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Let {}5,50‘/3 ) ()}&° be a system of Jacobi polynomials orthonormal on the inter-
val =1 < 2 < 1 with weight n(z) = (1 — 2)%(1 + )% (o, > —1), and let
R (f,2) = f(z) — S (f,z) be the n-th remainder of the Fourier-Jacobi
series of a function f(x) belonging to the class W H() of all functions whose
r-th derivative (r > 0) on the interval —1 < x < 1 satisfies a Lipschitz condition
of order v (0 < v < 1) with constant equal to one.

In the present note, for v and 5 > 0, an estimate is obtained for the quantity

sup RS (f, )] e
feEWm HM)

where |u(z)|o = max_ ;... [u(x)|. In addition, for the case of ultraspherical
polynomials (o« = 8=\ — % ) it is proved that the estimate obtained is exact in
the sense of order.

In what follows ¢ = max(«, ), and all constants Cj, ... depend neither on z,
nor on n, nor on the function f € W H",

Theorem 1. Let r > 0,0 <y <1, 7+7v > % Ifa B >0 qg> %, then the
estimate

o, C
sup R (f,2)]e < L (1)
feW(r)H(w) (n + 1)r+77q,§

is valid, while if o, 8 >0, ¢ < 3, or if @3 =0 (a >0, 3> 0), then

a Coln(n+2
swp RO, < 22
FeEWTHM (n 4 1)7“+’Y—(1—§

(2)

1

Theorem 2. Let a > —3,

C5 > 0 such that

r > 0,0 <~ < 1. Then there exists a constant
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a,o C
sup Ry (f,1)] 2 ———2——. (3)
few T HM (n—%])T+W_a_§
The proof of Theorem 1 is carried out with the aid of the strengthened Jackson
theorem (see (1), p. 276), by virtue of which, for any n > r, for every function

f(z) € WIWHO) one can construct an algebraic polynomial @, (x) of degree
< n such that

Gy

nrty

7@) = Qua)l < o [Vimar+ ] (—1<es),

nr+tvy

It follows from this that
R0 < 1700 - Qul + [ 1700~ QuIIKE it i <

Cs Co ' /247 /240 /2+7/2+8] (B
< gy [ QO A e

Gy e
Jr(n + 1)2(r+) [1 |K” (x,t)‘ n(t) dt =
Cs Ce Cr
Sy Tarym i s 2 @

where

K (@, t) = Y B @) B (0).
k=0

For the integral I, we have

1 , 1/2 1 1/2
I, < {/ | K (1) () dt} {/ n(t) dt}
N , 1/2 1 1/2 N 1/2
= {Z\P,ﬁa@(x)] } {/ n(t) dt} {Z k+1) 2q+1} < Cy(n+1)7+1,
k=0 -1

k=0

()
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From estimate (5) it follows that the last term in (4) is O((n + 1)2t1727727)
uniformly in z and f.

The estimate of the integral I, in the case o, 3 > 0, ¢ > 1/2 is carried out with
the help of the formula

(@) 7y — 1
Pn—l ((E) - (1 _ x)a/2+1(1 + w)ﬂ/Q‘Fl X

AL a5 -2 (545 -2) ] PP
1

—on / $(1 —1)/2(1 4 ¢)B2 PP (3 dt} (a, 8> 0), (6)

which follows from the differential equation for Jacobi polynomials. From this
formula it follows that for arbitrary o and 8 > 0 for which ¢ > 1/2, and for
—1 < t < 1, the inequality

PP () — PLP()

r—t

Cio(n+1)71/2
= (]_ _ t)a/2+1(]_ + t)ﬂ/2+1

(—1<z<1), (7)

holds, where the constant C}, depends neither on x, nor on ¢, nor on n. Using
the Christoffel-Darboux formula ((2), p. 83) and inequality (7), for a and 8 >
0, ¢ > 1/2 we obtain

I; < Cpy(n+ 1)TH1/2x

. /1(1 B t)(r+'y+a72)/2(1 + t)(r+’y+572)/2 Uﬁéaﬁ)@)‘ + ’péofr’lﬁ)(t)u dt.  (8)
1

But the integral in inequality (8) is bounded as n — oo (see (2), p. 180). From
inequalities (4), (5), and (8) the validity of estimate (1) follows.

