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In the present paper we consider a class of infinite periodic groups which in-
cludes all locally finite groups. These are groups in which any two elements
generate a finite subgroup (in the paper they are called F2-groups). It turns
out that every F'2-group contains an infinite abelian subgroup, whence there fol-
lows the analogous theorem for locally finite groups proved by M. I. Kargapolov
(7). Thus the well-known problem of O. Yu. Schmidt on the existence of an
infinite proper subgroup in an infinite noncommutative group is reduced to the
analogous question for groups with two generators. We shall call the follow-
ing question the generalized O. Yu. Schmidt problem: does a group contain a
proper subgroup equipotent to it? It turns out that for uncountable F'2-groups
whose cardinality is regular, the generalized Schmidt problem has a positive
solution. In conclusion, some conditions are considered under which F2-groups
are locally finite. In particular, the question of local finiteness of F2-groups
with the minimal condition for subgroups is reduced to the well-known problem
of S. N. Chernikov on the extremality of locally finite groups with the minimal
condition for subgroups.

Lemma 1. If there exists an infinite noncommutative group all of whose proper
subgroups have cardinality less than the cardinality of the whole group, then this
group is an extension of its center by means of a simple group.

Thus Lemma 1 reduces Schmidt’s problem and the generalized Schmidt problem
to simple groups.

Lemma 2. Let a certain class ¥ of infinite groups be given, closed with respect
to taking infinite subgroups and quotient groups by finite normal divisors. Then
the following assertions are equivalent: 1) in every group G € ¥ there exists at
least one element whose normalizer is infinite; 2) every group G € ¥ contains
an infinite abelian subgroup.

An elegant proof of this result, very useful for us, is given in (?).

We shall say that a group G has property N1 if it contains at least one
nonidentity element whose normalizer has cardinality u(G) (u(G) is the
cardinality of the group G). We shall denote by D, (x) the set of elements
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z,a ‘za,a 2za?, ..., a' " "xa™ ', where n is the order of the element a. The set

D, (z) is called abelian if all its elements commute with one another.

Lemma 3. Suppose that in some conjugacy class of elements of a group G of
reqular cardinality u(G) there exists a set L of cardinality p(G) of elements x,
such that all the sets D,(z,) are abelian. Then the group G has property N1.

Recall that a cardinal number w is called regular if it cannot be represented as
a sum in which the number of summands is less than w, and each summand is
also less than w (?).

Using the Thompson-Feit theorem on the solvability of groups of odd order (%),
one can prove the following assertion.

Lemma 4. Let in a group G of regular cardinality p(G) there exist a set of
finite subgroups H,, of cardinality u(G), containing some element a, and such
that the cardinality of the set of conjugacy classes of elements containing all the
subgroups H,, is less than u(G). Then the group G has property N1.

In what follows we shall consider groups in which any two elements generate a
finite subgroup. For brevity we shall call such groups F2-groups. The class of
F2-groups is broader than the class of locally finite groups. As shown in (3),
there exist non-locally finite F'2-groups which are even p-groups. It is easy to
see that the class of F2-groups is closed under taking infinite subgroups and
infinite factor groups. Consequently, Lemma 2 holds for F'2-groups.

Lemma 5. If in an F2-group G of regular cardinality 1(G) the cardinality of
the set of conjugacy classes of elements of a given order n is equal to u(G), then
the group G has property N1.

Theorem 1. An uncountable F2-group G of any regular cardinality u(G) has
a proper subgroup of cardinality (G) with nontrivial center.

Since every cardinal number of uncountable index is regular, Theorem 1 implies

Corollary. If the cardinality of every proper subgroup of an F2-group G is at
most w (where w is some infinite cardinal), then the cardinality of the group G
is also at most w.

We shall now be interested in countable F'2-groups.

Lemma 6. Let IT be a set of natural numbers which are the orders of elements
of some countable F2-group G. Then, if together with some number m the set
IT contains infinitely many of its multiples, the group G has property N1.

Lemma 7. If the orders of all finite p-subgroups of a countable F2-group G,
for some prime number p, are unbounded in the aggregate, then the group G has
property N1.

From the results of Higman (%), Brauer (1), and Chunikhin’ s theorem on the ex-
istence and conjugacy of II-subgroups in a II-solvable finite group (%), it follows
that
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Lemma 8. If there exist infinitely many noncommutative simple finite pairwise
nonisomorphic groups P, which are subgroups or factor groups of some finite

subgroups of a countable F2-group G, then the group G has property N1.

From Lemmas 3-8 it follows that property N1 is present in every F2-group.
From Lemma 2 it now follows that

Theorem 2. If in a group any two elements generate a finite subgroup, then
this group contains an infinite abelian subgroup.

This theorem generalizes the well-known theorem of M. I. Kargapolov (7) on the
existence of an infinite abelian subgroup in an infinite locally finite group, and
is proved without using that result. B. H. Neumann and Kovacs constructed an
example of an uncountable locally finite group all of whose abelian subgroups
are at most countable. Consequently, in this sense Theorem 2 does not admit
a generalization to groups of arbitrary cardinality. In view of Theorem 2, the
Schmidt problem formulated above reduces to an analogous question for groups
with two generators. Namely, there holds

Corollary. If the minimal number of generators of a noncommutative group is
greater than two, then the group contains an infinite proper subgroup.

In conclusion we shall consider some conditions under which F2-groups are
locally finite. Recall that a group is called ex-

extremal if it contains an abelian subgroup of finite index. It is known that if a
periodic group is extremal, then it is locally finite.

Let an F2-group G satisfy the minimality condition for abelian subgroups. Then,
by Theorem 2, it contains a subgroup K of type p®°. It is easy to see that every
subgroup {g, K} of the F2-group G is locally finite.

Lemma 9. If in an F2-group G with the minimality condition for abelian
subgroups every subgroup {g, K}, generated by an arbitrary element g and an
arbitrary quasicyclic subgroup K, is extremal, then the group G itself is extremal
(and consequently locally finite).

Thus the question of whether an F2-group with the minimality condition for
subgroups is locally finite reduces to a known problem of S. N. Chernikov for
locally finite groups (even for groups of the form {g, K}): is a locally finite
group with the minimality condition for subgroups extremal ((® 2.1)?

From the Thompson-Feit theorem (*), Lemma 9, and S. N. Chernikov’s theorem
on the extremality of locally soluble groups with the minimality condition for
abelian subgroups (8), it easily follows that

Theorem 3. If an F2-group with the minimality condition for abelian subgroups
contains no elements of order 6a, then it is locally finite.

In exactly the same way, using the known theorem of Burnside on the solubility
of finite groups of order p®¢®, one can obtain the following result.
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Theorem 4. If the set of prime divisors of the orders of elements of an F2-group
with the minimality condition for abelian subgroups consists of two numbers, then
such a group is locally finite.

We note that an analogous theorem for p-groups was proved by O. Yu. Schmidt
(1, p. 298).

I take this opportunity to express my gratitude to A. L. Shmelkin for a number
of valuable comments.
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