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In this article trajectories of differential descent in an infinite-dimensional
Hilbert or Banach manifold are investigated. The results obtained are applied
to the solution of nonlinear systems and to the minimization of variational
functionals.

1. Local theorems. Let a functional u(x) of class C%(G) be given in a domain
G of a Hilbert space H, and suppose it is required to find points of minimum
of the functional inside the domain. Consider the trajectories of the differential
descent equation

dr/dt = —ugradu/| grad u|?. (1)

Theorem 1. For any solution x(t) of equation (1) the identity holds

Proof. We have
du/dt = (grad u,dz/dt) =

= —u/| grad u|?(grad u, grad u) = —u,

whence (2) follows.

Theorem 2. If at all points of the ball K, , : |x —xo| < p, belonging to G, the
inequalities

0 <wu(z)—c<klgradu|™ (m>1, k= const, ¢ = const), (3)
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u(zy) —c < wp™ =Ny = [(m — 1) /2mk/m]m/m=1) (4)
are satisfied, then, first, the functional u(x) has in K, ., apoint of minimum &,

with w(§) = ¢; second, equation (1) has a solution x(t) for 0 <t < T, for which
z(0) = zy and lim, . x(t) =¢,

z(ty) —a(ty)| < $p (e P — e P2
| (2 1 14
for 0 <t, <t, <T. In particular,

[2(t) — €] < Lpe .

Here s = In(ug —¢)/(uge ™t —¢), B=(m—1)/m, T =Inug/c.

Let now a nonlinear operator F : G — H of class C2(G) be defined in the

domain G, mapping the domain into the Hilbert space H. It is required to find
solutions of the equation

F(z)=0 (5)

inside the domain G. Consider the functional

and the differential descent equation composed for it
d/dt = 2| P () ? grad | F(2)//| grad | P () P 2. (™)
Theorem 3. For any solution x(t) of equation (7) the identity is valid
|F(x(r))] = F(a(t))e” . (®)

*In (7, 8), under close assumptions, the existence of a minimum of the functional
and the convergence of gradient trajectories in a sufficiently small neighborhood
of an isolated point of minimum were proved.

If, in the ball K,. C G, the inequalities

|F(2)] < K grad |F|™ for |[F(a)| #0, m > 1, (9)

|F(m)] < p™/ D, 3 = [(m — 1)/2mktm]™ " (10)
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are satisfied, then equation (5) has a solution ¢ in K, , . There exists the limit
of the trajectory z(t) (0 <t < 00) of equation (7) passing through the point z,

Jim x(t) = &,
and
lz(1) — z(t)] < %p(e’ﬁt —eP7) for B=(m—1)/m, T >t (11)
In particular,
1
() = €] < 5pe . (12)

Remark. For simplicity we restrict ourselves to the case when G is a domain
in a Hilbert space. It should be noted, however, that all the propositions and
proofs obtained here carry over directly to the case of an infinite-dimensional
Hilbert or Banach manifold (1'2). To accelerate convergence it is sometimes
convenient to consider the more general equation

dz/dt = —[w(-)] ! grad u, (13)

in which w(-) is a positive definite operator, generally speaking nonlinear.

Theorem 4. For any solution z(¢) of the differential equation (13), the identity

[ (w<')%’ %) dt = u(x(t)) — u(z(7)), (14)

holds; i.e., the trajectory x(t) is a curve of strict descent for the functional u(x).
In the particular case the theorem is valid for the functional u(z) = |F(x)|?.

2. Simple roots. Let us denote the Jacobi operator of the mapping F(x)
at the point by D, = F,(x) and consider the positive self-adjoint operator
A, = D, pz*, where D3 is the operator adjoint to D,.

Definition 1. A solution £ of the equation F'(z) = 0 is called a nondegenerate
simple root if zero does not belong to the spectrum of the operator A,.

Theorem 5. If £ is a nondegenerate simple root of the equation F'(z) = 0, then
there exists a circular neighborhood K, . of the root in which all trajectories of
equation (7) stabilize at &, i.e., lim, , z(t) = &£, and inequalities (11) and (12)
are satisfied.

Proof. We have
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| grad |F||* = (D, px*(F/|F]), F/|F]). (15)

From the definition of a nondegenerate root it follows that there exists a neigh-
borhood Kp, ¢ in which ¢ is the unique solution and

|grad |F||> >d >0, d = const. (16)

Next, there exists a number p < R/2 such that, for any = € K, ¢, in the ball
K, ., inequality (10) is satisfied for m = 2, and the proof follows from Theorem

3. In inequalities (11) and (12) one may put 8 = 1.

For the linear equation

Az =b (17)

inequalities (3) and (4) are satisfied in the whole space for u(z) = |Az—b[?, ¢ =0
Therefore all trajectories of equation (1) stabilize at the unique solution &.

