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1°. Consider the infinite system of inequalities

e(x,a;) >0 (1=1,2,..), (1)

where z is the unknown vector of a Euclidean or real Hilbert space R;; a; are
arbitrary vectors of some set M of a Euclidean or real Hilbert space Ry; ¢(x,a)
is a real function. Suppose that ¢(x,,a) > €, > 0 holds for some ¢, > 0,
z, € Ry, and all @ € M, where, however, ¢, and z, are unknown. Let f;(z,a)
(j =1,2,...) be certain mappings R, x M into R;. We shall say that the relations
r;1 = fi(z;,a;) (j=1,2,...) define a finitely convergent algorithm for solving
the inequalities (1) if: a) a set G C R, is specified such that, for any z; € G
and any sequence a; € M (j = 1,2,...), for the vectors zy,z5 = fi(z1,a;), ...,
starting with some n, one has z,, = z,,,; = -~ = 2% b) the value 2 satisfies the
inequalities (1) for j > n. We note that, generally speaking, the vector a; in (1)

may depend on x4, ..., ;.

The problem of constructing finitely convergent algorithms for solving linear
inequalities arises in the theory of trainable pattern-recognition systems (1=%)
as the problem of finding learning algorithms.

Finitely convergent algorithms may be used to solve a finite system of inequal-
ities ¢(x,a;) > 0, j = 1,...,m. The inequalities (1) in this case are obtained
by periodic repetition of the given system (a,,, = a;), and the condition for
stopping the computation is determined by the condition that the relations
Ty = Ty = = T, P(T505) >0, j =mn,..,n+m—1, hold. In the
general case, in the sense of the problem, the number n in condition a), and
consequently also the vector z¥, cannot be determined effectively by means of
a finite number of operations. In this connection, in the general case the al-
gorithm must also be supplemented by some stopping condition, which can be
obtained by bringing in additional assumptions on the probability distribution
of the vectors a € M and by requiring that the probability of error in the “not
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shown” (or all) inequalities (1) be sufficiently small. These questions will not be
considered here, and therefore stopping conditions will not be formulated.

A system (1) where a;,,, = a; (j =1,2,...) will be called cyclic. The number
r of distinct vectors in the sequence z,z,,... will be called the number of
corrections of the algorithm.

The algorithms given below have a number of features in common with re-
laxation algorithms (5~%). In addition to their simplicity, they possess great
reliability, since a failure in a single inequality will lead (in the case of a cyclic
system of inequalities and G = R;) only to an increase in the computation time.

2°. Lemma. Suppose that there exist functions g;(z,a), j = 1,2, ..., defined
on Ry x M with values in Ry, a real function V(z) (where x € R;), a set
G C Ry, and a series §; + 0y + -+ = +00 such that, for any sequence z; € G,

Ty = g1(T1,a1), .. yLjp1 =
=g;(z;,a;), where a; € M and ¢(x;,a;) <0, V(x;)—V(r;4)>0;

Then the algorithm

T =25, if p(z;,a;) > 0; v =gi(z5,a;), ifp(z;,a;) <0,  (2)

is a finitely convergent algorithm for solving the inequalities (1) for 2; € G. The
number of corrections r satisfies the relation

0y + 0+ 40, <V(xy).
Obviously, the condition of the lemma is satisfied if V(z) — V]g(z,a)] > > 0
when ¢(z,a) > 0 for any ©; € R, a € M, and some § > 0.

Proof. Deleting from the sequence xq,,,..., obtained by formula (2), the
vectors x; satisfying the condition ¢(x;,a;) > 0, and changing the numbering,
we obtain a sequence satisfying the condition of the lemma. For any n terms of
this sequence,

Oy 440, <D [V(zy) = V(zgy)] = Vie) = V(z,) <

S V(xl)7
whence the assertion of the lemma follows.

3°. Homogeneous linear inequalities, R, = R,,

(p(xva‘j) = (xvaj)a |aj| <a, .]: 1a2a . X
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Theorem 1. Let p’, p”, Py B; (j =1,2,...) be arbitrary numbers satisfying the
inequalities 0 < p’ < p; < p”, 0 < §; g . For any z; € R, the algorithm

T =, if (z5,a;) >0;

Tjg =2+ (a5, GG=py— 53(%’%)/(%’%) if (xj,aj) <0, (3)

is a finitely convergent algorithm for solving the inequalities (z,a;) > 0, (j =
1,2,...). For z; = 0, for the number of corrections r the estimate

r < |z Pa?e?p’ /p”

is valid.

Proof. Choose a number 7 satisfying the inequality
T>70=0a?p"/2,.
For V(z) = |x — 72,]? we have, under the conditions of the lemma,
Vi(z;) = V(1) = —(la;, 22, + (a; — 27x,) > 0(T) = 26,0'(T — 7).

By the lemma, the algorithm is finitely convergent. The estimate for r follows
by the lemma from the relation

r <min7?|x,|2/5(1) (7> 7).

