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In this note all topological spaces considered are completely regular Hausdorff
spaces, and all mappings are continuous.

A sequence

(CO(X), b,C°(X), b,CH(X), ..., by 1C" (X)), bl (X))

of spaces, where C°(X) = X; biz}(X) is some compact extension of C*~1(X)
and C*(X) = biH(X)\ C"1(X) for 1 <i < n, is called a compact extension
of n-th order of the space X, and C"(X) an n-th order remainder of the
space X. In the case where all b; are Cech extensions f3;, the extension is called
the Cech extension of n-th order of the space X, and the remainder of n-th
order I (X) the Cech remainder of n-th order of the space X.

Let M be the class of all compact extensions of n-th order of the space X. We
introduce in M} a quasi-ordering as follows:

~. ~ o~ ~

(CO(X), 5,C°(X), b,CY(X),...,b,C" 1 (X)) > (CV(X), b;CO(X), byC (X)), .., b (X)),

if there exist mappings

£ b, 0 X) = bigH(X), i=1,..,n,

such that f; is an extension of the identity mapping e : CA'/O(X) — C%(X), and
for ¢« = 2,...,n the mapping f; is an extension, on Eigi’l(X), of the mapping
induced by f;_;. If all f; are homeomorphisms, then we shall call such extensions
equivalent.
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Let M,, be the set of classes of equivalent extensions. Using Lemma 1.5 of the
paper (1), one can prove the following lemma.

Lemma 1. The set M, is a partially ordered set whose largest element is the
class of the Cech extension of n-th order.

It follows from Lemma 1 that if some n-th order remainder of the space X has a
perfect property (see (1)), then all its n-th order remainders have this property.

Denote by P, the following property of a space: the n-th order remainder of the
space has the perfect property P. Then from Lemma 1.5 (}) and from Lemma
1 the following proposition follows immediately.

Lemma 2. The property P, is a perfect property.

Denote by R!'(X) the set of all points of the space X that have no compact
neighborhoods, and let, for n > 1,

R™"(X) = RY[R"1(X)]

(see (1)). We shall assume that X = RO(X).

Let K,,, where n > 0, denote the class of all spaces whose n-th order remainder
is compact. By a space with compact remainder of zeroth order we mean a
compact space. It can be shown that there exists a space belonging to K, and
not belonging to K,,_;, and that if the space X has compact

if it is a remainder of finite order, then it contains an open everywhere dense
locally compact subset A, and X \ A = R}(X).

Since compactness is an absolute property, Lemma 2 implies the following the-
orem.

Theorem 1. If f is a perfect mapping of X onto Y, then X belongs to the class
K, if and only if Y belongs to the class K,,.

Theorem 2. A space X belongs to the class K, if and only if RY?(X) is
compact, when n is even, and R"™ /2 (X) is locally compact, when n is odd.

This theorem follows from the fact that R7(X) is a remainder of order 2j of the
space X for j > 1.

From Theorem 2, in particular, Theorem 3.1 of Henriksen and Isbell () follows:
X is locally compact at infinity (i.e., has a compact remainder of second order)
if and only if R'(X) is compact. Further, X has a locally compact remainder
of second order if and only if R'(X) is locally compact.

It is easy to see that if F is a closed subset of the space X, then R¥(F) is a closed
subset of R¥(X). Hence it follows that if X € K,,, then F € K,,. Therefore, if
X is a compact space and A is its subset belonging to K,,, then X \ A belongs
to K, 1.
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Theorem 3. Let A and B be subsets of a space X, with A compact and B a
space in K. Then, for evenn, AUB € K,,, and for oddn, AUBe€ K, _,.

Proof. For n = 0 this is known. Let bX be a compact extension of X. We have
AUB\NAUB=(B\B)\ A.
The closure is taken in X. Let B\ B = D. It is clear that
[AU(D\D)JN(D\NA)=0 and [AU(D\D)U(D\A)=DUA.

Let us prove the theorem for n =1,2. If B € K|, then D € K, and D\ D = .
Then D\ A € K, and therefore AUB € K,. If B € K,, then D € K; and
D\ D € K,,. Since AU(D\ D) € K,, we obtain that D\ A € K, and therefore
AU B € K,. Suppose the theorem is proved for n = m,m + 1; we shall prove
it forn=m+2m+3. If Be K,,_,, then D\ D € K,,. By induction
AU(D\D) € K,,.,. Then D\ A € K,,,,, and therefore AUB € K,,_ 5. If
BeK,,, 3 then D\D € K,, ;. By induction AU (D\ D) € K,, ;. Therefore
we obtain that D\ A € K, and, hence, AUB € K, ;. The theorem is
proved.

