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MATHEMATICS

Lyudmila KELDYSH

TOPOLOGICAL EMBEDDINGS AND PSEU-
DOISOTOPY
(Presented by Academician P. S. Aleksandrov, December 7, 1965)

1. We study here arbitrary topological embeddings, i.e. homeomorphic map-
pings, of a two-dimensional manifold 𝑀2 into three-dimensional Euclidean
space 𝐸3, and embeddings of a polyhedron 𝑃 𝑘 of dimension 𝑘 ≤ 𝑛/2 − 1
into Euclidean space 𝐸𝑛. A topological polyhedron 𝒫 in 𝐸𝑛 is called
tame if there exists a homeomorphic mapping 𝐻 of the space 𝐸𝑛 onto it-
self such that 𝐻(𝒫) is a rectilinear polyhedron. Otherwise the polyhedron
𝒫 is called wild. A polyhedron 𝒫 ⊂ 𝐸𝑛 is called locally tame at a point
𝑥 if there exist a neighborhood 𝑈 of the point 𝑥 and a homeomorphic
mapping 𝜑 ∶ 𝑈 → 𝐸𝑛 such that 𝜑(𝑈 ∩ 𝒫) is a rectilinear polyhedron. If
for a point 𝑥 ∈ 𝒫 no such neighborhood exists, then 𝑥 is called a point
of wildness for 𝒫. Bing (2) and Moise (8) showed that a locally tame
polyhedron in 𝐸3 is tame. If 𝑆2 is a locally tame topological sphere in 𝐸3,
then there exists a homeomorphic mapping 𝐻 ∶ 𝐸3 → 𝐸3 carrying 𝑆2 into
a polyhedral sphere and, by Aleksandrov’s theorem (1), onto the boundary
𝜎2 of a three-dimensional simplex: 𝐻(𝜎2) = 𝑆2. The homeomorphism 𝐻
can be chosen so that it does not change orientation and, consequently, it
can be joined by an isotopy 𝐹𝑡, 0 ≤ 𝑡 ≤ 1, with the identity mapping of
𝐸3 (9): 𝐹0 = 1, 𝐹1 = 𝐻. G. Gluck (6) proved that for a locally tame poly-
hedron 𝒫𝑘 of dimension 𝑘 ≤ 𝑛/2 − 1 in 𝐸𝑛 there exists an isotopy of 𝐸𝑛

from the identity mapping carrying 𝒫𝑘 into a rectilinear polyhedron. A.
V. Chernavskii proved an analogous theorem for polyhedra of dimension
𝑘 < 2/3𝑛 − 1 (10).

For wildly embedded polyhedra in 𝐸𝑛, by the very definition, there exists no
homeomorphism of 𝐸𝑛 onto itself carrying the given polyhedron into a rectilinear
one.

The following questions arise:

1) Does there exist, for a topological polyhedron 𝒫𝑘 in 𝐸𝑛, a not necessar-
ily one-to-one mapping 𝐹 of the space 𝐸𝑛 onto itself and a rectilinear
polyhedron 𝑃 𝑘 such that 𝐹|𝑃 𝑘 is a homeomorphism and 𝐹(𝑃 𝑘) = 𝒫𝑘?

2) Can the mapping 𝐹 be chosen so that it is pseudoisotopic to the identity?
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Lenning gave a positive answer to question 1) for an embedding of the two-
dimensional sphere 𝑆2 in 𝐸3 (11).
We give an affirmative answer to both questions for an embedding of a compact
two-dimensional manifold in 𝐸3 and for a topological polyhedron of dimension
𝑘 ≤ 1/2 𝑛 − 1 in 𝐸𝑛.

A pseudoisotopy is a homotopy 𝐹𝑡, 0 ≤ 𝑡 ≤ 1, which for every 𝑡 < 1 is a home-
omorphic mapping of the space onto itself. 𝐹𝑡 is called an 𝜀-pseudoisotopy if
for any 𝑥, 𝑡 and 𝑡′, 𝜌[𝐹𝑡(𝑥)𝐹𝑡′(𝑥)] < 𝜀, where 𝜌 is distance.

Theorem 1. For an arbitrarily embedded two-dimensional sphere 𝑆2 in 𝐸3 there
exists a pseudoisotopy from the identity mapping 𝐹𝑡 ∶ 𝐸3 → 𝐸3, carrying the
boundary 𝜎2 of a three-dimensional simplex into 𝑆2: 𝐹0 = 1, 𝐹1(𝜎2) = 𝑆2, such
that 𝐹1|𝜎2 and 𝐹1|𝐸3∖𝐹 −1

1 (𝑆2) are homeomorphisms and the set of points 𝑥 whose
inverse images 𝐹 −1

1 (𝑥) are degenerate is zero-dimensional and is contained in
the set of points of wildness of 𝑆2.

