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In the present paper the inverse problem of scattering theory is solved for the
system of Dirac equations. This problem was studied earlier in papers (1~3)
in which, however, no definitive results were obtained. For the Sturm-Liouville
equation a similar problem was solved by V. A. Marchenko (*).

)

§ 1. In paper (°) the canonical form of a system of Dirac equations was indicated.
Therefore from the very beginning we shall assume that the Dirac system has
been reduced to the canonical form:

d
B%y+mTy+Qy:)\y, 0<z < o0, (1)

where

p- (00 () 0) aw-(t Yo (n)

and m is a constant number (mass). Let the estimates

p(x)| < C/A+x)**e, (@) < C/(1+2)*, (2)

hold for the real functions p and ¢, where C' and ¢ are positive constants. Con-
sider the boundary-value problem generated by equation (1) and the boundary
condition

41(0) = 0. (3)

It is known that under conditions (2) the problem (1)—(3) has a continuous
spectrum covering (—oo,—m) and (m,o00), and a finite number Aq,..., A, of
simple eigenvalues situated in the interval (—m, m). Denote by
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the solution of equation (1) with the initial conditions ¢;(0) = 0, ¢,(0) = 1.
This solution satisfies the boundary condition (3), and therefore ¢(z, A;) (k =
1,...,n) is an eigenfunction of the problem (1)—(3).

Denote the norm of this function by M:

= / {03, \) + 93 M)} da.
0

In the case when A belongs to the continuous spectrum, i.e. to the intervals
(—o0, —m) and (m, c0), the function ¢(x, A) as x — oo has the asymptotic form

oz, \) = A(N) <—\/(>\ + mc)cfs(&;lng)sin(km + 5)) ’

where k = VA2 —m?2, and A()\) and 6(\) are continuous functions for m <
|A] < oco. The function A(\) is called the scattering amplitude, and §()\) the
phase—

of the scattering problem (1)—(3). In what follows, the collection

BN: Arseos At i1t

will be called the scattering data of problem (1)—(3). In the present paper
we indicate necessary and sufficient conditions for the function §(\) and the
numbers A, ..., A5 iy, ..., iy, t0 be the scattering data of a problem of type (1)
—(3) with a matrix Q(z) satisfying conditions (2).

§ 2. In solving the problem posed above, a fundamental role is played by the
transformation operator with a condition at infinity. It is not difficult to verify

that equation (1) has a solution F(x,\) = (II::;), which as £ — oo tends to

—i(A E\ _.
flz, ) = ( i —|1-m)/ )e_m, where k = VA2 —m?2.
It turns out that there exists a matrix function A(z,t) such that

F(z,\) = f(z,\) +/ Az, t) f(t, \) dt, (4)

and, moreover, for the elements of the matrix A(x,t) the estimates
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|4l < C /(1 +a)(1+t) e, i # J; (5)

|A;| < C /1)t (6)

hold (CY is a constant);

BA(xz,x) — A(z,2)B = Q(x). (7)

For real values of A and for [A| > m, the vector-function F(x, A) is a solution of
equation (1), linearly independent of F(x,\). Therefore p(z, \) is their linear
combination. Using this fact, it is not difficult to prove that §(\) = arg F, (0, \),
and from this it follows at once that each element of the matrix function

Fi(a) = /: {(J(A+mc>({s<&x:%sin(kx+6>> (_ s, cosa> —(

(8)
belongs to Ly(—00,00). Here
, 1A—m ,
P = 222 D ) =0, A <m.

This property of the function §(\) and Parseval’ s equality

[ Wdpm()\)-‘rZMkW(xa)‘k);D(%)‘k):Ié(m_ﬁw (9)

00 k=1

allow us to derive the integral equation for the kernel

Flx+y)+ A(z,y) +/Oo Az, t)F(t+y)dt =0, (10)

where

m

—/(A+m)/(A—m)sinkx
cos kx

Flaty) = Fy(a )+ (V O +m)/ “”Ak)) (VO T flm =), 1) V),

k=1
(11)

This integral equation gives us the possibility of formally solving the inverse
problem from the scattering data. Indeed, equation (10) is constructed only
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from the scattering data, and if it has a unique solution A(z,t), then the vector-
function F(z, \), defined by formula (4), satisfies an equation of type (1) with
a matrix determined by formula (7). However, in this connection the question
remains open whether in fact d(A); Ay, ..., A5 fig, ..o, i, are scattering data for
an equation of the form (1). To answer this question, it is necessary to study
the properties of the scattering data in greater detail.

