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Consider a smooth manifold 2, on which two complex vector bundles £ and
F with infinitely differentiable structure are defined. Following L. Hérmander
(1), we shall call a continuous mapping P from E to F a pseudodifferential
operator if, from the space of finite sections C§°(£2, E) into C*°(Q, F), the
function e‘”“"P(ueiw) admits an asymptotic expansion in powers of 7 as 7 —
oo, provided u € CP (L E), ¢ € C*(Q), and grady # 0 on suppu. The
symbol of the operator P is the formal sum Zgo p’(x,€), coinciding with the

asymptotic series for e=*®8 P(ue?®%)) as € — oo. In (!) it is shown that the
principal part of the symbol p®(z, &) is invariantly defined on the cotangent
space to €.

As is known, the operator P is called elliptic if p°(z,&) effects an invertible
mapping: F, — F,, when z € €, and £ # 0 is a vector cotangent to 2 at the
point z. It is known that an operator P of order m is elliptic if and only if

lullsim < CUPulls + uly),  we C5 (K, E),
where K is an arbitrary compact set in 2; s and ¢ are arbitrary real numbers:

1/2

ful, = ([ 1@+ 162y de
Here
() = /u(m)e*i(ré) dx

is the Fourier transform of the function u(z). In (%) L. Hormander showed that
the existence of the estimate

luls < CUPuls—is + lule),  weC5 (K, E) (1)
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for 0 < § < 1/2 is also equivalent to ellipticity of the operator P, but for § = 1/2
a new class of operators arises, called subelliptic by Hérmander. In the present
work we describe pseudodifferential operators for which estimate (1) holds with
0 < § < 1. These operators should naturally be called operators of principal
type, since for them (and only for them) the existence of an estimate of this
form is determined solely by the principal part p®(z, &) of the symbol of the
operator P.

Theorem 1. The estimate (1) with § = k/(k+ 1) holds if and only if, for every
compact subset K C (), there exists a constant C such that, for x € K and
0#&LeR",

2

1 aoHrB
/|w(y)|2 dy < C/ Z a'ﬁ'ag()f]a(zﬁ€|k(a|ﬁ|)/(k+l)yﬁDaw(y) dy+
la+|BI<k T

te(e) Y [geln /ey / WDeY)Edy, e CR(RYE (2)

o +|B|<k+2

Here

10 10
D— (iaxl’“"iam’n)’

e is the dimension of the bundle E; q(z,€&) = p°(x,&)|E|~™*/ B0 m is the
order of the operator P; e(§) — 0 as £ — oo.

Apparently, the operators described by Theorem 1 exhaust all operators of prin-
cipal type.

Theorem 2. If, for the operator P, estimate (1) holds with 0 < § < 2/3, and
e = f =1, then this estimate also holds for 6 = 1/2.

In applications the following variant of Theorem 1 is convenient, in which it is
not required that the operator have order k/(k + 1).

Theorem 1’. For an operator P of order m, estimate (1) holds if and only if,
for every compact subset K C €2, there exist a constant C' and a function £(§),
tending to zero as £ — oo, such that

9o PpO(x,6) 1 “
9ExdzP  alp!

/ [h(y))2 dy < C|¢|~2m+2k/(k+1) /

ol +[B]<k

2
x|§|k(\a\flﬁb/(Hl)yﬁDawy)’ dy+
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+a(§)/ S JeRelk Dk B Doy () dy, Y € CE(R).  (2)

e +]B|<k+2

Of course, conditions (2) and (2’) are not always easy to verify. However, they
make it possible to reduce the difficult question of estimates of type (1) for
a pseudodifferential operator (including for a differential operator of arbitrary
order) to the question of the existence of the simpler estimate (2) (or (2')) for
a linear differential operator of order k.

In conclusion we give an example of an application of the results obtained to
the study of noncoercive boundary value problems for elliptic equations.

Let €2 be a compact n-dimensional Riemannian manifold with smooth boundary
I', and let v be a nondegenerate vector field on I'. We consider the problem of
finding a function u(x) for which

Au=f in Q; %:g on I
v

Let I'y be a smooth manifold in I" of dimension n—2, and suppose that the field v
is not tangent to I' at points of I'\I', while on I it has contact with I" of order k.
This means that in a local coordinate system whose center coincides with some
point on I'y, and such that the domain € is described by the inequality z,, > 0,
while I'y is given by the equations z,, = x,,_; = 0, the boundary condition is
written in the form

o 2 ou
k —_— . _—=
Tp—1 o + / l/](l‘) (')a:J

n =1

g(z).

Such problems were studied in [3], but there the order of contact was not taken
into account. For k = 1 this problem was considered in [2]. If z,, coincides
with the length of the arc of the geodesic normal to T, then the function v(z) =

u(zyq,...,¢,_1,0) satisfies the equation

Pv=g+Lf,
where the principal part of the symbol of the operator P is equal to

n—1

P2, &) = able| +i ) v, 3)

Jj=1

and L is a linear operator H*(2) — H**1/2(I"). We require that the field v not
be tangent to I'y, i.e., that v,,_;(x) # 0. It is easy to verify that for the symbol
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(3) the inequality (2") holds if k is odd and v,,_;(z) < 0 on Iy, or if k is even
and v,_;(x) # 0. Hence it follows that, under the indicated conditions, the
solution u(x) of our problem belongs to the space H*()), provided only that
fe Hs=F+2/(+1)(Q) and g € H*~3/2+k/(k+1)(T). The example,

given in [3], shows the impossibility of improving this result.

Remark 1. It can be shown that operators of principal type are hypoelliptic
(see [4]).

Remark 2. Suppose decompositions of the bundles £ and F' into direct sums
are given,

K J
E=E, F=@F
k=1

and two sequences of real numbers s = (sq,...,5x), t = (t1,...,t;). We agree
to say that a pseudodifferential operator P from E to F has type (s,t) if, for
every compact set K,

[Pullyy < Clull), — ve G5 (K, E),

where

X 1/2
_ 2
lulls) = (Z Iuklsk) :

k=1

The results of the present note are readily extended to such operators if estimate
(1) is replaced by the inequality

lull) < C (IPullig) + lul)) s we CE(K, B,

where t +8 =t; +6;,...,t;+d and 0 < § < 1, and the principal part p°(z,&) =

(p?k)k:1,,“7K of the symbol p(z,{) = (pj;)k=1,.,K is taken to be those terms of
=1, =

the matrix p(x, &) for which the order p?k is equal to s;, —t;.
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