Theorem 2. For an arbitrarily embedded two-dimensional compact manifold
𝑀2 ⊂ 𝐸3 and a number 𝜀 > 0, there exists a polyhedral manifold 𝔐2 and
an 𝜀-pseudoisotopy 𝐹𝑡 carrying 𝔐2 onto 𝑀2 and satisfying the conditions of
Theorem 1.

Theorem 3. For an arbitrarily embedded in Euclidean space 𝐸𝑛 polyhedron 𝔓𝑘

of dimension 𝑘 ≤ 𝑛/2−1 and a rectilinear polyhedron 𝑃 𝑘 ⊂ 𝐸𝑛, homeomorphic
to 𝔓𝑘, there exists a pseudoisotopy Φ𝑡 from the identity map carrying 𝑃 𝑘 onto
𝔓𝑘: Φ0 = 1, Φ(𝑃 𝑘) = 𝔓𝑘, and moreover Φ1|𝑃 𝑘 and Φ1|𝐸𝑛 ∖ Φ−1

1 (𝔓𝑘) are
homeomorphisms, and the set of points 𝑥 whose inverse images Φ−1

1 (𝑥) are
degenerate is contained in the set of points of wildness for 𝔓𝑘.

Corollary. For an arbitrarily embedded in 𝐸𝑛 polyhedron 𝔓𝑘 of dimension
𝑘 ≤ 𝑛/2 − 1 and a number 𝜀 > 0, there exists a rectilinear polyhedron 𝑃 𝑘 ⊂ 𝐸𝑛

and an 𝜀-pseudoisotopy carrying 𝑃 𝑘 onto 𝔓𝑘 and satisfying the conditions of
Theorem 2.

We describe here the idea of the proof of Theorem 1. The proof of Theorem 2
is analogous. The proof of Theorem 3 is based on Gluck’s Theorems 1.2 and
8.2 (6). The corollary to Theorem 3 follows from the proof of this theorem.

2. Idea of the proof of Theorem 1.
By Bing’s approximation theorem, for every 𝜀 > 0 there exists a homeomorphic 𝜀-
shift ℎ𝜀 of the sphere 𝑆2 onto a polyhedral sphere Σ2. Let 𝜎2 be the boundary of
a three-dimensional simplex lying in 𝐸3, and let 𝑓 be a homeomorphic mapping
of 𝜎2 onto 𝑆2, chosen so that for sufficiently small 𝜀, ℎ𝜀𝑓 ∶ 𝜎2 → Σ2 can be
extended to an orientation-preserving homeomorphism 𝜑 ∶ 𝐸3 → 𝐸3. The
isotopy 𝐹𝑡 is constructed so that 𝐹1|𝜎2 ≡ 𝑓 .
Choosing a decreasing sequence of numbers 𝜀𝑛 → 0, we construct a sequence of
tame spheres 𝑆𝑛 converging to 𝑆2 in such a way that the sphere 𝑆𝑛−1 is carried by
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an 𝜀𝑛−1-isotopy 𝐻𝑛
𝑡 ∶ 𝐸3 → 𝐸3 onto 𝑆𝑛, and the sequence of homeomorphisms

Φ𝑛
1 = 𝐻𝑛

1 𝐻𝑛−1
1 … 𝐻1

1 , where 𝐻1
1 (𝜎2) = 𝑆1, converges uniformly to a continuous

map 𝐹1 ∶ 𝐸3 → 𝐸3 satisfying the conditions of the theorem.

By Bing’s theorems (4,5 ), on the sphere 𝑆2 one can choose an increasing se-
quence of tame Sierpiński curves* 𝑋1 ⊂ 𝑋2 ⊂ ⋯ ⊂ 𝑋𝑛 ⊂ ⋯ such that the
diameters of the components of 𝑆2 ∖ 𝑋𝑛 are less than 𝜀𝑛/2, 𝑋𝑛+1 ∖ 𝑋𝑛 lies
in a finite number of components of 𝑆2 ∖ 𝑋𝑛, and 𝑋𝑛+1 ∖ 𝑋𝑛** contains the
boundaries of these components.

