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DEGENERATING PRINCIPAL PART

(Presented by Academician M. A. Lavrent ev, 20 XII 1965)

Let © = G x [0,t,] be a cylinder in the Euclidean space of variables z,y,t.
Suppose that the boundary I' of the plane domain G consists of the segment § :
y=0, a <x <b, and a Jordan curve o with endpoints at the points (a,0) and
(b,0), lying in the half-plane y > 0. We shall say that the domain G belongs to
the class A, if its boundary I' has everywhere nonnegative piecewise-continuous
curvature. Denote by W;;)(Q) the space of functions u(z,y,t) summable in the
domain 2, having generalized derivatives of first order with respect to ¢ and of
first and second orders with respect to x and y, with finite norm

0l = [ (0 iy 4y 4 o+ ?) a2 ()

1=
(y) Q

Similarly, we introduce the space Wf(y)(ﬂ) of functions u(zx,y), (z,y) € G, with

finite norm
k G

The spaces W22(y> and W22<’;> are complete. Indeed, owing to the boundedness of
the domain G, the inequality

w2 = / v (ul, +ul, +ul, +ud +ul +u?) dG < c||u|\%vg/), (3)
G (y

2(y,2,2,2)

holds, where W22(y 2,2,2) 18 the complete space ().
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By virtue of (3), every fundamental sequence {u,,} in Wg(y) will converge to a
function v(x,y) having generalized derivatives up to second order, and in order
to prove completeness of W (G) it is enough to show that v(z,y) € W3, (G).

By the fundamentalness of the sequence {u,,} in W22< )’ the inequality

/y [(un — uk)my]2 dG < g,
G

holds, i.e.
/ y(unw — u,mcy)2 dG < e.
G

Hence it follows that {u

ness of I/VQO(%1>

nay) 18 fundamental in W20(y,1>. Owing to the complete-

, there exists a function w € W20<y ) such that

/ Y(Upgy — w)? dG < e,
G

but then also
/ Y2 (Upyy —w)?dG < g,
G

ie. {u

nay) CONVerges to w in W20(y,2)' Taking into account the convergence of

{umy} to v, in the space WQO(y,QV

we conclude that v, coincides with w almost everywhere. Thus,

/ yviy dG
€]

exists.

The existence of the other integrals on the right-hand side of (2) in the expression
HUHW; s proved analogously.
\y)

Now note that functions from W22y belong to the space Wg(y’l’())Q, and, more-
over, in each section ¢ = const of the domain {2 they may be regarded as
functions of the space W3 ,)- Repeating the reasoning given above, one easily
verifies the validity of the second part of our assertion.

The main boundary-value problem. Determine in Q a solution of the
equation

Lu=Tu— v, = yuy, +u,, —u, = f(z,y,t) (4)

under the condition
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ulgus =0 (5)

where S is the lateral surface of the cylinder 2.

For an equation of parabolic type in the absence of degeneration of the principal
part, the problem with boundary condition (5) in the class of functions u €
W2(Q) with respect to x,y and Wi (£2) with respect to t was solved in (?). For
degenerating parabolic equations with a sufficiently smooth right-hand side in
domains with smooth boundary, an analogous problem was considered in (?).

Denote by W22,0(y) the space of functions u(z,y) obtained by completing, in

the norm W22 , the functions three times continuously differentiable in G and
vanishing on I'. On the basis of the obvious inequality

||UHW§(GE) < CHU”WZ?M(G)a

where G, C G is the domain obtained by moving a distance € > 0 away from
the z-axis, by the Sobolev embedding theorem (%), the functions u(z,y) €

W227O<y>(G) are continuous in G and vanish on 0 N G..

The inequality (°) holds:

/u2d$§c/(yui+u§+u2)d(}’
s a

for functions vanishing on I', from which it follows that functions from W3 ) (G)
vanish on the segment ¢ in the mean.

The space W22 ’Ol(y) of functions u(z,y,t) is introduced analogously. Functions
u € W22 ’Ol(y) also vanish on (G U S) in the mean. This follows from the fact that,

for fixed ¢, they may be regarded as functions from W22 ) and, moreover,

0y

/ tou®(z,y,t) dG = /[u2 —2(ty — t)uw,] dQ < cHuHWi,;Q.
(el Q 2(y)

Let us first consider the homogeneous Dirichlet problem for the equation Tu =
h(z,y) in the domain G.