Algorithm (3) for 8; = 0, (; = p; = 1 coincides with (1,3,%) ** For cyclic
systems of inequalities it is natural to choose $;,p; so that (z;,y,a;) > 0 is
satisfied, for example p; =p >0, 1 < 3, <2.

4°. Nonhomogeneous linear inequalities,
SD(:E> Cja 7]) = (.’17, c]) + 7]

In this and the following items we shall denote
77] ( ]7 j) +’YJ

Theorem 2. Suppose that [c;| < x, j=1,2,.... Let p; >0, 3; (j=1,2,...) be
arbitrary numbers satisfying the conditions p; — 0 as j — 00, p; + py + - = 00,
0 < B; <2. For any z; € Ry and k(1) = 0 the algorithm

xj+1 = xlja k(] + 1) = k(])a if 77]‘ > Oa

Tign =25+ Cicy G = Py — B/ (ejye5),  k(G+1) =k(j) +1, ifn; <0,
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is a finitely convergent algorithm for solving the inequalities

(z,¢;)) +7;,>0 (j=12,..).

Proof. For V(x) = |z — z,|* we have, under the conditions of the lemma,

Vi(z;) = V(zj1) = GI=G2 = B)n; + [(w.,¢;) + ;] — pjlejic)} >

2 E*pja

starting with sufficiently large j. The assertion of the theorem follows from the
lemma.

Remark. Let 5,0 be arbitrary numbers such that 0 < 8 < 2, § > 0. Under
the conditions of Theorem 2, if

one may take p; =0, 0 < < 8; < 2. Indeed, in this case

V(x;) = V(1) > €,85 > 0.

* Recall that, moreover, by the assumption of item 1°, there exist ¢, > 0 and
x, € Ry such that (z,, J)>5 > 0.

** The indices (1,3,%) differ from those given here, but give the same estimate
for the number of corrections.

The algorithm given below in Theorem 3 apparently converges faster than the
algorithm of Theorem 2%*.

Theorem 3. *Suppose that (c;,¢;) + 77 < 7 (j = 1,2,...). The following
algorithm is a finitely convergent algorithm for solving the inequalities (z,c;) +
v; >0 (j=1,2,...) for arbitrary z; € Ry and §; > 0**:*

§i1 = ¢ Tiq =Ty if n; >0, (4)

i1 = 1€+ ¢l i = § 1 (Eed + Cied)s if n; <0.

Here (; = p; fﬂjfjnj[( 52 Cj) +’yJ] L and pj, B are arbitrary numbers satisfying
the conditions 0 < p’ < p; < p’, 0 < B; <2, & +0(=12,..). For
the number of corrections r, when x; = 0, & = ~%p” /2¢,, the estimate** r <
|z, |(Jz,| + /|7, ]2 + 1)v2p” /(2e,p") holds.*
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Proof. Obviously, ; > 0. Let 7 > 7, = p”~?/2e,. For

V(I‘,f) = ‘g[l) - TJU*|2 + |£ _T|2

we have, under the conditions of the lemma,

V(xjvgj)_v(xﬁrl’gﬁl) = _2§j77jCj_<]2[(Cj»Cj)+’yj2‘]+27—gj[(x*vCj)+7j]+27(£j+l_§j_’ngj) > 0(r) = 2¢e,p' (T—19

The estimate for r is obtained in the same way as in the proof of Theorem 1.
Note that for 1 < 3; <2 one has (z;,4,¢;) +7; > 0.

The following device makes it possible, by enlarging the space R;, to obtain
a recurrent finitely convergent algorithm for solving inhomogeneous linear in-
equalities (z,¢;) +7; > 0 from an analogous algorithm for homogeneous linear
inequalities. Consider the system of inequalities (y, cj) +&v; > 0, where { is a
real “additional parameter,” and insert between each pair of adjacent inequal-
ities the inequality & > 0. We shall call the resulting homogeneous system the
system (D). By assumption, (z,,c;) +7; > €, > 0. Therefore the system (D)
has the solution y = x,, £ = 1 with the same value of ,. Applying to the system
(D) any finitely convergent recurrent algorithm, combining two adjacent steps,
and making the substitution y; = £;,j, we obtain the desired algorithm of the
form x; = f;(x;,§;,¢5,7;)s §541 = 0;(75,€5,¢5,7;). By the indicated device it
is easy to obtain from Theorem 1 algorithms close to the algorithm of Theorem
Fokkok

For a cyclic system of linear inequalities, a simple finitely convergent algorithm
was obtained by V. N. Fomin®).

5°. Inequalities |(z,c;) + 7,/ <& (j=1,2,...), where [c;[ < ».

Theorem 4. Suppose that there exist a number €,, > 0 and a vector x, € Ry
such that |(z,,c;) + ;| < €. < ¢€/2, j = 1,2,.. %% TFor any z; € Ry, the
algorithm ;= x, if |n;] < e, ;1 = x; — n;dl(c; )] 7" if ;] > e, is a
finitely convergent algorith-*

* More precisely, for arbitrary x; the estimates from above for the number of

corrections r (which are not given because of their unwieldiness) in the case of
Theorem 3 are considerably more acceptable.

