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THEORY OF ELASTICITY

N. N. DOLININA

ON FUNCTIONS OF SPECIAL OPERA-
TORS IN THE THEORY OF ELASTIC-
HEREDITARY MEDIA
(Presented by Academician Yu. N. Rabotnov, December 7, 1965)

The effective solution of many complex problems in the theory of elastic-
hereditary media on the basis of V. Volterra’s principle (1), by bringing in
the corresponding solutions of elastic problems, when the latter are expressed
through irrational and transcendental functions of elastic constants, can
be carried out only by deciphering the corresponding functions of integral
operators.

Consider a function of the coordinates 𝑥(𝑥1, 𝑥2, 𝑥3) and of integral operators
ℰ∗

𝛼(−𝛽𝑖) with fractional-exponential kernels of the type of Yu. N. Rabotnov (1),
with rheological parameters 𝛽𝑖 > 0 (𝑖 = 1, 2, … , 𝑛), represented in the form of
the expansion

𝑓[𝑥; ℰ∗
𝛼(−𝛽1), … , ℰ∗

𝛼(−𝛽𝑛)] =

=
∞

∑
𝑚1,…,𝑚𝑛=0

𝑎𝑚1,…,𝑚𝑛
(𝑥)𝐷𝑚

𝑛
∑
𝑖=1

[
𝑛

∏
𝑘=1

(𝛽𝑖 − 𝛽𝑘)]
−1

ℰ∗
𝛼(−𝛽𝑖), (1)

where the differential operator

𝐷𝑚 = (−1)𝑚1+⋯+𝑚𝑛−1

∏𝑛
𝑖=1(𝑚𝑖 − 1)!

𝜕𝑚1+⋯+𝑚𝑛−𝑛

𝜕𝛽𝑚1−1
1 … 𝜕𝛽𝑚𝑛−1

𝑛
. (2)

Expansion (3) is carried out in accordance with the properties of the operators
ℰ∗

𝛼, established by M. I. Rozovskii (2).
For uniform convergence of series (1) in any finite domain of variation of the
arguments, it is sufficient that the corresponding majorizing power series for
𝑓(𝜉1, … , 𝜉𝑛) converge at least for arbitrarily small values of 𝜉𝑖. The validity of
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the latter is confirmed by Ya. V. Bykov’s theorem (3) on the convergence of
composition series of permutable functions.

When the function of operators under consideration acts on some function of
time, then

ℰ∗
𝛼(−𝛽𝑖)𝜑(𝑡) = ∫

𝑡

0

∞
∑
𝜈=0

(−𝛽𝑖)𝜈(𝑡 − 𝜏)𝜈(1+𝛼)+𝛼

Γ[(𝜈 + 1)(1 + 𝛼)] 𝜑(𝜏) 𝑑𝜏, −1 < 𝛼 ≤ 0. (3)

Thus, representations (1)—(3) make it possible in principle to solve the problem
posed. However, such a solution is of little use for qualitative analysis.

Consider the characteristic cases when 𝜑(𝑡) ≈ 𝜑(0) for small 𝑡, and when 𝜑(𝑡) ≈
𝜑(∞) for sufficiently large 𝑡, where 𝜑(∞) is the established finite value of 𝜑(𝑡)
as 𝑡 → ∞.

In the first case the approximation holds

ℰ∗
𝛼(−𝛽𝑖)𝜑(𝑡) ≈ 𝑞𝜑(𝑡)

1 + 𝑞𝛽𝑖
, (4)

where 𝑞𝛽𝑖 < 1, 𝑞 = 𝑡1+𝛼[Γ(2+𝛼)]−1, obtained on the basis of the approximation
given in (4), with error

Δ < 𝑀𝑞2𝛽2
𝑖 [Γ(2𝛼 + 3)]−1, 𝑀 = max 𝜑(𝑡).

From representation (1), taking (4) into account, we obtain

𝑓 [𝑥; 𝔇∗
𝛼(−𝛽1), … , 𝔇∗

𝛼(−𝛽)] ≈

≈
∞

∑
𝑚1,…,𝑚𝑛=0

𝛼𝑚1,…,𝑚𝑛
𝐷𝑚

𝑛
∑
𝑖=1

𝑞𝜑(𝑡)

(1 + 𝑞𝛽𝑖)
𝑛

∏
𝑘=1

(𝛽𝑖 − 𝛽𝑘)
. (5)

After summing the series (5), we shall have

𝑓 [𝑥; 𝔇∗
𝛼(−𝛽1), … , 𝔇∗

𝛼(−𝛽𝑛)] 𝜑(𝑡) ≈ 𝑓 (𝑥; 𝑞
1 + 𝑞𝛽1

, … , 𝑞
1 + 𝑞𝛽𝑛

) 𝜑(𝑡), (6)

where 𝑞 is the function of time 𝑡 indicated above.
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In the second case, when 𝜑(𝑡) ≈ 𝜑(∞) and 𝛽𝑖𝑡1+𝛼 > 1, it is expedient to use
the approximation

