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Hecke (!) expressed the conjecture that all integral modular forms of type
{Ty(p),—2} and character x =1 (p a prime number) can be expressed as linear
combinations of quaternary theta series. This conjecture was proved by Eich-
ler (?), who obtained, moreover, more general results (>3). We shall restrict
ourselves to the case of cusp forms. Eichler’ s method consists in comparing
representations of the modular correspondences 7T, in the space of cusp forms
and in its subspace generated by theta series.

The purpose of the present note is to supplement Eichler’ s results (in the
case of prime level p) by establishing the dependence of the coefficients in the
expansion of cusp forms that are eigenfunctions of the Hecke operators on the
level p. Estimates of power type (with respect to p) are obtained. These results
will probably be useful in some questions of number theory.

Theorem 1. Let
ei(r) =) m(n)er™ T (1) =1, i=12..,4
n=1

be a basis of the space & of cusp forms of type {I'y(p), —2} and character x = 1,
consisting of eigenfunctions of all Hecke operators T,,, (n,p) = 1, acting on this
space, and orthogonal (*). Then

92
pi(1) =D BT, =120, (1)
t=1
where ¥;(7) are cusp forms that are differences of quaternary theta series of
level p (discriminant p?), and
8 < Cp™r=. 2)
Proof. Result (1) was proved by Eichler in (?). Consider the representation
R, (n) of the ring of operators T,,, (n,p) = 1, in the space &:
o Tn = R1<n>q)7
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where
©1(7)
¢ = : .
¢q(T)
The trace of this representation was computed in (*5:9).

Let Q be the algebra of definite quaternions of discriminant p?; ©; an order in
Q of level p; M, (v =1, ..., H), a system of representatives of the classes of left
D ,-ideals; ©,, the right orders of the ideals 91,; im;limu runs through a system
of representatives of all classes of left ® -ideals. Let 7,,(n) be the number of
all left-equivalent with zm;lzmy integral ideals of norm n, and w, the number
of units in ©,,. Consider P(n) = (m,,(n)), a matrix of order H (Anzahlmatrix
2; ideal number matrix (7));

wil L wg
P(0) = - _
wl’1 wﬁl
Let ¥(7) be the matrix whose elements are quaternion theta series:

9(r) =Y P(n)e?inT,
n=0
We have (see (7))

o= (5 30)

9'(r) =Y P/ (n)e’™ = (9, (1))

n=1

is a matrix of order H — 1, whose elements are differences of quaternion theta
series of degree p.

Eichler considered the representation of the ring of operators T,,, (n,p) = 1,
in the subspace © of the space & generated by parabolic forms—differences of
theta series, proving that

V(7)o T, = P'(n)d¥ (1), (n,p) =1,

and found (8) the trace of the representation P’(n). It turned out that
Sp P’(n) = Sp R,(n), (n,p) = 1. From the complete reducibility of both repre-
sentations and from the equality of their traces there follows the equivalence of
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these representations. Hence (taking into account one remark of Hecke (1)) we
derive the equality

AD ()AL =9 (7), (3)

where ®’(7) is a diagonal matrix of the form [¢;(7), ..., ¢ (7)], and A is a regular
matrix of order g.

Multiply the matrices on the left and equate the corresponding elements of both
sides. We obtain

Squaring both sides of the equality (with respect to the Petersson metric), and
taking into account the orthogonality of the basis {¢;(7)}, i = 1,..., g, we have

o

(0] (1), 0} (1) = >

i=1

@i(1), 0i(7)).
Using the methods of paper (9), one can obtain the estimates

(0;(7), 4(1)) > Cp?;

(95, (1), 0, (7)) < Cp>*=.

Hence follows the estimate agﬂ V)‘ < C_p5*¢. On the other hand, taking equality

(3) in the form

o'(7) = AW (1)A

and again equating the corresponding elements of both sides, we obtain

@
o) =3 B9(r),  i=1,...g
t=1

(for simplicity we have introduced a new numbering of the elements of the matrix
V(7))
(;W).

It remains to note that each of the coefficients Bg” coincides with some a;
The theorem is proved.
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The proof of the more general Theorem 2 is constructed on the same idea;
however, it is technically very complicated. This theorem supplements Eichler’
s result from (3).

Theorem 2. Every eigenfunction (of all Hecke operators T,,, (n,p) =1)

oi(r) =3 mme T 1) =1,

n=1

from an orthogonal basis of the space of parabolic forms of type {T'y(p), —2k}
and character x = 1 can be expressed in the form of a linear combination of
quaternary theta series of degree p with homogeneous Laplace spherical functions
(19), and for the coefficients of the expansion the estimate holds

1B, < CopP/hease. (4)

In the proof, in addition to Eichler’s results, we use a number of results obtained
in (10,11)_
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