Let {𝛿𝑛𝑖} be the open disks that are the components of 𝑆2 ∖ 𝑋𝑛. If the sphere
𝑆2 is wild, then such disks exist (Theorem 8.2 in (5)), since 𝑋𝑛 is tame. For
each 𝛿𝑛𝑖 we choose in 𝐸3 a neighborhood 𝑢𝑛𝑖 such that

𝑆2∩𝑢𝑛𝑖 = 𝛿𝑛𝑖, 𝑢𝑛𝑖∩𝑢𝑛𝑗 = Λ, 𝑖 ≠ 𝑗; diam𝑢𝑛𝑖 < 2 diam 𝛿𝑛𝑖 < 𝜀𝑛; 𝑢𝑛𝑖 ⊂ 𝑢𝑛−1,𝑗,

if 𝛿𝑛𝑖 ⊂ 𝛿𝑛−1,𝑗; 𝑢𝑛𝑖 = 𝑢𝑛−1,𝑗, if 𝛿𝑛𝑖 = 𝛿𝑛−1,𝑗.

By Bing’s theorem (3), for each disk 𝛿𝑛𝑖 there exists a homeomorphic shift
𝑔𝑛𝑖, fixed on the boundary −𝜕𝛿𝑛𝑖, into a disk Δ𝑛𝑖 ⊂ 𝑢𝑛𝑖, locally polyhedral
mod 𝜕Δ𝑛𝑖. We choose the homeomorphisms 𝑔𝑛𝑖 so that 𝑔𝑛𝑖 = 𝑔𝑛−1,𝑗, if 𝛿𝑛𝑖 =
𝛿𝑛−1,𝑗, and set

𝑆𝑛 = 𝑆2 ∖ ⋃ 𝛿𝑛𝑖 ∪ ⋃ Δ𝑛𝑖; Δ𝑛𝑖 ⊂ 𝑢𝑛𝑖; (1)

𝑔𝑛 ∶ 𝑆2 → 𝑆𝑛; 𝑔𝑛|𝛿𝑛𝑖 = 𝑔𝑛𝑖, 𝑔𝑛|𝑆2 ∖ ⋃ 𝛿𝑛𝑖 = 1.

Each sphere 𝑆𝑛 is locally tame mod 𝑋𝑛 and, by Theorem 8.2 (5), is tame. Then
𝑔1𝑓 ∶ 𝜎2 → 𝑆1, by the choice of 𝑓 , can be extended to a homeo-

* A Sierpiński curve is a continuum 𝑋 obtained from the sphere by deleting a
countable everywhere dense set of open disks whose boundaries do not intersect.
𝑋 is called tame if there exists a homeomorphism 𝜓 ∶ 𝐸3 → 𝐸3 such that 𝜓(𝑋)
lies in a plane.

** By 𝐴 we denote the closure of the set 𝐴.

morphism 𝐻1
1 ∶ 𝐸3 → 𝐸3 which does not change orientation, and, consequently,

there exists an isotopy 𝐻1
𝑡 ∶ 𝐸3 → 𝐸3 such that

𝐻1
0 = 1; 𝐻1

1 |𝜎2 = 𝑔1𝑓. (2)

The isotopies Φ𝑛
𝑡 ∶ 𝐸3 → 𝐸3 such that Φ𝑛

1 |𝜎2 = 𝑔𝑛𝑓 are constructed by induction.
Φ𝑛

𝑡 is the product of the isotopies Φ𝑛−1
𝑡 and 𝐻 𝑛

𝑡 = 𝐻𝑛
𝑡 Φ𝑛−1

1 , Φ𝑛
𝑡 = Φ𝑛−1

𝑡 ∘ 𝐻 𝑛
𝑡 ,

where 𝐻𝑛
𝑡 , 𝑛 ≥ 2, is an 𝜀𝑛−1-isotopy and 𝐻𝑛

1 |𝑆𝑛−1
= 𝑔−1

𝑛𝑔𝑛−1
. By construction,

the sphere 𝑆𝑛+1 differs from 𝑆𝑛 in a finite number of regions 𝑢𝑛𝑖, 𝑖 = 1, 2, … , 𝑘𝑛,
and
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𝑔𝑛+1∣
𝑆2∖⋃𝑘𝑛

𝑖=1 𝛿𝑛𝑖

= 𝑔𝑛. (3)

For each 𝛿𝑛𝑖, 𝑛 = 1, 2, … ; 𝑖 = 1, 2, … , 𝑘𝑛, a disk 𝛿′
𝑛𝑖 ⊂ 𝑆2 is chosen so that