** The algorithm (4) (as well as the algorithm of Theorem 2) satisfies the defi-
nition given in § 1 for the space R} = R; x {{}, where {£} is the number axis,
if the given inequalities are considered as inequalities with respect to the vector

' = (g) € R;.
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K Tt is easy to obtain a (more unwieldy) estimate for arbitrary z,,&; > 0.

**%* By the same device one can obtain finitely convergent algorithms for the
case when a domain @ C R; is known in advance such that z, € @ and it is
required that x; € Q. Suppose, for example, that the domain @ is defined by k&
inequalities £ > 0, where £ are certain components of the Euclidean vector
x. In this case, between each pair of adjacent given inequalities one should insert
k inequalities €™ > 0, apply the corresponding algorithm to the system thus
obtained, and combine k£ adjacent steps.

**#4% This condition strengthens the general assumption of item 1°, according
to which € — [(z,,¢;) + ;| > &, > 0, and, unlike the conditions of the other
theorems, assumes a known estimate for the number e,. It is fulfilled (for
€, = 0) in the important finite-dimensional case for applications when the
system (x,¢;) +7; = 0 (with determinant possibly equal to zero) is obtained by
the method of least squares.

~-of solutions of the inequalities |(x,c;) + 7,/ < e (j =1,2,...). The number of
corrections does not exceed the number

To = "/I"l - x*‘QXQE_l(E - 25*>_1'

Proof. For V(z) = |z — x,|*> we have

—AV; =V(x;) = V(zq) =n;(n; — 2¢5)/(¢j,¢5),

where ¢; = (z,,c;) + ;. Since |¢;| <e,, for |n;| > & we have

—AV, > x7?(e? — 2ee,).
Applying the lemma, we obtain the assertion of the theorem.
Remark. If a number ¢, is known such that
|($*,Cj) + ’Yj| < €o <g,
then it is easy to prove, by means of analogous arguments, that the following

algorithm is a finitely convergent algorithm for solving the inequalities |(z, c;) +
’Y]‘ <e€:

T =z, i n] <e

. -1 .
Ljy1 = L; — njcj[(cjvcj)] , if |77j| 2 2¢;
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Tj1 = x;— (10; — gsignn;)e;/(cj,¢5), i e <yl < 2e.

Theorem 5. Let 6,p;,3; (j = 1,2,...) be arbitrary numbers satisfying the
conditions

0<d<g¢, 0<B,<2, p; >0, p; — 0 asj— oo, p1+py+- = oo.

For any x; € B; and k(1) = 0, the following algorithm is a finitely convergent
algorithm for solving the inequalities

[(w,¢;) + ;] > e

Tjp1 = Ty, k(]+1) :k(])a if |773| <é&;

xj+1 = xj - njcj/(cj7cj)a k(] + 1) = k(j)a if |77]| > 25;

Tip =3y + 2esignn; —n;)e;/(cj.c5),  k(G+1) =k(j), ife+d<nyl <2

Tip1 =2+ &), &= —Pr(j) Tt 6]‘(5 signn; — 77]‘)/(0.7'7 Cj)7

EG+1) =k(j)+1, ife<|n|<e+0d"

The proof is carried out with the function V(x) = |r — |2, analogously to the
proofs of Theorems 4 and 2.

6°. Suppose that the sets

E; = E{p(z,a;) >0} C Ry

are convex, and that there is some algorithm

Cj:Cj<Zaa/j)7 7]27](2707))

which, from the set E; and from an arbitrary point z € R; \ £, produces a
plane
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(z,c;)+v;=0

separating the point 2 and the set E;:

(z,¢) +7; <0, (z,¢;) +7v; >0 forz e E;.

Let

Tjp1 = fj(mjvcjﬁj)

be some finitely convergent algorithm for solving the inhomogeneous inequalities

(z,¢;)+7;,>0

for x; € G. Then, according to the definition in §1°, the superposition of the
indicated algorithms

i = filagci(xy,a5), 7525 a;)]

will, for z; € G, be a finitely convergent algorithm for solving the inequalities

e(x,a;) > 0.

In this way it is easy, for example, to obtain simple finitely convergent algorithms
for solving the inequalities

xj + 2<h’j"r) + (HjT7z) > 07

where Hj = HJ* > 0.

The author expresses his sincere gratitude to Academician V. I. Smirnov for a
number of valuable comments.
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* With a regular fall of the points z; into the strips ¢ < |n;| < e+ 4, convergence
of the algorithm will be slow; however, the “probability” of such a fall for

sufficiently small § > 0 is small.

”»

** Everything said is also valid for algorithms with an “additional parameter” of
the type formulated in Theorem 3. We note that in the case of a cyclic system of
inequalities ¢(z,a;) > 0, the system (z, c;) +~, > 0 will not, generally speaking,
be cyclic; whence also follows the necessity of considering the noncyclic case.
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