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Let {U,(P)} be a certain family of functions, subharmonic and uniformly
bounded above in a domain G of the m-dimensional space R™. Let, further,

U(P) = sup U,(P).

If the family under consideration consists of a finite number of functions, then,
as is known (see, for example, (1)), U(P) is a subharmonic function. In the
case of an infinite number of functions this assertion is false, since in this case
the function U(P) need not be upper semicontinuous. However, the least up-
per semicontinuous majorant of the function U(P) will in this case also be a
subharmonic function (see, for example, (?)).

It is easy to see that the function ﬁ(P)7 which we shall call the regularization
of the function U(P), is defined by the relation

U(P) = dim U(P").

A. Cartan (3) proved the following theorem, from which it follows that the
function U(P) is, in a certain sense, almost subharmonic.

Theorem (A. Cartan). Let {U,(P)} be a certain family of functions, subhar-
monic and uniformly bounded in a domain G C R™. Then everywhere, with the
possible exception of a set of outer capacity zero, the equality

UP)=T(P)
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holds.

In this note we extend Cartan’ s theorem to plurisubharmonic functions®, con-
sidering, along with the regularization of the supremum, the regularization of
the upper limit. The results obtained are then applied to the study of functions
analytic in Hartogs domains**.

We introduce the following notation.
The space of complex variables z, ..., z,, will be denoted by C™.

By C(E), where E is a certain plane set, we shall denote the inner capacity of
the set E.

By A(E; 21, ..., 2, ), where the set E C C*, we shall denote the intersection of
FE with the plane

{(215 v 21) t 20 = 21, s 241 = Zhqs |21 < 00}
For k > 1, by I',(E), where the set E C C*, we shall denote the set of those
points (zq, ..., z,_1) for which C(A(E; z1,...,2,_1)) > 0.

* An upper semicontinuous real function U(zy, ..., z,,) is called plurisubharmonic
if, for any complex a; and b;, ¢ = 1,2, ..., n, the function U(a,£+0b,, ..., a,£+D,,)
is a subharmonic function of the variable £&. For more details see, for example,

(%)
245 )

** On Hartogs domains see, for example, (4%,

We also put I'; (E) = E and T'}(E) = T1(Dy(... (Tx(E))...)). Let U(zy,...,2,)
be a certain real-valued function in a domain G C C™. Denote

77 1 ’ ’
U(zyy ey 2y) = hr% sup U(zyy .y 20).
7Y 2,2 |<e, i=1,n

Theorem 1. Let {U,(zy,...,%,)} be a family of plurisubharmonic functions,
uniformly bounded above in some domain G C C™. Let, further,

def
U(zyyeor2,) = supU, (2, ..., 2,,)-
(e

Then the set Ey; of those points (zq, ..., 2,) € G at which the inequality

U(2ys s 2) < U215 0005 2,)

holds belongs to Gy, and satisfies the condition C(T'L(Ey;)) = 0.

Theorem 2. Let {U,(z,...,2,)}, where 1 < a < oo, be a family of plurisub-
harmonic functions, uniformly bounded above in some domain G C C". Let,
further,
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def +—
V(zy,er2,) = (}grolan(zl,...,zn).

Then the set Ey, of points (2, ..., z,) € G at which the inequality

V(z1yeoos2y) < V(21 eees2y)

holds belongs to Gy, and satisfies the condition C(T'}(Ey,)) = 0.

Let us note that plurisubharmonic functions are at the same time subharmonic.
Therefore the theorem of H. Cartan cited at the beginning of the article is
applicable to them. However, the characterization of the sets E; and Ey, thereby
obtained will be somewhat coarser than that given in Theorems 1 and 2. Indeed,
it is not hard to see that the set

E={(z,%2):Imz; =0, Imz, =0, 0 <Rez; <1, 0 <Rez, <1}

has zero capacity in the space of the variables Im z;, Re 21, Im 25, Re z,, whereas
C(TY(E)) > 0.

Let us also note that the functions U(zq, ..., z,) and V(z, ..., z,) occurring in

Theorems 1 and 2 are plurisubharmonic, except in the case V(zy, ..., 2,) = —o0.

v n

We shall apply Theorem 2 to the study of functions analytic in Hartogs domains,
i.e. in domains of the form

GD,ga = {(Zl? "'7Zn’w) : (Z].’ 7Zn) € Da |w| < ()0(217 "'azn>}a

where D is some domain in C", and the function ¢(z, ..., 2,,) is defined in the
domain D, with ¢(z, ..., 2,) > 0 everywhere in D.

Theorem 3. Let the function f(z,...,z,,w) be holomorphic in some domain
Gp,, and not holomorphic in any domain G, ,, with a function ¥(z, ..., 2,)
satisfying, at least at one point (2Y,...,2%) € D, the inequality

(29, .., 29) < (2, ..., 20) x.

Let, further, £/, be the set of those points (2, ..., 2,,) € D for which the function
f(z1, v, 2, w), considered as a function of the single variable w, is holomorphic
in some disk |w| < R(zy,...,%,) with

R(zyy s 2y) > 0(21,5 e, 2)-

Then E; € F, and C(I'),(E;)) = 0.
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* In the case under consideration, ¢(zq, ..., z,,) is called the radius of regularity,

and —In¢(zq, ..., 2,) is a plurisubharmonic function.

Proof. As is known (see, for example, (?,%,%)), the function f(z, ..., z,,w) can
be expanded in the domain G, , into the series

oo
f(Zl’ XS] vaw) = Zwkgk(zlv ) Zn)
k=0

Here the function ¢(zq, ..., 2, ) is related to the coefficients of the series by the
relation

;:hm sup {lim irnes z )|}

‘P(Zlv ) Zn) €204 _2l|<e, i=1,..,n (k20 "

and the points (zy,...,2,) € E are determined by the equality

1

lim ¢ Z1y ey B < —.
k%oo\/|gk< 1 n)| @(Zla-"azn)

It is not difficult also to see that the sequence of continuous plurisubharmonic
functions { ¥ gi(z1y o s zn)|} is uniformly bounded on every compact set K C
D, E; C Gs,. Consequently, to prove Theorem 3 it now suffices to refer to
Theorem 2.
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