Using Theorem 3, one can prove the following propositions:

1. The direct product of a compact space and a space in K, is a space in
K

n-
2. The direct product of a locally compact space and a space in K, is a space
in K,,,, for even n, and a space in K,, for odd n.

3. If X is a space in K, and A is its compact subset, then X \ A is a space
in K, for even n, and a space in K, for odd n.

4. If X is a locally compact space and A is its subset belonging to the class
K,, then X \ A is a space in K,,; for even n, and a space in K,,_, for
odd n.

From 4, in particular, it follows that the complement of a locally compact set
in a locally compact space is a space for which the set of points at which the
space is not locally compact is locally compact.

Let f be a mapping of X onto Y. Denote by R(f) the set of all points y € ¥
such that f~!(y) is noncompact. By a theorem of Stone (?), Theorem 88, f has
a unique extension f*: X — Y.

Theorem 4. If f is a closed mapping of X onto Y, then
FIHOINTHY) = R(f).

Proof. It is clear that R(f) C f* [T (X)]\T*(Y). Let b € T*(X) and f*(b) =
a’ € fX[IY(X)]\T'H(Y). Suppose that f~1(a’) = A is compact. Since A is closed
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in X and b ¢ A, there exists a continuous function ¢ : X — I = [0,1] such
that ¢(a) =0 for a € A and p(b) = 1. Let

Q={reX, p(x) 21/2}.

It is clear that @ is closed in X, and therefore f(Q) = @’ is closed in Y,
iie. @ = PNY, where P is closed in BY. Obviously, ' ¢ Q’. Then there
exists a continuous function ¥ : Y — I such that ¥(a’) = 0 and ¥(p) = 1
for p € P. Let k = ¢f*. Then k(b) = 0. Denote by D the set of points x
of the space X for which ¢(x) > 1/2 and k(z) < 1/2. It is clear that b € D.
The set D is open, and therefore there exists a point s € X such that s € D,
i.e. k(s) < 1/2 and ¢(s) > 1/2. Further, we have ¢[f*(s)] < 1/2, and therefore
1*(s) = f(s) ¢ Q. Hence it follows that s ¢ @, and therefore ¢(s) < 1/2. The
contradiction obtained shows that f~1(a’) is noncompact, i.e. @’ € R(f). The
theorem is proved.

Using Theorems 3 and 4, one can prove the following theorem.

Theorem 5. Let f be a closed mapping of X onto Y such that the R(f)-space
is of class K,,. Then, if X € K|, thenY € K,_,, and if X € K,, then for even
n, Y € K, _,, while for oddn, Y € K, 5.

In particular, it follows from Theorem 5 that under a closed mapping of a locally
compact space, if the set of points whose full inverse image is noncompact is
compact, then the image is a space for which the set of points having no compact
neighborhoods is compact.

Let f be a mapping of X onto Y, and let f*: bX — bY be an extension of f
to their compact extensions bX and bY. Let X; = bX \ X, Y; = f*(X;), and
let f; be the mapping of X; onto Y; induced by the mapping f*. Then the
mapping f; : X; — Y] will be called a remainder of first order (or simply a
remainder) of the mapping f. If bX and bY are Cech compactifications, then
fi is called the Cech remainder of the mapping f. The mapping fni X, =Y,
is called a remainder of n-th order of the mapping f, if f, is a remainder
of first order of a remainder of (n — 1)-st order of the mapping f. It is easy
to see that if some remainder of a closed mapping is a perfect mapping, then
all remainders are also perfect. Such a mapping f will be called perfect at
infinity.

With the aid of Lemma 1.5 (}) and Theorem 4 one can prove the following
theorem.

Theorem 6. A closed mapping of X onto Y is perfect at infinity if and only if,
for every point x € X having no compact neighborhoods, the full inverse image
of its image is compact.

Theorem 7. A closed mapping of X onto Y with a closed Cech remainder is
perfect at infinity if and only if the full inverse image of every point of Y is
locally compact.
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With the help of Theorems 1, 3, and 4 we obtain the following theorem.

Theorem 8. Let f be a closed mapping of X onto Y, perfect at infinity, such
that R(f) is compact. Then: 1) if X € K,,, then Y € K, for even n and
YeK,,  foroddn; 2)ifY € K, then X € K, for evenn and X € K,, for
odd n.
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