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ASYMPTOTICS OF GREEN’ S FUNCTIONS

IN THE VISCOUS HYDRODYNAMIC AP-
PROXIMATION

FOR THE STATISTICAL MECHANICS OF
QUANTUM SYSTEMS

(Presented by Academician N. N. Bogolyubov, 27 X 1965)

In note (}) we proposed a method for constructing asymptotic expressions for
Fourier components of “classical” Green’ s functions (?) in the viscous hydrody-
namic approximation. The aim of the present article is to extend the indicated
method to the case of the statistical mechanics of quantum systems.

The principles for constructing the hydrodynamic approximation for quantum
many-body systems were developed in (>%) on the basis of a study of the general
quantum equations of motion. Some questions concerning the derivation of the
equations of two-fluid hydrodynamics were also considered in a recent work (%)
in connection with the study of the simplest possibilities for decoupling the
chain of equations for Green’ s functions.

In the present work we shall proceed from the quantum-mechanical analogue of
the Boltzmann equation (%7)
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Here f; = fi(r1,p1,t); f1 = fi(r1,p], 1), etc.; @ = —1 in the case of Fermi
statistics; Q = +1 in the case of Bose statistics; for Q = 0, equation (1) includes
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the Boltzmann equation of classical statistics. The expression in square brackets
corresponds to the choice of the scattering-process cross section in the Born
approximation.

The functions f(p,r) are related to the quantum correlation functions F(q,q’),
introduced in the monograph of N. N. Bogolyubov (8), by the relation

f(px) = s [ P+ €/2ir = E2)em

Applying the procedure developed by us in (%) and following the notation of
(1), the initial equation (1) may be written in terms of Green’ s functions as

m

—EAg;(p) + Z Pala Aps(P) — EAgy(p) = L(Agy), (2)

where

Aps(p) = (D) / G (0. ) F(p') dp,

F(p’) is a regular function, whose specification will be made below;

Gpy(P,P') = Ggy (P, P’) — Goy (P, P');

fO(p) is the equilibrium distribution function; fO(p) = 1/(eP*/2mé-1/6 _ Q)
L is the collision operator corresponding to the integral term on the right-hand
side of (1).

The study of the obtained equation (2) by the method of successive approxima-
tions (see (1)) presents no difficulty.

Here we shall consider the situation corresponding to the hydrodynamic ap-
proximation, i.e., the case of small E and v ( “slow” processes). Just as in the
classical case, from equation (2) one can directly obtain 5 equations of the type
of hydrodynamic equations:

_EpEv + pO ZUQUZ(E; V) =a,
—Epgu (B;v) + Y v, P (B;v) =b, (i=1,2,3), (3)

—EéEv + Z 0,4, (F;v) =d,
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in which the following notation has been introduced:

(2i)3m/AEV(p) dp = Py g=(2s+1), sisthe spin;
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Next, following (1), we shall use the ideas of Hilbert and Chapman—Enskog.
Put

Apy(p) = Mg (p) + A (p)

and require that the introduced quantities pf,,, uk(E;v), & gy be determined
only with the aid of the function A(bg‘),(p), namely

/Agl(p) dp = /paAgi(p) dp = /pzA(éi(P) dp = 0.

Bearing in mind that in what follows we shall need the hydrodynamic equations
only in the “acoustic” approximation, we take the function A(ng,(p) in the form

(0) _ 50 0 } * } * . p727 i * .
AEv_f (1+Qf ){9.“4 =+ Hza:paua<Evv)+ (2m :u> 920Ev ) (5)
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w*, ul, 0, are, for the time being, formally introduced quantities.
Substituting (5) into the definitions (4), we obtain

b= 2 (22) a4 2 (2E)
E5 = 5\ 5p OET) 2\ ap OPEﬁ»

() = 3 (P)gu (B;5), ©

~(0)) o ~ 8P> . (aP) . }
P.)(E;9) =6, (— st |\ 55 ) Oms o
oo (B30) =0, { p OpE 20 ), ¥

in these formulas P is the ordinary thermodynamic pressure, and (---), denotes
the equilibrium state.

The expressions (6) determine the equations of the zeroth approximation, cor-
responding to the linearized Euler equations.

Now, representing the left-hand side of (2) in terms of the equations of the
zeroth approximation and taking into account the fact that we are interested
in “slow” (hydrodynamic) processes, i.e., small E and 9, it is not difficult to see
that the equation for determining the function Ag%(p), by a simple change of
variables, is reduced to an equation studied in detail in the work of Uehling and
Uhlenbeck (7). As a result we obtain expressions for (j&l)(E; ¥) and P]@(E, v):

@5 (B;0) = —ix0a 0y

A1 o 1. 1. . .
P](a)(E;v) =—2n {2 [wauj(E;v) + wjua(E;v)] — §5jazZvﬁu5(E;v) ,
B

where the viscosity coefficient 7 and the thermal conductivity x have the stan-
dard form.

Substituting the values of ¢, (E; ¥) and IE’ja (E; ¥) into equations (3), we arrive at
a system of linear inhomogeneous equations in the Navier-Stokes approximation,
whose solutions may be represented in the form

9* _ AI(E76> .
B8 (B2 — c2v?) +iT(cyu; v) + D/ (E;6)’
A, (E; U
s = a2 ~ )

(E? — c¢v?) + D (cqyu; v) + D' (E;9)’
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Az(E; )
(E? — ctv?) + il (cyu; v) + D' (E;9)’

where

o=[20)]"

is the speed of sound, and the damping coefficients are expressed in a natural
way through the kinetic coefficients of viscosity 1 and thermal conductivity x.

Using now our notation and putting, for example, F(p’) = 1; F(p’) = p,,, we
see that the obtained solutions determine the asymptotic expressions (since our
reasoning is valid in the case £ <« 1/T, v < 1/A, A being the mean free path
and T the relaxation time) for the entire set of Green functions of the type
(n,(r);n(r')) ; (density—density), (n(r); jo (") (density—fiux), (jo (r); n(r'))
(flux—

density), ((j,(r);j,(r")) (current—current), etc., whose pole structure is com-
pletely determined by the denominators (7). The corresponding correlation
functions can be constructed directly on the basis of the general method devel-
oped earlier .
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