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AN ITERATIVE METHOD FOR SOLVING A
CONVEX PROGRAMMING PROBLEM

(Presented by Academician A. 1. Mal tsev, 8 XII 1965)

We consider an iterative method for solving a convex programming problem,
i.e., the problem of minimizing a linear function (¢,x) on a closed convex set
M C R™. The set M may be specified, in particular, as the set of solutions of
a system of inequalities

fiz) <0 (G=1,2,..,0), (1)

where f;(z) are convex functions defined on R".

I. An operator ¢, defined on R™ with range in R", will be called Fejér with
respect to the closed convex set M if, for p ¢ M, the inequality |¢o(p)—y| < [p—y|
holds for all y € M, and ¢(p) = p for p € M. Let us indicate some properties
of the sequence {¢*(p)} generated by the point p and the operator ¢:

1°. If the set M is n-dimensional, then {©*(p)} — p’ € R™.

2°. If at least one limit point p’ of the sequence {¢*(p)} belongs to M, then
{e* )} —p".
3°. If the operator ¢ is continuous, then {¢*(p)} — p’ € M.

We note that property 2° characterizes an arbitrary Fejér sequence {p,} (with
respect to M), i.e., one such that |p,,; —y| < |p, —y| for all k and y € M.

A Fejér operator ¢ (with respect to M) will be called c-Fejér if, for any p € R™,
the relation {¢*(p)} — p’ € M is valid. Consequently, a continuous Fejér
operator is c-Fejér.

We give examples of c-Fejér mappings associated with the set M of solutions
of the system of inequalities (1) ("1). We shall assume the functions f;(z) in
system (1) to be smooth.

Let d(x) be a real continuous convex function defined on R™ and having the
property {x | d(x) < 0} = M; let e(x) be a vector function that does not take
zero values outside M and is bounded on every bounded set.
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We shall say that the functions d(z) and e(z) satisfy condition (x) if, for
p ¢ M, the half-space corresponding to the inequality (e(p),x —p) + d(p) <0
contains M. We give examples of defining functions d(z) and e(z) satisfying
condition (*):

1) d(z) = max; f,(2), e(z) = Vf

J Ja

I(@) = {k | d(@) = filo));
2)

(x), where V denotes the gradient, j, €

dz)= Y kfix), e(@)= Y kVfi(x),

jes(z) jes(x)

where k; (j = 1,2,...,1) is a system of positive constants, s(z) = {k | fy(z) > 0};
3)

(here, as in 2), we set d(z) = 0 if s(z) is empty).
If the functions d(x) and e(x) satisfy condition (x), then the mapping

d
p:p)=p—A eé;)Pe(p)

for d(p) > 0, and p(p) = p if d(p) <0 (0 < A < 2), is c-Fejér with respect to
the set M. If, moreover, the role of M is played by the set of solutions of the
system of inequalities (1), then the choice of the functions d(x) and e(x) may
be made by any of the methods listed above.

The mapping o)
i\p
J

V()

for f;(p) > 0, and ;(p) = p if f;(p) <0, 0 < A < 2, is a continuous Fejér
mapping with respect to

;i pilp)=p—A V;(p)

M; ={z| f;(z) <0}
(1). Hence it follows that the mapping

P =PiPr—1P1»
being a continuous Fejér mapping with respect to
(M =M,
J

will be c-Fejér with respect to M.
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II. Let us proceed to the consideration of problem C: find
m = Inf . ,,(c, x),
where M is some convex closed set in R™. The optimal set
M= {z|(c,x) = m}
will be assumed nonempty and bounded (condition C3, (?)). Note that
M=MnNP=MnNP,

where P is the half-space corresponding to the inequality (c,z) < m, and
P is its boundary hyperplane. The vector ¢ is assumed normalized.

Let ¢ be an arbitrary c-Fejér operator with respect to the set M, and let d(x)
be some continuous convex function for which

{z|d(z) <0} =M.

Define a sequence {p,} (for arbitrary p, € R™) by the relation

Pri1 = P (Pg) — Age, (2)

where n;, is a natural number, chosen in one way or another for each k; A\, €
(0, Ag], Ag > 0. Here the choice of n; will be determined by the condition

d o™ (p)] < Ap (3)
(since ¢ is a c-Fejér operator, such a choice of n;, is possible).

Let
Se)={z]|(c,z) —m <e, d(x) <e}, e>0.

The set S(e) is bounded (this follows from (2), theorem 1, Ch. 7), and moreover
S(e) = M as € — 0. Introduce the notation

5(e) = sup |z — M|
zeS(e)

and
D(e) =d(e) + 2¢

(Jz — M| is the distance from the point x to M). Note the obvious relation

D(e) =0 ase—0. (4)

Theorem. Suppose that for problem C condition C3 is satisfied. If the sequence
{p,} is defined by relation (2), with n; chosen in accordance with (3), then:
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1) for A\, =€ > 0 there exists a natural number N, such that for k > N,

and therefore
(e, pr) — M| < D(e);

2) for A\, — 0 and > A, = 400,

and, consequently,

as k — +oo.
Proof. Consider three cases.

