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(Presented by Academician I. G. Petrovskii, 11 XI 1965)

In the paper (1) it was proved that an equation of the form
L(y) = Zakaﬁ“"y(k)(w) + ququ@ (x)=0, m>n, r>0,
k=0 q=0

in the space of generalized functions (Sg ), with some 8 > 1, has a fundamental
system of 2m + r linearly independent solutions. In the present note we study
the more general equation

L(y) = a, " Py (z) = 0, (1)

m, >m, >0, p=0,1,...n—1, a, ,#0, ay#0,

in the same space (Sg)’, 8> 1.

Denote by Q the totality of all solutions of equation (1) in (Sg )" concentrated
at the point x = 0.

Theorem 1. The dimension of the subspace €, C (S(’)B)’ is equal to n.
Proof. Let

y@) =3 0,00 (a), @
q=0
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Under the condition of convergence of the series (2), this expression is the general
form of a functional in (Sg )’ concentrated at the point = = 0 (see (?)). To prove
the theorem it is enough to determine how many free constants c, there are in the
expansion (2) such that expression (2), with these free constants, is a solution
of equation (1). Substituting expression (2) into equation (1) and using the
formulas x%6(@ (z) = (—1)*[q],0'* (x) for k < q (= 0 for k > q), by virtue of
the linear independence of 6@ (x) for different ¢, equating to zero the resulting
coefficient of 69 (z), we obtain

ZDp(q)Cq+p :Ov q:O717"'7 (3)
p=0
where
Dy(q) = ap,(~1)*Plg+k+pl,, la,=alg—1)(g—p+1).
k=0

We denote the degree of the polynomial Dp(q) by d,. Obviously, d,, = m,, + p,
and, by virtue of our assumptions, d,, > d,, p=0,1,...,n — 1. It is clear that
in equation (3), assigning ¢, ¢y, ..., ¢,,_; arbitrarily, it is easy to determine

subsequent ¢, such that

&K D,(9)
— § : p —
Cq+n - D (C]) Cq+p’ q= 0, 17 27 (4)
p=0 —n

It remains for us to verify that the series (2) constructed from the coefficients
(4) thus obtained converges in (S5)” with some 3 > 1. For this it is sufficient
that, as ¢ — oo, the coeflicients ¢, satisfy the estimates

e, < ro>1, B>1 M, <ec (5)

quO Mq’

Indeed, under such an estimate for ¢, we have

Y (0 (@), ()| = D eg(=1)7 D (0)| < D legl [ (0)] <
q=0 q=0 q=0

B
0P

q
7 > < 00 for f < ry.

B4 Bflqu/-? O
<> BB a3
q=0 q=0

Let us prove the estimates (5). Denoting M, = c,¢?"0 /B, from (4) we obtain
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B ,(q) Bi(q + n)@tn)ro
M(H-n - Bq+n Z D q q +p)(q+p) M(I-HU'

For

m, —m
o= min {14 —F
O0<p<n—1 n—p

there exists such a ¢; that for ¢ > ¢,

My = (75 3 Vo

Let M, , = max(M, M, ..., M, ,); then

c 1 -
M, . < L — M ;
g+n — (1 + q)g B q+n—1s

choosing B > cn, we obtain M ., < Mq+n < Mﬁn 1> which means bounded-

ness of M, as ¢ — oco. This proves Theorem 1 completely.

Put

f’\(x):\:ﬂ’\/l“(%), gtz) = |x\’\51gnx/l“()\+2).

As is known ([3], p. 81 and following), by analytic continuation these functions
define a functional on S’ D (Sg )’ for all values of \; in particular, for A =
—(2n 4+ 1) and A = —2n we obtain

2n+1 n om —on —1)"(n—1)16@ (g
FE () = (C1)rl 52 () (), () = )((%_)1)! (=),

The following formulas for differentiating and multiplying by powers of = the
functionals f*(z) and ¢g*(z) hold:

A Y —r—1
o7 7] {L} f)\+qfr<x)’ if g+ 1 is even,
(r/2+1 2 a/2)

[ f ()" =
A A —

2" [f] [M] g (), if ¢+ r is odd;
2 (r/2+1 (g/2+1

2
(6)
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A—1 A —
2" {7} {M} g (), if ¢+ r is even,
2 1g@wp 2 E(q/2+1)

A—1 A —r—1
r { :| {L} f/\Jrqfr(x)’ if g+r is odd.
E(r/2) 2 Blq/2)
(7)
Here E()) is the integer part of .

Put
A A+1
RN =S aph—pl A0\ = |2 R,(\),
W=D ek A=A
A
B,(\) = {2]E(p/2+1) Ry(\).