𝔇∗
𝛼(−𝛽𝑖)𝜑(𝑡) ≈ 𝜑(𝑡)

𝛽𝑖
[1 −

𝑁
∑
𝜈=1

(−1)𝜈−1 𝛽−𝜈
𝑖 𝑡−𝜈(1+𝛼)

Γ(1 − 𝜈 − 𝛼𝜈)] , (7)

obtained on the basis of the expression of the operator 𝔇∗
𝛼 through the Mittag-

Leffler function (4) and the corresponding asymptotics (5).
From representation (1), taking (8) into account, we obtain

𝑓 [𝑥; 𝔇∗
𝛼(−𝛽1), … , 𝔇∗

𝛼(−𝛽𝑛)] 𝜑(𝑡) ≈

≈

⎧{{
⎨{{⎩

∞
∑

𝑚1,…,𝑚𝑛=0
𝛼𝑚1,…,𝑚𝑛

𝐷𝑚
𝑛

∑
𝑖=1

1

𝛽𝑖
𝑛

∏
𝑘=1

(𝛽𝑖 − 𝛽𝑘)

−
∞

∑
𝑚1,…,𝑚𝑛=0

𝛼𝑚1,…,𝑚𝑛
𝐷𝑚

𝑛
∑
𝑖=1

1

𝛽𝑖
𝑛

∏
𝑘=1

(𝛽𝑖 − 𝛽𝑘)

𝑁
∑
𝜈=1

(−1)𝜈−1 𝛽−𝜈
𝑖 𝑡−𝜈(1+𝛼)

Γ(1 − 𝜈 − 𝛼𝜈)

⎫}}
⎬}}⎭

𝜑(𝑡).

(8)

The first series in representation (8) is reduced to the form

∞
∑

𝑚1,…,𝑚𝑛=0
𝛼𝑚1,…,𝑚𝑛

1
𝑛

∏
𝑖=1

𝛽𝑚𝑖
𝑖

= 𝑓 (𝑥; 2
𝛽1

, … , 1
𝛽𝑛

) . (9)

The summation of the second series in representation (8) is carried out by in-
voking the formula

𝑁
∑
𝜈=1

𝑛
∑
𝑖=1

1

𝛽𝜈+1
𝑖

𝑛
∏
𝑘=1

(𝛽𝑖 − 𝛽𝑘)
=

𝑁
∑
𝜈=1

(−1)𝑛+𝜈−1

𝜈! (
𝑛

∑
𝑖=1

𝜕
𝜕𝛽𝑖

)
(𝜈)

1
𝑛

∏
𝑖=1

𝛽𝑖

, (10)

where
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(
𝑛

∑
𝑖=1

𝜕
𝜕𝛽𝑖

)
(𝜈)

= ∑ 𝜈!
𝛼1! ⋯ 𝛼𝜈!

𝜕𝛼1+⋯+𝛼𝜈

𝜕𝛽𝛼1
1 ⋯ 𝜕𝛽𝛼𝜈𝜈

. (11)

In expression (11), the summation extends over all possible groups of nonneg-
ative integers 𝛼𝑖 (𝑖 = 1, 2, … , 𝜈). Then the expression for the second series in
representation (8) is transformed into the form

∞
∑

𝑚1,…,𝑚𝑛=0
𝛼𝑚1,…,𝑚𝑛

𝐷𝑚
𝑁

∑
𝜈=1

(−1)𝑛𝑡−𝜈(1+𝛼)

𝜈! Γ(1 − 𝜈 − 𝛼𝜈) (
𝑛

∑
𝑖=1

𝜕
𝜕𝛽𝑖

)
𝜈

1
𝑛

∏
𝑖=1

𝛽𝑖

=

=
𝑁

∑
𝜈=1

𝑡−𝜈(1+𝛼)

𝜈!Γ(1 − 𝜈 − 𝛼𝜈) (
𝑛

∑
𝑖=1

𝜕
𝜕𝛽𝑖

)
(𝜈)

𝑓 (𝑥; 1
𝛽1

, … , 1
𝛽𝑛

) . (12)

Taking into account the representations (9) and (12), we finally obtain, for
sufficiently large 𝑡,

𝑓[𝑥; ℰ∗
𝛼(−𝛽1), … , ℰ∗

𝛼(−𝛽𝑛)]𝜑(𝑡) ≃ ⎡⎢
⎣

𝑓 (𝑥; 1
𝛽1

, … , 1
𝛽𝑛

) +
𝑁

∑
𝜈=1

𝑡−𝜈(1+𝛼)

𝜈!Γ(1 − 𝜈 − 𝛼𝜈) (
𝑛

∑
𝑖=1

𝜕
𝜕𝛽𝑖

)
(𝜈)

𝑓 (𝑥; 1
𝛽1

, … , 1
𝛽𝑛

)⎤⎥
⎦

.