𝜕𝛿′
𝑛𝑖 ⊂ 𝑋𝑛 and 𝜕𝛿′

𝑛𝑖 does not meet the boundaries of the components of 𝑆2 ∖𝑋𝑛,
and

𝛿′
𝑛𝑖 ⊃ 𝛿𝑛𝑖; 𝛿′

𝑛𝑖 ∩ 𝛿′
𝑛𝑗 = Λ, 𝑖 ≠ 𝑗;

diam 𝛿′
𝑛𝑖 < (1 + 𝜀𝑛)diam 𝛿𝑛𝑖;

for 𝑘 < 𝑛: 𝛿′
𝑛𝑗 ⊂ 𝛿′

𝑘𝑖, if 𝛿𝑛𝑗 ⊂ 𝛿′
𝑘𝑖; 𝛿′

𝑛𝑗 ∩ 𝛿′
𝑘𝑖 = Λ, if 𝛿𝑛𝑗 ∩ 𝛿′

𝑘𝑖 = Λ.
For each disk 𝛿′

𝑛𝑖 a neighborhood 𝑢′
𝑛𝑖 is constructed satisfying the conditions:

𝑢′
𝑛𝑖 ∩ 𝑆2 = 𝛿′

𝑛𝑖; diam𝑢′
𝑛𝑖 < 2 diam 𝛿𝑛𝑖 < 𝜀𝑛;

𝑢𝑛𝑟 ⊂ 𝑢′
𝑛𝑖, if 𝛿𝑛𝑟 ⊂ 𝛿′

𝑛𝑖; 𝑢′
𝑛𝑖 ∩ 𝑢′

𝑘𝑗 = Λ, if 𝛿′
𝑛𝑖 ∩ 𝛿′

𝑘𝑗 = Λ (4)

𝑢′
𝑛𝑖 ⊂ 𝑢′

𝑘𝑟, if 𝑘 < 𝑛 and 𝛿𝑛𝑖 ⊂ 𝛿′
𝑘𝑟.

We construct the isotopy 𝐻 𝑛+1
𝑡 , carrying 𝑆𝑛 into 𝑆𝑛+1, so that

𝐻 𝑛+1
𝑡 ∣

𝐸3∖⋃𝑘𝑛
𝑖=1 𝑢′

𝑛𝑖

= 1, 0 ≤ 𝑡 ≤ 1.

The construction is carried out inside the regions 𝑢′
𝑛𝑖, and we omit the indices:

Δ = 𝑔𝑛(𝛿) ⊂ 𝑢 ⊂ 𝑢′. In Δ′ = 𝑆𝑛 ∩ 𝑢′ choose a disk Δ with boundary in 𝑋𝑛:
Δ ⊂ Δ ⊂ Δ′.

Δ is tame, since 𝑆𝑛 is tame, and one can construct an isotopy 𝜑𝑡 satisfying the
conditions

𝜑0 = 1; 𝜑𝑡|𝜕𝑢′ = 1; 𝜑1(Δ) = ̃𝑑,

where ̃𝑑 is a polyhedral disk. In view of (4) and (1), 𝑆𝑛+1∩𝑢 = 𝑔𝑛+1(𝑆2∩𝑢) = 𝐷;
𝑆𝑛+1 ∩ 𝑢′ = 𝑔𝑛+1(𝑆2 ∩ 𝑢′). 𝜑1(Δ ∖ Δ ∪ 𝐷) is a tame disk lying in 𝑢′ and locally
polyhedral at the points of its boundary, since Δ ∖ Δ ∪ 𝐷 ⊂ 𝑆𝑛+1.

Applying the theorems of Bing (2) and Kister (7), we construct an isotopy
𝜃𝑡 ∶ 𝑢′ → 𝑢′ such that
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𝜃0 = 1; 𝜃𝑡|𝜕𝑢′∪𝜑1(Δ′∖Δ) = 1 (5)

and 𝐷̃ = 𝜃1𝜑1(Δ ∖ Δ ∪ 𝐷) is a polyhedral disk.

Then a piecewise-linear isotopy ℎ𝑡 ∶ 𝑢′ → 𝑢′ is constructed so that

ℎ0 = 1; ℎ𝑡|𝜕𝑢′∪𝜑1(Δ′∖Δ̃) = 1; ℎ1𝜑1(Δ̃) = 𝐷̃ (6)

Denoting by 𝜑𝑛
𝑡 , 𝜃𝑛

𝑡 , and ℎ𝑛
𝑡 the isotopies constructed as described in each 𝑢′

𝑛𝑖,
𝑖 = 1, 2, … , 𝑘𝑛, and fixed on 𝐸3 ∖ ⋃𝑘𝑛

𝑖=1 𝑢′
𝑛𝑖, we put

Γ𝑛+1 = 𝜑𝑛
𝑡 ∘ ℎ̃𝑛

𝑡 ∘ ̃𝜃 𝑛
𝑡 ∘ 𝜑𝑛

𝑡 ,

where

ℎ̃𝑛
𝑡 = ℎ𝑛

𝑡 𝜑𝑛
1 ; ̃𝜃 𝑛

𝑡 = (𝜃𝑛
𝑡 )−1ℎ̃𝑛

1 ; 𝜑𝑛
𝑡 = (𝜑𝑛

𝑡 )−1 ̃𝜃 𝑛
1 .

