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Abstract
Full Text
UDC 532.516.2

MATHEMATICAL PHYSICS

B. I. SADOVNIKOV

ASYMPTOTICS OF GREEN’S FUNCTIONS

IN THE VISCOUS HYDRODYNAMIC AP-
PROXIMATION

FOR THE STATISTICAL MECHANICS OF
QUANTUM SYSTEMS
(Presented by Academician N. N. Bogolyubov, 27 X 1965)

In note (1) we proposed a method for constructing asymptotic expressions for
Fourier components of“classical”Green’s functions (2) in the viscous hydrody-
namic approximation. The aim of the present article is to extend the indicated
method to the case of the statistical mechanics of quantum systems.

The principles for constructing the hydrodynamic approximation for quantum
many-body systems were developed in (3,4) on the basis of a study of the general
quantum equations of motion. Some questions concerning the derivation of the
equations of two-fluid hydrodynamics were also considered in a recent work (5)
in connection with the study of the simplest possibilities for decoupling the
chain of equations for Green’s functions.

In the present work we shall proceed from the quantum-mechanical analogue of
the Boltzmann equation (6,7)
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1 = 𝑓 ′

1(r1, p′
1, 𝑡), etc.; Ω = −1 in the case of Fermi

statistics; Ω = +1 in the case of Bose statistics; for Ω = 0, equation (1) includes
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the Boltzmann equation of classical statistics. The expression in square brackets
corresponds to the choice of the scattering-process cross section in the Born
approximation.

The functions 𝑓(p, r) are related to the quantum correlation functions 𝐹(𝑞, 𝑞′),
introduced in the monograph of N. N. Bogolyubov (8), by the relation

𝑓(p, r) = 1
(2𝜋ℏ)3 ∫ 𝐹(r + ⃗𝜉/2; r − ⃗𝜉/2)𝑒𝑖p ⃗𝜉/ℏ 𝑑 ⃗𝜉.

Applying the procedure developed by us in (2,9) and following the notation of
(1), the initial equation (1) may be written in terms of Green’s functions as

−𝐸Λ𝐸 ⃗𝑣(p) + ∑
𝛼

𝑝𝛼𝑣𝛼
𝑚 Λ𝐸 ⃗𝑣(p) − 𝐸Λ0 ⃗𝑣(p) = 𝐿(Λ𝐸 ⃗𝑣), (2)

where

Λ𝐸 ⃗𝑣(p) = 𝑓0(p) ∫ 𝐺𝐸 ⃗𝑣(p, p′)𝐹(p′) 𝑑p′,

𝐹 (p′) is a regular function, whose specification will be made below;

𝐺𝐸v(p, p′) = 𝐺′
𝐸v(p, p′) − 𝐺′

0v(p, p′);

𝑓0(p) is the equilibrium distribution function; 𝑓0(p) = 1/(𝑒𝑝2/2𝑚𝜃−𝜇/𝜃 − Ω);
𝐿 is the collision operator corresponding to the integral term on the right-hand
side of (1).

The study of the obtained equation (2) by the method of successive approxima-
tions (see (1)) presents no difficulty.

Here we shall consider the situation corresponding to the hydrodynamic ap-
proximation, i.e., the case of small 𝐸 and v (“slow”processes). Just as in the
classical case, from equation (2) one can directly obtain 5 equations of the type
of hydrodynamic equations:

−𝐸𝜌∗
𝐸v + 𝜌0 ∑

𝛼
𝑣𝛼𝑢∗

𝛼(𝐸; v) = 𝑎,

−𝐸𝜌0𝑢∗
𝑖 (𝐸; v) + ∑

𝛼
𝑣𝛼 ̂𝑃𝑖𝛼(𝐸; v) = 𝑏𝑖 (𝑖 = 1, 2, 3), (3)

−𝐸 ̂ℰ𝐸v + ∑
𝛼

𝑣𝛼 ̂𝑞𝛼(𝐸; v) = 𝑑,
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in which the following notation has been introduced:

𝑔
(2𝜋)3 𝑚 ∫ Λ𝐸v(p) 𝑑p = 𝜌∗

𝐸v, 𝑔 = (2𝑠 + 1), 𝑠 is the spin;

𝑔
(2𝜋)3 ∫ 𝑝𝛼Λ𝐸v(p) 𝑑p = 𝜌0𝑢∗

𝛼(𝐸; v); 𝜌0 = 𝑚𝑁
𝑉 ; (4)

𝑔
(2𝜋)3 ∫ 𝑝2

2𝑚Λ𝐸v(p) 𝑑p = ̂ℰ𝐸v;

̂𝑃𝑖𝛼(𝐸; v) = 𝑔
(2𝜋)3 ∫ 𝑝𝛼𝑝𝑖

𝑚 Λ𝐸v(p) 𝑑p;

̂𝑞𝛼(𝐸; v) = 𝑔
(2𝜋)3 ∫ 𝑝2

2𝑚
𝑝𝛼
𝑚 Λ𝐸v(p) 𝑑p;

𝑎 = 𝐸𝑚 𝑔
(2𝜋)3 ∫ Λ0v(p) 𝑑p;

𝑏𝑖 = 𝐸 𝑔
(2𝜋)3 ∫ 𝑝𝑖Λ0v(p) 𝑑p;

𝑑 = 𝐸 𝑔
(2𝜋)3 ∫ 𝑝2

2𝑚Λ0v(p) 𝑑p.

Next, following (1), we shall use the ideas of Hilbert and Chapman—Enskog.
Put

Λ𝐸v(p) = Λ(0)
𝐸v(p) + Λ(1)

𝐸v(p)

and require that the introduced quantities 𝜌∗
𝐸v, 𝑢∗

𝛼(𝐸; v), ̂ℰ𝐸v be determined
only with the aid of the function Λ(0)

𝐸v(p), namely

∫ Λ(1)
𝐸v(p) 𝑑p = ∫ 𝑝𝛼Λ(1)

𝐸v(p) 𝑑p = ∫ 𝑝2Λ(1)
𝐸v(p) 𝑑p = 0.

Bearing in mind that in what follows we shall need the hydrodynamic equations
only in the“acoustic”approximation, we take the function Λ(0)

𝐸v(p) in the form

Λ(0)
𝐸v = 𝑓0(1 + Ω𝑓0) {1

𝜃 𝜇∗ + 1
𝜃 ∑

𝛼
𝑝𝛼𝑢∗

𝛼(𝐸; v) + ( 𝑝2

2𝑚 − 𝜇) 1
𝜃2 𝜃∗

𝐸v} ; (5)
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𝜇∗, 𝑢∗
𝛼, 𝜃∗

𝐸v are, for the time being, formally introduced quantities.

Substituting (5) into the definitions (4), we obtain

̂ℰ𝐸 ⃗𝑣 = 3
2 (𝜕𝑃

𝜕𝜃 )
0

𝜃∗
𝐸 ⃗𝑣 + 3

2 (𝜕𝑃
𝜕𝜌 )

0
𝜌∗

𝐸 ⃗𝑣,

̂𝑞(0)
𝛼 (𝐸; ⃗𝑣) = 5

2(𝑃)0𝑢∗
𝛼(𝐸; ⃗𝑣), (6)

̂𝑃 (0)
𝑗𝛼 (𝐸; ⃗𝑣) = 𝛿𝑗𝛼 {(𝜕𝑃

𝜕𝜌 )
0

𝜌∗
𝐸 ⃗𝑣 + (𝜕𝑃

𝜕𝜃 )
0

𝜃∗
𝐸 ⃗𝑣} ;

in these formulas 𝑃 is the ordinary thermodynamic pressure, and (⋯)0 denotes
the equilibrium state.

The expressions (6) determine the equations of the zeroth approximation, cor-
responding to the linearized Euler equations.

