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FOR CERTAIN CLASSES OF FUNCTIONS

(Presented by Academician A. N. Kolmogorov, June 7, 1965)

In the present note we shall study problems whose general formulation is given
in the works of S. M. Nikol’ skii (1:2).

1. Denote by Wgr)(M;O, 1), where 7 is a natural number, 1 < q < oo, the

class of functions having on the interval [0,1] an absolutely continuous
derivative of order r — 1 and, for 1 < ¢ < oo, a derivative f") (z) of order
r satisfying the inequality

1 1/q
( / If“)(x)l“dm) <M,
0

and for ¢ = oo a piecewise continuous derivative f(")(xz) satisfying on the given
interval the inequality

|f7 (@) < M.

S. M. Nikol’ skii (1'?) introduced into consideration quadrature formulas

1 m—1 r—2
/ fdr~ =3 S A — 1= 1) [ (@) = L()), (1)
0 0

T =0 1=

defined by given nodes z;, (0 <y < 2y < -+ < x,,_1 < 1) and coefficients A;Cl).

Suppose that the quadrature formula (1) is exact for every polynomial of degree
r— 1. For such a quadrature formula it is not difficult to find (see (?)) the exact
estimate
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sup
feW[’ M;0,1)

/fda:— ‘ MIF @], (1200 s+2=1), (2)

where

1 m—1r—2 .
F.(t) = ] [(1 —1)" = MK, (), — t)} ) (3)
: k=0 1=0
uw*l, for u>0,
Ks(u) =
0, for u < 0,
1/p
(/ |F.(t |pdt> , forl1<p< oo,
IF.z, =
OIE?<X1‘F()| for p = 0.

We shall seek, among all possible quadrature formulas (1) exact for every poly-
nomial of degree r —1, the best one for the class Wg)(M; 0, 1), i.e. one for which
the quantity (2) has the least

value. We shall solve the problem posed under the assumption that r is an even
number.

Let us note that the quadrature formula (1) is exact for any polynomial of degree
r — 1 if and only if, for all ¢, the condition

1
L{(z—t) ] = /0 (x —t)"tdax,

i.e.

A (@), =ty = (1=t — 1. (4)

is satisfied.

Taking this into account, we obtain that the solution of our problem consists in
finding, for fixed m and r, the least value of the quantity (2), if the numbers
xy, are varied (0 < 2y < 27 < = < z,,_; < 1) and the /\g), which satisfy
condition (4). The solution of this problem is based on the use of properties of
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the polynomial R,. () of degree 7, with leading coefficient equal to one, which
deviates least from zero on the interval [—1, 1] in the metric L,,.

Theorem 1. Among all possible quadrature formulas (1), exact for any poly-
nomial of degree r—1 (m, r fixed natural numbers, with r an even number), the

best for the class Wg)(M; 0,1) (1 < ¢ < o0) is the unique formula

1
/ fdz~ L.(f)
0

with nodes xj, and coefficients )\g) , expressed by the equalities

o = (2k+ {'/Rr’p(l)> h,  (k=0,1,..,m—1),

I+1 |
0 _ hy " 1)0+/r (r=l=1) ¢
M = e {0 g R 4 Rl

(1=0,1,..,r—2),

APV —0 (=01, (r—4)/2; k=1,...,m—2),

i 2h21H1 r—2i— .
Aéi):mR$‘7p2 1)(1) (1’2071""’(”’._2)/2; k:17...’m_2>,
! hLtt 7! , rl-1
)‘E”n,)—l,* = (T —]— 1)| {(l 4 1)' [Rr,p(l)](l+1)/ - Rg",p >(_1)}
(1=0,1,...,7r—=2),
where

B 1
" [m =1+ {/R,,(1)] '

For this formula the sharp estimate holds

/ e 1 (f)‘ o 2ty 1)
sup z—L, =M ——=.
sewp o o Y+
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2. Denote by Wé?q (M;0,1) the class of functions consisting of all functions of
the class WZI)(M ;0, 1) satisfying the additional condition f(0) = f/(0) =

. = fr=1(0) = 0. For any quadrature formula (1), regardless of whether
it is exact or inexact for all

polynomials of degree r—1, it is not difficult to find (see (2)) the exact estimate

sup
FEW L, (M;0,1)

1
1 1
/ fdx—L(f)‘ —MiE L, (1S90 T4 1=1),
0 p q
()
where F.(t) is still defined by equality (3).

We shall seek, among all possible quadrature formulas (1), the best one for the

class Wér)Lq(M ; 0,1). Our problem, obviously, consists in finding the smallest
value of the quantity (5), if one varies the numbers z;, (0 < zy < z; < =+ <

ZTpyo1 < 1) and )\Ep, where m and r are fixed natural numbers. We also solve
this problem under the assumption that r is an even number.

Theorem 2. Among all possible quadrature formulas (1), where m, r are fized

natural numbers, with r an even number, the best for the class Wér>Lq(M; 0,1)
(1 < g <) is the unique formula

1
[ faz=rp)
0
with nodes x;,, and coefficients /\;2, expressed by means of the equalities
Ty =2(k+1)h, (E=0,1,....m—1),
APV —0 (i=0,1,...,(r—4)/2; k=0,1,...,m—2),

2h2H! (r—2i—1)

)\(21'):7 ( 1
ke (p—2i 1)1 F (1)

(i=0,1,....,(r—2)/2; k=0,1,...,m—2),

l . r r—l—1
2, = { iy (R 1 = RV )
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where

h

" oma R, (1)

For this formula the following exact estimate holds:

sup
FEWS L, (M;0,1)

e g PR ()
/of r—L,(f)|= W

Remark. In the case r = 2, 1 < ¢ < oo, Theorem 1 was proved by T. A.
Shaidaeva (®). For arbitrary even r, ¢ = 1, ¢ = 2, and ¢ = oo, Theorem 1
was proved by I. I. Ibragimov and R. M. Aliev; they also proved Theorem 2
for arbitrary even r, ¢ = 2 (this was reported by R. M. Aliev at the seminar
on constructive function theory at the V. I. Lenin Belarusian State University).
We note that in the case r = 2, ¢ = 2, Theorem 2 had earlier also been proved
by G. Ya. Doronin (*). For arbitrary even r and ¢ = oo, Theorem 2 was proved
by S. M. Nikol’ skii (1), and for ¢ = 1 by A. L. Kiselev (see (?), pp. 107-109).
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