Γ𝑛+1
1 carries each disk Δ̃𝑛𝑖 into the disk Δ̃𝑛𝑖 ∖ Δ𝑛𝑖 ∪ 𝐷𝑛𝑖 and, by (5), (6),

Γ𝑛+1
1 ∣𝑆𝑛∖⋃ Δ̃𝑛𝑖

= 1, hence Γ𝑛+1
1 (𝑆𝑛) = 𝑆𝑛+1.

The homeomorphic mapping

𝜓𝑛+1 = 𝑔𝑛+1𝑔−1
𝑛 (Γ𝑛+1

1 )−1 ∶ 𝑆𝑛+1 → 𝑆𝑛+1

is fixed on

𝑆𝑛+1 ∖
𝑘𝑛

⋃
𝑖=1

(Δ̃𝑛𝑖 ∖ Δ𝑛𝑖 ∪ 𝐷𝑛𝑖),

therefore there exists an isotopy Ψ𝑛+1 ∶ 𝐸3 → 𝐸3 such that

Ψ𝑛+1
0 = 1; Ψ𝑛+1

𝑡 ∣
𝐸3∖⋃𝑘𝑛

𝑖=1 𝑢′
𝑛𝑖

= 1; Ψ𝑛+1
𝑡 ∣𝑆𝑛+1

= 𝜓𝑛+1.

Put

𝐻𝑛+1
𝑡 = Γ𝑛+1

𝑡 ∘ (Ψ𝑛+1
𝑡 Γ𝑛+1

1 ); 𝐻 𝑛+1
𝑡 = 𝐻𝑛+1

𝑡 Φ𝑛
1 .

From (2), by induction we find

Φ𝑛+1
1 ∣𝜎2= 𝑔𝑛+1𝑓. (7)
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3. The sequence of homeomorphisms Φ𝑛
1 ∶ 𝐸3 → 𝐸3 converges uniformly to

a continuous mapping 𝐹 ∶ 𝐸3 → 𝐸3. Since Φ𝑛
1 is joined to Φ𝑛+1

1 by the
𝜀𝑛-isotopy 𝐻 𝑛+1

𝑡 , then, after making for each isotopy 𝐻 𝑛
𝑡 a linear change

of the variable 𝑡, 𝜒𝑛 ∶ [0, 1] → [1 − 1/2𝑛−1, 1 − 1/2𝑛], and putting

𝐹0 = 𝐻1
0 = 1; 𝐹𝑡 = 𝐻𝜒−1𝑛 (𝑡), 1−1/2𝑛−1 ≤ 𝑡 ≤ 1−1/2𝑛; 𝐹1 ≡ 𝐹 = lim

𝑛→∞
Φ𝑛

1 ,

we obtain a pseudo-isotopy 𝐹𝑡 ∶ 𝐸3 → 𝐸3. The relation 𝐹1 ∣𝜎2≡ 𝑓 follows
from (7).

It is easily proved that the set 𝐾 of points whose inverse images are degenerate
is, for any 𝑛, contained in

𝑉𝑛 =
∞
⋃
𝑘=𝑛

𝑛𝑘

⋃
𝑖=1

𝑢𝑘𝑖.

By (4), 𝑉𝑛 is the sum of pairwise nonintersecting regions of diameter < 𝜀𝑛, and
𝑢𝑘𝑖 ∩ 𝑆2 ≠ Λ. Therefore 𝐾 ⊂ 𝑆2; dim𝐾 = 0. Since 𝑢𝑘𝑖 ∩ 𝑆2 is a wild disk, 𝐾
is contained in the set of wildness points of 𝑆2, and the conditions of Theorem
1 are satisfied.

Let us note that, for an embedding in 𝐸3 of the one-dimensional sphere 𝑆1,
a theorem analogous to Theorem 1 is impossible, since tame spheres Σ1 ap-
proximating the wild sphere 𝑆1 may, when approaching 𝑆1, form increasingly
complicated knots.

V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR
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