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The two-point boundary-value problem for nonlinear ordinary differential equa-
tions of the second order has been studied comparatively well, beginning with
the classical work of S. N. Bernstein (!). The analogous problem for equations
of order higher than the second has, in the general case, been little studied (see
(%3), where further bibliography is given).

Here we shall consider the boundary-value problem

y™ = f(z,y,y s,y Y); (1)
y(a) =g, y(a)=oq,..., y"(a)=a, (2)
y M (b) = B, (3)

where the function f is given and continuous for = € [a,b] (a < b), —c0 <
v,y ...,y Y < oo; a,b, Qs e 5 Oy_o, K, B are given; 0 < k < n—1; all quantities
are finite and real. Analogous methods can be applied to boundary conditions
of a more general form.

Theorem 1. Let equation (1) be such that the totality of all its solutions y(x)
(z € [a,, b,] C [a,b]) has the following properties:

A. For every M > 0 there exists an N > 0 such that if
y(a )l <M, |y (a)| < M., |y Va,)| <M, [y*(b,)] <M,

then
WP @] <N (a, <z <by).
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B. For every M > 0 there exists an N > 0 such that if
y(a,)l <M, |y (@)l <M,.., [y"a,) <M, Iy () <M,
then (a, <z <b,),

" V@) <N (a, <@ <b).

C. For any a, < b, My >0, M, > 0 there exists an N > 0 such that if
|y(ay)| < Mla tee |y<n72>(ay)‘ < M17 |y<n71)<a’y>| > Na

then there exists a continuation y(x) (ay <z <by; b, <b, < b) of the solution
y(x) and a point c € [a,, b, ] such that

5% (e)] > My,  signgy¥(c) = signy!"(a,)
(i=k,...,n—1).
D. For every M there exists an N > 0 such that if
¥ (@)l >N, ..., |y V(a,)| > N,
and all y<k)(ay), ,y<”’1)(ay) have the same sign, then

ly™ (b,)| > M.

Then problem (1)—(3) has at least one solution.
For the proof of this theorem one must add to (2) the condition
y"Va) =a
and consider the continuation of the resulting Cauchy problem as a varies con-
tinuously.

Remark. In conditions A—C it is sufficient to restrict oneself to solutions for
which a, = a and the equalities (2) hold.

Conditions A—D are not sufficiently effective, and therefore we shall give a
number of sufficient criteria for their fulfillment, expressed directly in terms of
the properties of the function f.

Theorem 2. If for every M > 0 there exists a function nondecreasing in all
variables ©pr(Ypi1s - Yn-1) Wri1s - Yn1 = 0), for which

second,

|f(xay05 7yn—1)‘ S Pn (|yk+1| RS ] |yn—1D (4)
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for |y;| <M (i=0,....,k), =00 < Ypy1s s Yp_1 < 00,

lim o), (y, 2, ..., y" )y =0,

Y—00

then conditions B and C are satisfied.

The proof is based on estimating y*+1), ... 4 in terms of y*) and y™ by

means of the Kolmogorov-Gorny inequality, similarly to the proof of the main
theorem of the paper (4).

n—1)

Remark. For k = n — 1, conditions B and C are satisfied automatically. For
k =n — 2, inequality (4) may be weakened by replacing the right-hand side by
Oar(|[Yn_1]), where @,,(s) (sg < s < 00) is an arbitrary nondecreasing function
for which

oo
[ sloute ds =oc
(this is Nagumo’ s condition (5)); in particular, one may take ¢,,(s) = A%,
(this is Bernstein’ s condition).

Theorem 3. Suppose equation (1) satisfies condition A for some k; then this
condition is also fulfilled for any k’ < k. The same is true for condition D.

The proof is easily carried out for ¥ = k — 1, whence the assertion for any &’
follows.

We shall say that the equation

y(p) :(p(_q;7y7y/7...,y(p_1>;771;--~?nr) (5)

with continuous right-hand side containing the parameters 7y, ...,7, (a < x <
b;—o00 < y,...,y®Vin,....m, < o), satisfies condition A if for every M > 0
there exists an N > 0 such that if a function y(z) € C,[a,,b,] and continuous
functions 7, (), ..., n,(z) (a, < x <b,) satisfy the relations

yP () = o(z,y(@), .., y" D (@);m (2), . . (x) (0, <z <by),

ly(a,)| < M., [y D(a,)| < M, |yb,)| <M,

then |y(z)] < N (a,
condition D for equation (5). (In condition A it is sufficient to take a, = a.)
From Theorem 3 it immediately follows:

<z < by). Analogously, from condition D one obtains

Theorem 4. In order that equation (1) satisfy conditions A and D, it is
sufficient that, for some natural number p < n — k, the equation

y<p> = f(x’ 7717 A 7/'777,—[)’ y’ y/’ 0 y<n7p>)
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satisfy conditions A and D.