Now, representing the left-hand side of (2) in terms of the equations of the
zeroth approximation and taking into account the fact that we are interested
in“slow”(hydrodynamic) processes, i.e., small 𝐸 and ⃗𝑣, it is not difficult to see
that the equation for determining the function Λ(1)

𝐸 ⃗𝑣(𝑝), by a simple change of
variables, is reduced to an equation studied in detail in the work of Uehling and
Uhlenbeck (7). As a result we obtain expressions for ̂𝑞(1)

𝛼 (𝐸; ⃗𝑣) and ̂𝑃 (1)
𝑗𝛼 (𝐸; ⃗𝑣):

̂𝑞(1)
𝛼 (𝐸; ⃗𝑣) = −𝑖𝜒𝑣𝛼𝜃∗

𝐸 ⃗𝑣.

̂𝑃 (1)
𝑗𝛼 (𝐸; ⃗𝑣) = −2𝜂 {1

2 [𝑖𝑣𝛼𝑢∗
𝑗(𝐸; ⃗𝑣) + 𝑖𝑣𝑗𝑢∗

𝛼(𝐸; ⃗𝑣)] − 1
3𝛿𝑗𝛼𝑖 ∑

𝛽
𝑣𝛽𝑢∗

𝛽(𝐸; ⃗𝑣)} ,

where the viscosity coefficient 𝜂 and the thermal conductivity 𝜒 have the stan-
dard form.

Substituting the values of ̂𝑞𝛼(𝐸; ⃗𝑣) and ̂𝑃𝑗𝛼(𝐸; ⃗𝑣) into equations (3), we arrive at
a system of linear inhomogeneous equations in the Navier–Stokes approximation,
whose solutions may be represented in the form

𝜃∗
𝐸 ⃗𝑣 = Δ1(𝐸; ⃗𝑣)

(𝐸2 − 𝑐2
0𝑣2) + 𝑖Γ(𝑐0𝑣; 𝑣) + 𝐷′(𝐸; ⃗𝑣) ;

𝜌∗
𝐸 ⃗𝑣 = Δ2(𝐸; ⃗𝑣)

(𝐸2 − 𝑐2
0𝑣2) + 𝑖Γ(𝑐0𝑣; 𝑣) + 𝐷′(𝐸; ⃗𝑣) ; (7)

sovietrxiv.org/items/ru-196601.31445 Machine Translation

https://sovietrxiv.org/items/ru-196601.31445


𝜉 = Δ3(𝐸; ⃗𝑣)
(𝐸2 − 𝑐2

0𝑣2) + 𝑖Γ(𝑐0𝑣; 𝑣) + 𝐷′(𝐸; ⃗𝑣) ,

where

𝑐0 = [5
3 (𝑃

𝜌 )
0
]

1/2

is the speed of sound, and the damping coefficients are expressed in a natural
way through the kinetic coefficients of viscosity 𝜂 and thermal conductivity 𝜒.

Using now our notation and putting, for example, 𝐹(𝑝′) = 1; 𝐹(𝑝′) = 𝑝′
𝛼, we

see that the obtained solutions determine the asymptotic expressions (since our
reasoning is valid in the case 𝐸 ≪ 1/𝑇 , 𝑣 ≪ 1/𝜆, 𝜆 being the mean free path
and 𝑇 the relaxation time) for the entire set of Green functions of the type
⟨𝑛𝑖(𝑟); 𝑛(𝑟′)⟩𝐸 (density—density), ⟨𝑛(𝑟); 𝑗𝛼(𝑟′)⟩𝐸 (density—flux), ⟨𝑗𝛼(𝑟); 𝑛(𝑟′)⟩𝐸
(flux—

density), ⟨⟨𝑗𝛼(r); 𝑗𝛼(r′)⟩⟩ (current—current), etc., whose pole structure is com-
pletely determined by the denominators (7). The corresponding correlation
functions can be constructed directly on the basis of the general method devel-
oped earlier 1.

I take this opportunity to express my deep gratitude to Academician N. N.
Bogoliubov for valuable advice and guidance, and to I. A. Kvasnikov and V. D.
Kukin for useful discussions.
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Academy of Sciences of the USSR
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