Theorem 1. The scattering data §(\), Ay, ..., A,; fq, .. s b, Of problem (1)—(2)
have the following properties:

1. Each element of the symmetric matrix function Fj(t), defined by formula
(8), belongs to Ly(—00,00), and for > 0 the following estimates hold for
the elements of Fj(x):

|Fyi(x)] < Cyf (14 z)te, 1=1,2; (12)

|Fip(x)| = |Fyy (2)] < Oy /(1 4 ), (13)

where C, and C5 are constants.

2. For all z > 0 the homogeneous equation

(R £ + [ (0, ROIFG )t =0 (14)

has only the zero solution in L, (x,c0).

3. The number of linearly independent solutions from L, (0, c0) of the homo-
geneous equation

(f1(v), f2(y)) + /Ooo(fl(t), fo@)Fs(t+y)dt =0 (15)

is equal to the number n of eigenvalues of problem (1)—(3).

4. The homogeneous equation

0
—(1(¥), fo()) +/ (f1(8), fo(8)Fs(t+y)dt =0 (-0 <y <0) (16)

has only the zero solution in L, (—c0, 0).

We outline the proof of this theorem. The first part of property 1 is obvious
and has already been formulated by us earlier. To obtain the estimates (12)
and (13), it is necessary, in the main equation (11), to put y = = and, regarding
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F(z) as unknown, solve the resulting equation by the method of successive ap-
proximations. Then the estimates (12)—(13) follow directly from the estimates
(5)—(6) for A(x,t).

We prove property 2. Suppose the homogeneous equation (14) has a nonzero
solution (f;(t), fo(t)) from Ly(x,00). Multiply this equation by (f;(y), fo(v))
scalarly and integrate over (z,00). Then we obtain:

/:{<I>(/\) cos 8 + G(\)sin 6}2dp,, () + g; e = 0, (17)
where
o= [ ROACA) + BOREN) b (13)
B(N) = /:O {—fl(t)mSinkt—l— £(0) cosk:t} dt; (19)
G\ = / b {_ £ ijzcos Kt — f,(t) sin kt} dt. (20)

It follows from (17) that all a;, = 0 and ®(A)cosd + G(A)sind = 0. Obviously,

®(N\)cosd + G(N\)sind = Re{(® + iG)e ™}

= % [(® +iG)e ™ + (® —iG)e™] = 0.

Hence

(®+iGQ)/(® —iG) = —€%° = —F,(0,\)/F; (0, \). (21)

Further, it is clear that ®(A;) + iG(\;) = a;, = 0. This means that the zeros of
F,(0,\) are zeros of the function ® + ¢G. Therefore

iP(X) = [B(X) +iG(N)]/Fy (0, \)

is an analytic function in the upper half-plane, continuous up to the real axis.
For real )\, it is evident from (21) that P(A\) = P(\). Therefore P()\) is an
entire function. On the other hand, P(A\) — 0 as |A| — co. Hence P(X) = 0.

sovietrxiv.org/items/ru-196601.26260 Machine Translation


https://sovietrxiv.org/items/ru-196601.26260

Consequently, ®(\)+iG(A) = 0, i.e. () = 0 and G(A\) = 0. But then f;(¢) =0,
fo(t) = 0. A contradiction is obtained. Property 2 is proved.

Properties 3 and 4 are proved analogously.

It can be proved that the properties of the scattering data listed in Theorem
1 are not only necessary, but also sufficient for d(A); Ay, ..., \,; tq, -, 14, tO be
scattering data of a problem of type (1)—(3) with a matrix Q(x) satisfying
condition (2). We shall not dwell on this here.

§ 3. In conclusion, we note that we have also succeeded in solving the inverse
problem by scattering data for the Dirac system in the case when its coeflicients
have singularities of the form
0 -z
—l/x 0

at zero and at infinity. It turned out that the scattering data of the problem
without a singularity are the scattering data of the problem with a singularity
of the indicated type, and conversely.
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