Case 1. Suppose that for almost all £ (i.e., starting from some k) p, € P. Let
P =" (P)-
Since d(py,) < A (see (3)) and
(¢ Pp) =M = (€, g1 + Ape) =M = (€, 1) =M+ X < Ay,
we have p;, € S(\;). Therefore
|Prn — M| < By, — M|+ A, < 6(0) + Xy, < DOV, k= k.

From this relation the validity of both assertions of the theorem for the case
under consideration is easily seen.

Case 2. Suppose that for k > k, (k, some natural number) p, ¢ P. We first
prove the inequality

A (21p — Pl = Ay) < |pg — MJ? = |pgsy — M2, k = k. (5)
Denote by g, the projection of the point p, onto M. We have
Pt — M2 < |pypr — a? = Py — Me — @u* = B — @ + A2 — 20,(B — @1 ©).
Further, since ¢ is a Fejér operator, |p, — qi| < |p, — ¢i|- Let us also note that

(P, — @i, ¢) = |p, — P| (the latter follows from the fact that ¢, € P, |c| = 1).
We can now rewrite the inequality obtained above in the form

s — M|? < |pp — M> + A} — 2, |p,, — P|.

But it differs only in form from what was to be proved.
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Since p,., ¢ P, k > ky, we have |p,,; —y| < |p, —y| for any y € P D M.
Moreover, |p, — y| < |p, — y| for arbitrary y € M. Therefore the sequence
{pPrsDr}s k > ko, is a Fejér sequence (if possible repetitions of its terms are
disregarded) with respect to M , and consequently is bounded.

We shall show next that, when A, = € > 0, the case 2 under consideration is
impossible. Indeed, from (5) it follows that

N
> eIy — Pl —¢) < |py, — MI* — |pyy1 — M2, N > k.
kO

Since py,, = p, —ec, and p, ., € P, k > kg, it is obvious that |p, — P| >
|pi — Pri1l = €. Hence € < 2|p,, — P| — ¢, and consequently

N
(N —kg)e* < ZE(2|Z3k — P|—¢) <|py, — M + |pyq — M.
ko

By boundedness of |py,; — M|? (uniformly in N), the last inequality is contra-
dictory for sufficiently large V.

Let now the conditions A\;, — 0 and > A, = +o00 be satisfied. Since d(p,) < Ay,
it follows that
|pp, — M| =0 ask — +oo. (6)

If, moreover, Inf, |p, — P| = 0, then one of the limit points p’ of the Fejér
sequence {p,} will lie in P, and therefore, by virtue of (6), also in PN M =
M. But then p’ will be the unique limit point for the sequence {p,p;}, and
|pk—]\7| — |p’—M]| = 0, as required. Let us show that the relation Infy |p,—P| =
a > 0 is impossible. From (5) it follows that

N
S A28, — Pl = A < o, — MP —lpyyy — M1, kg <N.  (7)
kO

Since A, — 0, starting from sufficiently large k the relation 2|p, — P|— A, > a/2
will hold. The latter leads to the conclusion that the series D, Ay (2[p,—P|—A)
diverges (the series ) |, A, diverges!). But this contradicts the fact that the right-
hand side of inequality (7) is bounded (uniformly in N). The consideration of
case 2 is complete.

Case 3. It remains for us to consider the case when infinitely many elements
of the sequence {p,} are contained both in P and outside P. In the sequence
{py}, select the segments A, = {p,/, ..., p,» } according to the following property:
pp € P for p, € A,, but p,».; ¢ P. Denote by A, the segment of elements
between A, and A, ;. Let now p,,; be an arbitrary element of {p,}, and let s
be the number for which either p,.; € A, or p.q € A,. If pyy € A, then it
is easy to see the inclusion p,, € S()\;), and therefore

et — M| < (A) + A (8)
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If, however, p,.; € A, then
‘pk+1 - M| < |ps”+1 - M| < |I_)s” - M| + )\3”7
and consequently, since p,» € A,
|pk+1 - M| S 5()‘5”71) + )‘s”fl + )‘s”'

The inequality obtained, together with (8), makes it possible to conclude that
the theorem is valid also for the case 3 under consideration.

Let us note that the method described, as applied to the problem of linear
programming and for a certain particular choice of the operator ¢, is close in
idea to the method of [3].

ITI. In practical problems of convex (in particular, linear) programming, it is
most often necessary to find an optimal solution among the nonnegative
solutions of system (1). Of course, one could include in system (1) the
inequalities —z; < 0 (i = 1,...,n), where (x4, ...,x,) = z, and apply the
method described above to the resulting system. However, it would be
desirable to take the condition z > 0 into account in the method more
economically, and this is in fact possible. It suffices to replace relation (2)
by

+
Pra1 = [#" (Pe) — Aic] s

here the plus sign over the vector denotes replacing its negative coordinates by

zeros. The sequence {p,} then solves the problem posed.
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