In the cases where a, 8 > 0, ¢ < 1/2, or where a8 =0 (o > 0, 8 > 0), the
integral I; is estimated with the help of a device applied by P. K. Suetin (5)
to Legendre polynomials (& = 8 = 0), and of an inequality proved by S. N.
Bernstein (3):

‘Péa,ﬂ)(x” (1— x)a/2+1/4(1 +x>ﬁ/2+1/4 <C, (-1<z<1).

In proving Theorem 2 it is enough to restrict oneself to the consideration of
functions f(z) € WM HY | for which f(1) = f/(1) = ... = f(1) = 0.
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We have, for any A >0 and 0 < 6 <,

22722 T(n+2))
I'A) T(n+A+1

(sin 9)2A—1P7(,>‘)(cos 0) = ) Z o sin(n 4+ 2v +1)8, (9)
v=0

(L=NE=N =N

V!

=1 =

« (n+1)(n+2)-(n+v) o
n+A+Dn+A+2)(n+A+v)’ 2, ...

In the case of nonintegral A, this formula is given by G. Szegé (?). Using the

uniform convergence in A of the series in (9), one can prove formula (9) for
natural A = k, with fl(,]fl) =0 if v > k. With the aid of representation (9), the
expression for the remainder Ril)‘fl/Q’)‘fl/Q)(f, 1) = R%M, for arbitrary A > 0, is
brought to the form

2 00
R =alM {/ f(cos) Z 7o [cos(n + 2v + 1)y+
0 v=0

+ (1 — ﬁ%) cos(n + 2v + 2)¢] dyp—

21 00 s 3
_ ] ) 2\ sin(n + 2v + 3)¥
/0 f(cowb) ;:0 fon nt ULl 251n1/1/2 d¢} > (10)

where

ai =D(n+2X+ 1) 22 VAT HMn+ A+ 1]

The application of r-fold integration by parts and the Abel transformation in
the first integral in (10), as well as the application of Jackson’ s estimate (*) for
the n-th remainder of the Fourier series of a 27-periodic differentiable function
in estimating the second integral in (10), makes it possible to bring expression
(10) to the form

_1\roA+1 ™ _
Rgl)\):aglM{(l”/ CcoS |:(n+1+)\>w+(’l“+1/\)ﬂ':| X
0

(n+1)" 2 2
X COS % sin"™ ™ £ (cos ) dip + 13} , (11)
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where

In(n +2) )
In(n + 2) )
I3:O<(n-|—1>7'+’}’+5>’ lf0<5<)\<1

From (11) and from the fact that

sup
plz)eH)

m 1 (r+—1—wﬂﬂ] (- ‘
+o A+ —— | cos - d
/0 cos {(n 3 ) P 5 cos 5 sin Y (cosp) dyp

has order n™7, the validity of Theorem 2 follows. The indicated order is attained
on the function v, (z) € H" (=1 < z < 1), defined by the formula

on(@) = %u"(x) sign {Cos [(n + % + )\) arccos x + W} } :

where u,(z) = (z — a)" for € [a,(a +b)/2] and u,(x) = (b —x)Y for z €
[(a +b)/2,b], while [a,b] is any one of the parts into which the segment

[—1,1] is divided by the zeros of the function

1 (r+1—Mm
cos (n+§+)\> arccosr + —— | .

2

Let us note that in the case when o =  is an integer, inequality (1) follows
from the estimate of the Lebesgue function of the Fourier-Jacobi series obtained
by I. K. Daugavet 6.
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