We shall call the polynomial A, (A) the characteristic polynomial of equation
(1).

Definition. We shall say that the polynomial A(\) has no generalized multiple
roots modulo 7, if the arithmetic progressions with difference r constructed on
the roots of the polynomial A()) do not intersect. If, however, the arithmetic
progression with difference r constructed over the root \; contains k roots of
the polynomial A()), then we shall say that A; is a generalized multiple root
modulo r of the polynomial A(X) of order k.

Theorem 2. If the polynomial A, (\) has no generalized multiple roots modulo
n for even n and modulo n — 1 for odd n, then equation (1) in the space (Sg)/
with some § > 1 has 2m,, + n linearly independent solutions of the form

y(@) =Y &fr @)+ met (), (8)
A A

where the summation index A runs through the values from a certain arithmetic
progression with difference n for even n and with difference n — 1 for odd n.

Proof. Substituting the expressions (8) into equation (1) and using formulas
(6), (7), in view of the linear independence of f(x) and g*(x) for different A,
we obtain

Z "A(NEp Zn: ANy =0, 9)

p=0
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n

Z "By (M- + i "B, (A)éx—p = 0. (10)
p=0

p=0

Here two primes and one prime over Y, mean that the summation extends over
even and odd p, respectively. The pair of equations (3), (9) is equivalent to
equation (1). Suppose that n is even. In this case the degrees a,, and b, of
the polynomials A, (\) and B,,(\) are equal to each other, namely a,, = b,, =
(n/2+m,).

Using the structure of the polynomials A,(\) and B,(A) and substitut-
ing in (9), (10) the values A = 1,3,5,...,0,2,4,..., it is not difficult to
see that &,.1 = ny, = 0 for the values k = 0,1,2,.... Further, assign-
ing & 4,8 3,8 (no1) and 7_5, 7 4, ..., (o) arbitrarily, it is easy to
determine all values &, lying on arithmetic progressions with difference n
constructed over the numbers & 1, 3,...,§_(,_1), and all values 7, lying
on arithmetic progressions with difference n constructed over the numbers
N_2sM-a5->N_(n—2)- The § and n, found in this way depend only on the
values € 1,€ 3,8 5, & (n_1); T—2:7—4)-+7_(n—2) and determine n linearly
independent solutions of equation (1). These solutions are concentrated at the
point x = 0.

Let now A be a root of the polynomial R, (X). Assigning & _,,,7,,_, arbitrarily
and & _ppn = NMx,—p—kn =0 for the values p =0,1,...,n—1, k=0,1,2, ..., we
find all values £, and 7, belonging to arithme-

tic progression constructed above A; with difference n. In this case we obtain

Ag(\ — (K —1)n) ¢
()\1 — (k — l)n) A —(k—1)n>

Ex,—kn <

A
whence
‘g)qfkn‘ < mfkrn' (11)
Similarly,
c

‘ﬂxfkn‘ < TRt mg) —n- (12)

The values &, and 7, thus found determine, by formula (8), two solutions of
equation (1). Since A, () has no multiple generalized roots, these solutions are
linearly independent. The convergence of the series (8) with these £, and 7,
follows from the estimates (11), (12). Carrying out the indicated procedure for
all roots of the polynomial R,,(\), we obtain another 2m,, linearly independent
solutions of equation (1).
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Thus, for even n, equation (1) has 2m,, + n linearly independent solutions of
the form (8), of which n are concentrated at the point x = 0.

For odd n the proof is completely analogous, except that in this case a, =
(n—1)/2+m,, b, = (n+1)/24+ m,, and the arithmetic progressions will be
constructed not with difference n, but with difference n — 1. This completes the
proof of Theorem 2.

Theorem 3. The linearly independent solutions found in Theorem 2 form a
fundamental system of solutions of equation (1) in (Sg)’, 8 >1.

The proof of Theorem 3 is carried out in the same way as the proof of the
analogous assertion (Theorems 2 and 3) in paper (1).

Example. The equation

22y + Cha® +z+1)y=0

has in (SS’/ ?)’ the fundamental system of solutions

1 " 4 T
11 (@) = (o) + 287 (@) = e V() + -
/ 1 V 2
ha() = 0"+ 26" (2) = =10V () +

z) = C- 28 (=1)* —(1+4K)/2 (4,
y() ;klnﬁ_gw—l)f (a),

> )k 2k
Z g—(1+4k)/2($).
= 4u +1)

The solutions y; and y, are concentrated at the point x = 0.

In conclusion I express my gratitude to Prof. G. E. Shilov for his attention to
the present work.
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