|2

𝑘
∑
𝑠=0

𝑛𝑠 (2|𝑧| > 𝑛𝑘+1). (7)

Then the function 𝑓𝑘+1(𝑧) will have a zero 𝑧𝑘+1,𝑘+1 in the disk 𝐾𝑘+1. Indeed,
on the circle

|𝑧 − 𝑛𝑘+1(1 + 𝑖𝜓(𝑛−1
𝑘+1))| = 2−𝑘−2

the inequality

∣
𝑘

∑
𝑠=0

𝑐𝑠𝑧−1 + 𝑐𝑘+1(𝑧 − 𝑛𝑘+1)−1∣ > 2−𝑘−5𝑛−2
𝑘+1𝜓−1(𝑛−1

𝑘+1) (8)

holds, and the function

𝑧−1
𝑘

∑
𝑠=0

𝑐𝑠 + (𝑧 − 𝑛𝑘+1)−1𝑐𝑘+1

vanishes at the point
𝑧 = 𝑛𝑘+1(1 + 𝑖𝜓(𝑛−1

𝑘+1)).
From (9), (10), and (11), by Rouché’s theorem it follows that the function
𝑓𝑘+1(𝑧) has a zero 𝑧𝑘+1,𝑘+1 in the disk 𝐾𝑘+1, and thus we have satisfied condition
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4 of the inductive construction with 𝑘 replaced by 𝑘 + 1. This completes the
inductive construction.

By virtue of this construction the function (4) is defined, and there exists a
sequence {𝑧𝑙}∞

𝑙=1 of its zeros satisfying the condition

|𝑧𝑙 − 𝑛𝑙(1 + 𝑖𝜓(𝑛−1
𝑙 ))| ≤ 2−𝑙−1.

The coefficients 𝑐𝑙 satisfy conditions 1, 2, and 3 with 𝑘 = ∞. The condition
𝜑(−𝜋) ≠ 0 is fulfilled, since, by condition 1,

20|𝜑(−𝜋)| > |𝑐0| −
∞

∑
𝑘=1

|𝑐𝑘| > 1 −
∞

∑
𝑘=1

(𝑘 + 1)−1 ⋅ 2−𝑘 > 2−1.

Let us estimate the modulus of continuity 𝜔𝜑(𝛿) of the function 𝜑(𝑡). Let 𝑚 be
a natural number such that 𝑛𝑘𝛿 < 1 for 𝑘 ≤ 𝑚 and 𝑛𝑘𝛿 > 1 for 𝑘 > 𝑚. From
conditions 1, 2, and 3, used with 𝑘 = ∞, we obtain

𝜔𝜑(𝛿) ≪ 1
10

𝑚
∑
𝑘=1

|𝑐𝑘| ⋅ |𝑒−𝑖𝑛𝑘𝛿 − 1| + 2
10

∞
∑

𝑘=𝑚+1
|𝑐𝑘| ≤ 𝛿

10
𝑚

∑
𝑘=1

|𝑐𝑘|𝑛𝑘+

+ 2
10

∞
∑

𝑘=𝑚+1
|𝑐𝑘| ≤ 2

10𝛿|𝑐𝑚|𝑛𝑚 + 3
10|𝑐𝑚+1| ≪ 2

5𝑛𝑚𝜓(𝑛−1
𝑚 ) + 3

10𝜓(𝑛−1
𝑚+1).

Since 𝑛−1
𝑚+1 < 𝛿 < 𝑛−1

𝑚 , it follows from condition d) of Theorem 2 that

𝜔𝜑(𝛿) ≪ 𝜓(𝛿).

Theorem 2 is proved.

This theorem is in a certain sense sharp, as is shown by

Theorem 3. The function 𝑓(𝑧), defined in (1), has no zeros in the region

𝑦 > 𝐶|𝜑(𝜎)|−1|𝑥|𝜔𝜑(|𝑥|−1) + 𝐶1,

where 𝐶 is an absolute constant; 𝐶1 depends on 𝜑(𝑡), and 𝜔𝜑(𝛿) is the modulus
of continuity of the function 𝜑(𝑡).
The following theorem shows that, for any smoothness of the function 𝜑(𝑡) near
the left endpoint of the segment [𝜎, 𝜎 + 𝑇 ], the function 𝑓(𝑧), defined in (1),
may have zeros with arbitrarily large imaginary part.
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Theorem 4. Let the function 𝑢(𝑥), 0 < 𝑥 < ∞, satisfy the condition
lim𝑥→∞ 𝑢(𝑥) = 0, 0 < 𝑇0 < 𝑇 < ∞, and let ℎ(𝑥) be a solution of the equation

𝑥−1ℎ(𝑥) exp[𝑇0ℎ(𝑥)] = 𝑢(𝑥).

Then there exists a function 𝜑(𝑡), continuous on [𝜎, 𝜎 + 𝑇 ], satisfying the condi-
tion 𝜑(𝑡) = 𝜑(𝜎) ≠ 0, 𝜎 ≤ 𝑡 ≤ 𝑇0 + 𝛿, and such that the function 𝑓(𝑧) (1) has a
sequence of zeros approaching without bound the curve 𝑦 = ℎ(𝑥).
The sharpness of Theorem 4 is shown by

Theorem 5. If 𝜑(𝑡) is continuous on the segment [𝜎, 𝜎 + 𝑇 ] and of bounded
variation on the segment [𝜎, 𝜎 + 𝑇0], 0 < 𝑇0 < 𝑇 < ∞, 𝜑(𝜎) ≠ 0, then there
exists a function ℎ(𝑡) satisfying the condition

lim
𝑥→∞

𝑥−1ℎ(𝑥) ⋅ exp[𝑇0ℎ(𝑥)] = 0

such that the region 𝑦 > ℎ(𝑥) is free of zeros of the function 𝑓(𝑧), defined by
equality (1).

The author expresses sincere gratitude to Yu. I. Lyubich for formulating the
problem and to B. Ya. Levin for help in preparing the present article.

Kharkov State University
named after A. M. Gorky
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