(13)

Here the error corresponding to (13) is estimated by using the estimate of the
error (5) of approximation (8) as follows:

𝑟𝑁(𝑡) ≤ (−1)𝑁+1Γ[(1 + 𝛼)𝑁 + 1 + 𝛼]𝜑(∞)
(𝑁 + 2)!𝜋𝑡1+𝛼+𝑁(1+𝛼) (

𝑛
∑
𝑖=1

𝜕
𝜕𝛽𝑖

)
(𝑁+2)

𝑓 (𝑥; 1
𝛽1

, … , 1
𝛽𝑛

) .

The representations (6) and (13) of functions of operators make it possible to
study effectively the solutions of complicated problems in the theory of elastic-
hereditary bodies.

As an application, let us determine the stresses 𝜎𝑟 and 𝜎𝜃 arising in a continuous
elastic-hereditary disk with cylindrical anisotropy, compressed along the circum-
ference by constant normal forces 𝑝0. For this purpose we first form, according
to V. Volterra’s principle, the operator expressions

𝜎𝑟 = −𝑝0(𝑟/𝑏)𝑘̄−1, 𝜎𝜃 = −𝑝0𝑘̄(𝑟/𝑏)𝑘̄−1, (14)

where
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𝑘̄ = 𝑘√1 + 𝜒1ℰ∗𝛼(−𝛽1) + 𝜒2ℰ∗𝛼(−𝛽2),

obtained by applying the known formulas (6) corresponding to the correspond-
ing elastic problem, in which the moduli 𝐸𝑟 and 𝐸𝜃 are replaced by the operators

̄𝐸𝑟 = 𝐸𝑟0[1 − 𝜒𝑟ℰ∗
𝛼(−𝛽𝑟)],

̄𝐸𝜃 = 𝐸𝜃0[1 − 𝜒𝜃ℰ∗
𝛼(−𝛽𝜃)], 𝛽𝑟 > 𝜒𝑟, 𝛽𝜃 > 𝜒𝜃,

with subsequent use of the basic properties of ℰ∗
𝛼-operators. Here

𝜒1 = (𝛽𝜃𝜒𝜃 − 𝛽𝑟𝜒𝜃)𝜆−1, 𝜒2 = (𝜒𝜃𝜒𝑟 + 𝜒𝑟𝛽𝑟 − 𝜒𝑟𝛽𝜃 − 𝜒2
𝑟)𝜆−1,

𝜆 = 𝛽𝑟 − 𝛽𝜃 − 𝜒𝑟, 𝛽1 = 𝛽𝜃, 𝛽2 = 𝛽𝑟 − 𝜒𝑟, 𝑘0 = √𝐸𝜃0/𝐸𝑟0.

According to representation (6), for the case 𝛽𝑖𝑡1+𝛼 < Γ(2 + 𝛼) the problem
reduces to replacing, in (14), the operator 𝑘̄ by its expression

𝑘̄ = 𝑘0 [1 +
2

∑
𝑖=1

𝜒𝑖 (1 − Γ(2 + 𝛼)
Γ(2 + 𝛼) + 𝛽𝑖𝑡1+𝛼 )]

1/2

. (15)

In the case 𝛽𝑖𝑡1+𝛼 ≫ 1, according to (13), we shall have, for 𝑁 = 1,

𝜎𝑟(𝑡) = 𝜎𝑟(∞) + 1
𝑡1+𝛼Γ(−𝛼) ( 𝜕

𝜕𝛽𝜃
+ 𝜕

𝜕(𝛽𝑟 − 𝜒𝑟)) 𝜎𝑟(∞). (16)

The stress 𝜎𝜃(𝑡) is obtained from (16) by replacing the index 𝑟 by 𝜃. The quan-
tities 𝜎𝑟(∞) and 𝜎𝜃(∞) are determined by means of formulas (14) by replacing
in them the operator 𝑘̄ by its limiting value

𝑘∞ = 𝑘0 [(𝛽𝜃 − 𝜒𝜃)𝛽𝑟
(𝛽𝑟 − 𝜒𝑟)𝛽𝜃

]
1/2

. (17)

The author expresses gratitude to Prof. M. I. Rozovskii for suggesting the topic
and for valuable advice.

Dnepropetrovsk
Mining Institute
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