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MATHEMATICS

R. S. ISMAGILOV, V. V. MARTYNOV

A CRITERION FOR THE DISCRETENESS
OF THE SPECTRUM OF A SELF-ADJOINT
SYSTEM OF FIRST-ORDER DIFFERENTIAL
EQUATIONS WITH SLOWLY VARYING CO-
EFFICIENTS
(Presented by Academician I. M. Vinogradov on VII 24, 1965)

We consider the self-adjoint operator in 𝐿2(−∞, +∞)

𝐷0𝑦 = 𝑖Λ0𝑦′ + 𝑄0(𝑥)𝑦(𝑥) = 𝑖 (𝜆1, 0
0, 𝜆2

) 𝑦′ + (𝑝, 𝑞
̄𝑞, 𝑟) 𝑦, (1)

where the real numbers 𝜆1 ⋅𝜆2 ≠ 0, and the matrix-function 𝑄0(𝑥) is continuous
everywhere on the axis and Hermitian in the unitary space 𝐸2. If 𝜆1 = −𝜆2 = 1
and 𝑝(𝑥) ≡ 𝑟(𝑥), then, in essence, we are dealing with the operator

𝑇0𝑦 = 𝐼0𝑦′ + 𝐴0(𝑥)𝑦(𝑥) = ( 0, 1
−1, 0) 𝑦′ + (𝑎, 𝑏

𝑏, 𝑐) 𝑦 (2)

in the Euclidean space 𝑅2, since 𝑇0 = 𝑈𝐷0𝑈−1 for 𝑈 = 1√
2

(−𝑖, 𝑖
1, 1). The

operator 𝑇0 was studied in a number of papers by E. C. Titchmarsh in connection
with the relativistic Dirac equation.

In note (2) certain sufficient conditions were proposed for discreteness of the
spectrum of the operator 𝐷0. The main content of the present note is the proof
of a necessary and sufficient condition for discreteness of the spectrum, valid in
the class of operators with slowly varying coefficients.

Theorem. 1) Let the matrix 𝑄0(𝑥) vary slowly, i.e.

‖𝑄0(𝑥) − 𝑄0(𝑡)‖ ≤ const∗ (3)

for all |𝑥 − 𝑡| ≤ 1. Then the spectrum of the operator is discrete if and only if
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lim
|𝑥|→∞

[ |𝑞(𝑥)|√−4𝜆1𝜆2 − |𝜆2𝑝(𝑥) − 𝜆1𝑟(𝑥)| ] = +∞. (4)

2) If the matrix 𝑄0(𝑥) varies slowly, then the continuous spectrum of the
operator 𝐷0 is bounded above (it may also be empty) if and only if

lim
𝜆→+∞

lim
|𝑥|→∞

[ |𝑞(𝑥)|√−4𝜆1𝜆2 − |(𝜆2𝑝 − 𝜆1𝑟) + 𝜆(𝜆1 − 𝜆2)| ] = +∞. (5)

3) If the matrix 𝑄0(𝑥) varies slowly, then the continuous spectrum of the
operator 𝐷0 is bounded below (it may also be empty) if and only if

lim
𝜆→−∞

lim
|𝑥|→∞

[ |𝑞(𝑥)|√−4𝜆1𝜆2 − |(𝜆2𝑝 − 𝜆1𝑟) + 𝜆(𝜆1 − 𝜆2)| ] = +∞. (6)

Corollary. If 𝜆1 = −𝜆2 = 1 and 𝑝(𝑥) ≡ 𝑟(𝑥), then conditions (4), (5), (6)
admit a reformulation in terms of the eigenvalues of the matrix 𝑄0(𝑥) (and
hence also of the matrix 𝐴0(𝑥)):

* ‖𝐵‖, 𝜇[𝐵], and 𝜈[𝐵] will denote, respectively, the Euclidean norm, the smallest and the largest eigenvalues of the Hermitian matrix 𝐵.

1′) the spectrum is discrete if and only if

lim
|𝑥|→∞

𝜈[𝐴0(𝑥)] = +∞, lim
|𝑥|→∞

𝜇[𝐴0(𝑥)] = −∞; (7)

2′) the continuous spectrum is bounded above if and only if

lim
|𝑥|→∞

𝜈[𝐴0(𝑥)] = +∞ and the function 𝜇[𝐴0(𝑥)] is bounded above; (8)

3′) the continuous spectrum is bounded below if and only if

lim
|𝑥|→∞

𝜇[𝐴0(𝑥)] = −∞ and the function 𝜈[𝐴0(𝑥)] is bounded below. (9)

Thus, in this case the spectral alternative is valid (cf. (1), p. 174): the continuous
part of the spectrum of the operator 𝐷0 either is absent, or else is unbounded
at least on one side.