Lemma 1. If u € Wio(y)(G), then

1Tl = clulws, ) (6)

It is sufficient to carry out the proof for functions having continuous derivatives
up to the third order in G and vanishing on I', and then, by means of a limiting
passage, to extend it to all functions from W3, (G).

sovietrxiv.org/items/ru-196601.28933 Machine Translation


https://sovietrxiv.org/items/ru-196601.28933

Using Hélder’ s inequality, from Green’ s formula, by virtue of the condition

ulp =0, (7

we obtain

1/2

1/2
c / u? dG < c/(yu?ﬁrui)dG < [/ u? dG] {/ (Ytgy +u,,)2dG |, (8)
G ¢ G G

whence

/(yui+u§+u2)dG§c/(Tu)2dG.
G €]

Let @ = a(s), y = y(s) (0 < 5 < 55, y(0) =0, w(0) = b, y(se) = 0, w(so) = )
be the parametric equation of 0. We divide the curve o into a finite number of
arcs o, in such a way that on oy, 09, ...,0; the inequality =/ # 0 holds, and on
Ohi1>Opaas > Opyy the inequality vy # 0 holds. In view of the fact that, by (7),
du/ds|, = d*u/ds?|, = 0, on the basis of the obvious identity

2/ YUggUyy dG = /(yuwuyy - yuyuwy - uwuy) dy+
G o

Tx

—u)dx +2 / yu, dG,
€]

we shall have

v Y/wa

k
2 / ity dG = / S YTV =Y 2 gy
G o; i=1 (.ﬁ )

k+r o0 "’
y@'y" —a"y') , / 2
+/ g = uids+2 us, dG. 9
. i (y')? Gy v ®)

i i=k+1

As a consequence of the nonnegativity of the curvature of o;, from (9) we con-
clude

/yuiy dG < /yumuyy dG, (10)
G G

whence the validity of Lemma 1 follows.
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We shall say that the domain G belongs to the class A, if the homogeneous
Dirichlet problem for the Poisson equation Au = h(z,y) is solvable in W3 ,(G)
(5) for every right-hand side h from L, (G).

Theorem 1. If the domain G belongs to A; N A,, then the homogeneous
Dirichlet problem for the equation

Tu= f(z,y) (11)
is uniquely solvable in I/VQQ0 W) for any f € Ly(G).

The range of the operator T', defined on functions from T/V2 0(y)’ by Lemma 1,
is closed in L. Consequently7 to prove Theorem 1 it remains to show that the
following is true.

Lemma 2. If v € L,(G) and

/ vTudG =0 (12)
G

for all u € W22,0(y)’ then v = 0.

Since the domain G belongs to the class A,, there exists a function

u € W3o(G) C Wiy, (G) such that Au = v. Substituting in (12), in-
stead of v and v, respectively u = u, v = Au, we obtain

/AaTﬁdG:/ lyuz, +ug, + (1 +y)u,,u,,] dG.
G G

For the function @ there is an inequality analogous to (10):

/G (1+ 9)iiy iy, dG > /G (1+y)a2, dG,

therefore,

clalws < C/G(Tu)2 dG < /G (yul, +uz, +u2,)dG < /GAu TudG =0,

v=0.

ie. u

The uniqueness of the solution of problem (11)—(7) follows from Lemma 1.
We now return to the main problem for equation (4).

Lemma 3. If u € sz’ol(y)(Q), then
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ez o < Az, @)

The proof is carried out in the same way as in work 2 in establishing an analogous
inequality in the case of the heat equation.

Theorem 2. If the domain G belongs to A;NA,, then the main boundary-value
problem (5) for equation (4) is uniquely solvable in I/I/22 ’Ol(y) for any right-hand
side from L, ().

Uniqueness follows from Lemma 3.

Solvability of problem (4)—(5) is proved by means of a density lemma analogous
to Lemma 2. In proving this lemma, as u(z,y,t) € W2210<y>(Q) one takes the
solution of the equation ¢ u,, +u,, —u, = v, ¢; = maxy, (z,y) € G, satisfying
the boundary condition (5).

We now consider the equation

LIUELU+GUI+buy+Cu:f(xayat)a (13)

where a,,b,,c € CO0(Q), f € Ly(Q).

) Yy

Theorem 3. If the domain G belongs to 4, N A, and a = o(*/?), —3a, + %by —
czv> —%ymax in , then the main boundary-value problem (6) for equation
(13) is uniquely solvable in W22 ’Ol(y)(Q) for any right-hand side f from L, (2).

The proof of Theorem 3 is built on the basis of Theorem 2 by applying the
known method of continuation with respect to a parameter.
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