3. Manifold of solutions

Suppose that the equation F'(z) = 0 has an s-dimensional smooth manifold of
solutions V* of class C2.

Definition 2. The manifold of solutions V* of equation (5) is called non-
degenerate if, at every point £ € V?, zero is an isolated eigenvalue of finite
multiplicity s of the operator

Construct the normal bundle % B, = (B, V* p, K, O_) of the manifold
V* in the Hilbert space H. Since for any compact domain u on the mani-
fold V* there exists a number p, such that the layers of the bundle K o, at
different points & of the domain u do not intersect, in the cylindrical neighbor-
hood B, . = p’l(upoﬁo), where u, . is the set of points £ € V* for which
|€ —&| < pg, and py is sufficiently small, one can introduce normal coordinates
z = (§,n). Here (§) € u, ¢, (n) € K,. Carrying out the necessary estimates of
| grad |F'(x)||| in the new coordinates, we obtain the theorem:

Theorem 6. If the equation F(z) = 0 has a nondegenerate manifold of solu-
tions V* and §, € V*, then there exists a cylindrical neighborhood B, . ~of the
root &y, in which all trajectories of equation (7) are stabilized to the manifold
of solutions and the inequalities (11) and (12) are satisfied.

Remark. The theorem on stabilization of the trajectories of equation (1) is
proved analogously in the case when the functional u(z) has a nondegenerate
manifold of minimum points.
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4. Multiple roots of nonlinear systems

Let £ be a solution of the finite-dimensional system F(x) = 0, and suppose the
vector-function F(z) belongs to the class C**1(G). Expand F(z) in a neighbor-
hood of ¢ by Taylor’ s formula:

F(z) = Dénm + ..+ Dlg’lr][k*u + D’gn[kl. (18)

Definition 3. A solution £ of the system F(z) = 0 is called a nondegener-
ate multiple root of multiplicity k if, in the expansion (18), the matrices
D, ..., D’g’l are equal to zero, while the resultant of the matrix D’g is different
from zero. The root is called strongly nondegenerate if the resultant of the
system of homogeneous polynomials

0 & k112
(k]
Ox; ’Dén ‘
is not equal to zero.

Theorem 7. If £ is a strongly nondegenerate multiple root of multiplicity k of
the system F'(z) = 0, then there exists a circular neighborhood K »¢ Of the root
in which all trajectories of system (7) are stabilized to &:

lim z(t) = ¢,

t—+4o00

and the inequalities (11) and (12) are satisfied with coefficient 8 = 1/k.

5. Multidimensional variational problems

Let G be a bounded domain of the n-dimensional Euclidean space R with smooth
boundary dG. Denote

grad” u(z) = (grad ® ... ® grad) u(z).

S

The jet of order k of the function w(z) will mean the vector-function
jet* u(z) = (grad® u(z), grad" u(z), ..., grad® u(z)),

i.e. the vector-function with components {D’u(x)}, where j ranges over the
set of multiindices satisfying the condition |j| < k. Suppose that the function
F(z,jet" u) is defined and belongs to the class C2*, and for z € G, |jetku| <
400, and that the variational functional

I(u) = /G Flz, jet* u) do (19)

is defined on functions u € w(Qk)(G) for which

(20)
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where u is a fixed function in the domain G, determining the boundary condi-
tions (5,9). The Euler-Lagrange equation for problem (19)—(20) has the form

—grad I (u) = Z (—1)ld+ DT = 0. (21)
lil<k

Consider the boundary-value problem for the corresponding equation of
parabolic type

ou

5 = Z (_1)\j\+1DJ]'jf‘;u (22)

l7l<k

under condition (20), with the initial condition u|,_, = u, and additional com-
patibility conditions.

Theorem 8. For the solution of problem (22), the identity (°) holds:

[ dt/@ (Z)zdx — I(u(z,t) — I(u(z,7)) (7> 1), (23)

i.e., the parabolic trajectory is a curve of steepest descent for the variational
functional (19)—(20).

Theorem 9. If equation (22) has a solution u(x,t) € C?*1(G x [0,t]), then the
function v(zx, s) = u(x, t(s)),
L /S I(v)ds
o leradI(v)]?’

is a solution of the equation

ov
i Z 1)+t pit (24)
Div
ds lgrad I(v)]? grad I ik
and for it the identity holds
|Tv(z,0)| = |I(v(z,s))|e” ). (25)

The case k = 1 is considered in (°).

An approximate solution of nonlinear systems and variational problems can be
obtained by approximately solving the differential descent equation.
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