Thus, for an equation of high order it becomes possible to apply criteria obtained
for equations of lower orders. We indicate some criteria sufficient for satisfying
conditions A and D for equations of the first three orders, denoting, for brevity,

n=(N,-sn)-
Theorem 5. Suppose the right-hand side of the equation

Y = (@, y;n) (6)

is such that there exist two sequences u;(x),v;(z) (a <z < b; i =1,2,...) of
continuously differentiable functions for which

up =Py, uy) < (@, um), I[fllllf]luz(z) — 00 asi— oo,
/U; = 1/J2i($a7fi) > (P(.’L','Ui; )7 I[Ilaé)](’UZ(fE) — —00 as i — 00.
a,

Then equation (6) satisfies conditions A and D.

The proof is obtained by comparing y with u, and v,. We note that in the formu-
lation of the theorem the functions 1), are completely arbitrary; by choosing spe-
cific functions v;, one can obtain various classes of functions ¢ for which condi-
tions A and D are satisfied. Thus, one may set 1), = —c,u;—Cy, Pg; = —C,0;-Co
(01,2 >0).

Theorem 6. Let the right-hand side of the equation

"

y" = o(x,y,9'5n) (7)

be such that there exist two sequences u,(x),v,(x) (a < x <b; i =1,2,...) of
twice continuously differentiable functions for which

ul =y (zuy,ul) < o(z,y,ulzn) (v > ), I[mg]lul(gc) — 00 asi— 00,
a,
0] = g (v, 07) > p(x,y,vim)  (y <o), I[n%))](’uz'(x) — —00 as i — oo.
a,

Then equation (7) satisfies conditions A and D.

The proof is obtained by comparing y with w; and v,. In particular, one may
set Yy, = ¢ u; — ¢y, Vo = U] + ¢35 (15 > 0).
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Theorem 7. Let the right-hand side of equation (7) be such that there exist
two sequences u;(x),v;(x) (a <z <b; i =1,2,...) of continuously differentiable
functions for which w;, = y;(x,u;), v; = Yo, (x,0;); ¥q;,0e; are continuously
differentiable in both variables, ming, ,j u;(x) — 00 as i — oo, max, , v;(¥) —
—00 as i — 00, and

Vliw (T, 0;) + P15 (2,01 (2, 0;) < o,y 9 (z,u,)5m) (v > w,),

Va0 (T, 0;) + o, (2, 0;) 9, (,0;) > o2, y, Y9 (2,0,);m) (Y < vy). (8)

Then equation (7) satisfies conditions A and D.

The proof is obtained by comparing y with v, and v,. Condition (8) is simplified
if 4, does not depend on x or y.

Theorem 8. If the right-hand side of the equation

y" =z, y,y",y":n)

for all values of the arguments satisfies the inequality yp(z,y, Y1, yo;m) > 0, then
this equation satisfies conditions A and D.

The proof is based on the application of the elementary identity

Vo) = ylen) + 5 @) +y @lle =) + 5 [ - )@y @) de

1

Remark. From Theorems 5, 6, and 8, in particular, it follows that if for
equation (5) the inequality

YP(T, Yy Yy ey Ypo13M) = 0,
is satisfied, then for p = 1,2, 3 conditions A and D are satisfied. It is noteworthy

that for p > 5 this is, generally speaking, not so (the case p = 4 remains open).
Namely, it is verified directly that the function

v(@) = (—a) P sinfBIn((—a)]  (~1<w<O),

where 3 = 3, is chosen so that

P p—2+1
Zarccos — > = 2,
=1 Vi—2+1)?2+5
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satisfies equations of the form

y?) =y (@) (g2 + [yP D)y or Yy =y (x)(y? + |y |2e-2/r=3))y  (9)

where ; > 0, ¢, € CP3[—1,0]. Here condition A is not satisfied. The
boundary-value problem for the first of equations (9)

(y—1) =v(=1),.., y? I (=1) =0P2(-1), y*(0) = B

has no solution for any k& and 3, although the conditions of Theorem 2 are
satisfied.

Generalization of the main problem. The following more general prob-
lem for equation (1) is studied analogously. Instead of conditions (2), it
is required that, for a solution y(z), the line (y(z),y (z),...,y™ Y (x)) in
the space (z,9,%,...,y™ V) contain at least one point of a given nonempty
connected set ® (the solution y(z) passes through ®); instead of condition
(3), it is required that this solution be extendable up to 2 = b and that
F(y),y'(b),...,y"" " Y(b)) = 0, where F(y,¥;,...,¥,_1) is a continuous func-
tion given for all y,y,,...,y,_;. For the existence of at least one solution of this
problem it is sufficient that, for some k = 0,...,n — 1, conditions A and B be
satisfied and that there exist two solutions y,, y,, passing through ® and extend-
able up to x = b, for which, at x = b, F(y, ... ,y(lnfl)) >0, F(yy, - 7y;n*l)) <0.
To verify conditions A and B one may use Theorems 2-8, and for the fulfillment
of the last condition F' 2 0 it is sufficient, under the hypotheses of Theorem
2, that condition D be fulfilled; for example, that v,z (v, yq, .-, Y,_1) > 0 for
all sufficiently large |y,|, and that there exist a double sequence of points
(T Yps Y1ps s Yno1p) €  (p = £1,£2,...), for which

supx, < b, suply,,,| <o (m=0,..,k),
P P
sup |ymp|”_k_1|yn71)p| k=m <00 (m=k+1,..,n—2),
P

lim =00 lim = —00.
po—oo ynfl,p ’ p—oco ynfl,p
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