Proceeding to the proof of the theorem, consider, as in (2), the more general
operator

𝐷𝑦 = 𝑖Λ𝑦′ + 𝑄(𝑥)𝑦(𝑥), (10)
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where the principal part contains a constant real diagonal invertible matrix Λ,
and the matrix function 𝑄(𝑥) is continuous and Hermitian in the unitary 𝐸𝑘
(𝑘 ⩾ 2).
Lemma 1 (splitting principle; cf. (1), §§ 1, 2). The distance from a real point
𝜆 to the continuous spectrum of the operator (10) is equal to

lim
𝑟→+∞

( inf
𝑦∈𝐾(𝑟,∞)

‖𝐷𝑦 − 𝜆𝑦‖
‖𝑦‖ ) , (11)

where 𝐾(𝑟, ∞) denotes the class of finite piecewise-smooth vector functions, the
compact support of each of which is situated outside the interval (−𝑟, +𝑟).
Corollary 1. In order that the spectrum of the operator 𝐷 be discrete, it is
necessary and sufficient that

lim
𝑟→+∞

( inf
𝑦∈𝐾(𝑟,∞)

‖𝐷𝑦‖
‖𝑦‖ ) = +∞. (12)

Corollary 2. In order that the continuous part of the spectrum of the operator
𝐷 be bounded above, it is necessary and sufficient that

lim
𝜆→+∞

lim
𝑟→+∞

( inf
𝑦∈𝐾(𝑟,∞)

‖𝐷𝑦 − 𝜆𝑦‖
‖𝑦‖ ) = +∞. (13)

The condition for boundedness of the continuous spectrum below and for its
two-sided boundedness is equivalent, respectively, to the requirements that the
expression (11) tend to infinity as 𝜆 → −∞ and as |𝜆| → ∞.

Lemma 2 (splitting principle; cf. (1), p. 66). Put

𝑑(𝜆; Δ) = 𝑑(𝜆; 𝑎, 𝑏) = inf
𝑦∈𝑁(Δ)

‖𝐷𝑦 − 𝜆𝑦‖2

‖𝑦‖2 ,

where the class 𝑁(Δ) = 𝑁(𝑎, 𝑏) consists of finite piecewise-smooth vector func-
tions vanishing outside the interval Δ = [𝑎, 𝑏]. For any number ℎ (0 < ℎ <
𝑏 − 𝑎 ⩽ ∞) there exists in Δ an interval Δ′ of length ℎ such that

𝑑(𝜆; Δ) ⩽ 𝑑(𝜆; Δ′) ⩽ 𝑑(𝜆; Δ) + 32
ℎ2 ‖Λ‖2. (14)

Corollary 1′. The spectrum of the operator 𝐷 is discrete if and only if

lim
|𝑥|→∞

𝑑(0; 𝑥, 𝑥 + 1) = +∞. (15)
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Corollary 2′. The continuous part of the spectrum of the operator 𝐷 is
bounded above if and only if

lim
𝜆→+∞

lim
|𝑥|→∞

𝑑(𝜆; 𝑥, 𝑥 + 1) = +∞. (16)

The conditions for boundedness of the continuous spectrum below and for its
two-sided boundedness coincide with (16) for 𝜆 → −∞ and |𝜆| → ∞, respec-
tively.

Suppose now that the matrix 𝑄 varies slowly. Then 𝑑(0; 𝛼, 𝛼+1) = 𝑚(𝛼)+𝑂(1),
where

𝑚(𝛼) = inf
𝑦∈𝑁(𝛼,𝛼+1)

[∫
𝛼+1

𝛼
|𝑖Λ𝑦′(𝑡) + 𝑄(𝛼)𝑦(𝑡)|2 𝑑𝑡/ ∫

𝛼+1

𝛼
|𝑦(𝑡)|2 𝑑𝑡] .

Consequently, the spectrum is discrete if lim|𝛼|→∞ 𝑚(𝛼) = +∞. But, on the
other hand, by virtue of inequality (14), 𝑚(𝛼) = 𝑛(𝛼) + 𝑂(1), where

𝑛(𝛼) = inf
𝑦∈𝑁(−∞,+∞)

[∫
+∞

−∞
|𝑖Λ𝑦′(𝑡) + 𝑄(𝛼)𝑦(𝑡)|2 𝑑𝑡/ ∫

+∞

−∞
|𝑦(𝑡)|2𝑑𝑡] .

Thus the spectrum is discrete if and only if lim|𝛼|→∞ 𝑛(𝛼) = +∞. To compute
𝑛(𝛼), we apply the Fourier transform:

𝑛(𝛼) = inf
𝑧

[∫
+∞

−∞
|𝑄(𝛼)𝑧(𝑡) − 𝑡Λ𝑧(𝑡)|2 𝑑𝑡/ ∫

+∞

−∞
|𝑧(𝑡)|2𝑑𝑡]

= inf
𝑡∈(−∞,+∞)

𝜇 [(𝑄(𝛼) − 𝑡Λ)2]

= inf
𝑡
min
|𝜉|=1

[(Λ2𝜉, 𝜉)𝑡2 − 2(ReΛ𝑄𝜉, 𝜉)𝑡 + (𝑄2(𝛼)𝜉, 𝜉)] .

Thus we finally obtain: the spectrum of the operator 𝐷 is discrete if and only if

lim
|𝛼|→∞

[min
|𝜉|=1

𝑋(𝛼; 𝜉)] = +∞, (17)

where

𝑋(𝛼; 𝜉) = (Λ2𝜉, 𝜉)(𝑄2(𝛼)𝜉, 𝜉) − [Re(Λ𝑄𝜉, 𝜉)]2 .

It is not difficult to show that for 𝑘 = 2 condition (17) is equivalent to condition
(4) of the theorem.
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Remark. The lemmas and condition (17) remain valid if in the principal part
of the operator 𝐷 there stands an arbitrary (not necessarily diagonal) constant
Hermitian matrix Λ.
In conclusion, the authors express their gratitude to Prof. M. A. Naimark.
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