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(Presented by Academician Yu. N. Rabotnov, December 7, 1965)

The effective solution of many complex problems in the theory of elastic-
hereditary media on the basis of V. Volterra’ s principle (}), by bringing in
the corresponding solutions of elastic problems, when the latter are expressed
through irrational and transcendental functions of elastic constants, can
be carried out only by deciphering the corresponding functions of integral
operators.

Consider a function of the coordinates z(xy, x4, z5) and of integral operators
& (—B;) with fractional-exponential kernels of the type of Yu. N. Rabotnov (1),
with rheological parameters 5, > 0 (i = 1,2, ...,n), represented in the form of
the expansion

f[(E; 6?&(751)7 ) g*c;(*ﬂn)] =

-1
my,...,m,, =0 i=1 | k=1

where the differential operator

(_1)m1+‘“+mn*1 Hmatetm,—n

D = = — —. 2
S ¥ O DT AR R @)

Expansion (3) is carried out in accordance with the properties of the operators
&, established by M. 1. Rozovskii ().

For uniform convergence of series (1) in any finite domain of variation of the
arguments, it is sufficient that the corresponding majorizing power series for
f(&, -0, &,) converge at least for arbitrarily small values of ;. The validity of
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the latter is confirmed by Ya. V. Bykov’ s theorem (%) on the convergence of
composition series of permutable functions.

When the function of operators under consideration acts on some function of
time, then

t oo 7_) v(l4+a)+a
£ (— = - <0.
& (- /;J u+1 T o(7) dr, l<a<0. (3)

Thus, representations (1)—(3) make it possible in principle to solve the problem
posed. However, such a solution is of little use for qualitative analysis.

Consider the characteristic cases when o(t) & ¢(0) for small ¢, and when @(t) ~
p(00) for sufficiently large ¢, where ¢(c0) is the established finite value of ¢(t)
as t — oo.

In the first case the approximation holds

(=800 ~ 2L ()

where ¢8; < 1, ¢ = t'7*[['(2+a)] 7!, obtained on the basis of the approximation
given in (%), with error

A < M@ B2 (2a + 3)] 7L, M = max p(t).

From representation (1), taking (4) into account, we obtain

Q

flasD5(=B1), -, DL(=D)]

~ Z mla MMy sz gp( ) (5)
mq,...,m, =0 i=1 1 + qﬁ H 5 Bk
k=1
After summing the series (5), we shall have
Pl Di(=B1), o DB p(t) ~ f (:c; T ) e(t),  (6)
L+qb 1448,

where ¢ is the function of time ¢ indicated above.
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In the second case, when ¢(t) ~ p(o0) and B;t1t® > 1, it is expedient to use
the approximation

N vy
D (-B)e(t) ~ B 113 (-1 ti , (7)

v=1

obtained on the basis of the expression of the operator @}, through the Mittag-
Leffler function (*) and the corresponding asymptotics (°).

From representation (1), taking (8) into account, we obtain

Flas D5(=51), - DL (=B)] e(t) ~

00 n 1
~ Z mq, ..,man Z n
i =0 i | (G
k=1
o n N B7 t—v(1+a)
_ Z Xy, Z T Z m o(t).
my,...,m, =0 i=1 H 5 5]@ v=1

The first series in representation (8) is reduced to the form

S o f( 2 51) ©)

my,...,m,, =0 ﬁml
@

The summation of the second series in representation (8) is carried out by in-
voking the formula

N n 1 N n+1/1 n 8 ) 1
> D — Z o ( aﬁ) . (o)

v=1 i=1 ﬂ;/+1 H(ﬁz o Bk
k=1

where
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@)
~ 90 V! ot ta,
N : 11
(2 8ﬂi> ZOél!-"aV! OB - 0By (11)

In expression (11), the summation extends over all possible groups of nonneg-
ative integers «; (i = 1,2,...,v). Then the expression for the second series in
representation (8) is transformed into the form

RICI ) i e iy § o ) RS S
e ey e e IT (L v — av) \ = OB, n -
trmin B - Hﬁi

)
N tfz/(lJra) n9 ) .
:;m (Za@> f(:c;ﬁl,...,@) _ (12)

Taking into account the representations (9) and (12), we finally obtain, for
sufficiently large t,

: ‘(= N YT T L o
f[x’ga(iﬂl%“wga( ﬁn)kp(t) - [f (.T, /617".75”> +;Z/!F(1—I/—Oéy) (il 6

(13)

Here the error corresponding to (13) is estimated by using the estimate of the
error (5) of approximation (8) as follows:

()N IT[(1 + )N + 1 + afp(o0) (2”: 9 >(N+2)f< 1 )

t) < T e
ry(t) < (N + 2)lrtli+atN(+a) Z; B, B,

The representations (6) and (13) of functions of operators make it possible to
study effectively the solutions of complicated problems in the theory of elastic-
hereditary bodies.

As an application, let us determine the stresses o, and o, arising in a continuous
elastic-hereditary disk with cylindrical anisotropy, compressed along the circum-
ference by constant normal forces p,. For this purpose we first form, according
to V. Volterra’ s principle, the operator expressions

o, =—po(r/0)*t. og = —pok(r/b)F 1, (14)

where
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k=ky1+x,E(=B1) + x265(—B),

obtained by applying the known formulas (6) corresponding to the correspond-
ing elastic problem, in which the moduli E, and E, are replaced by the operators

Er = E’I‘O[l - Xrgz(_BT)L
EG = E@O[l - X@EZ(_ﬂeﬂﬂ ﬁr > Xrs /60 > Xo>

with subsequent use of the basic properties of &% -operators. Here

X1 = Boxo —Brxo) A Xo = (XoXo + X8y — X0 B9 — XA,

)\:ﬁr_ﬁa_Xr’ 51 :59» 52 :ﬂr_er kOZ VEGO/ETO'

According to representation (6), for the case §;t'** < I'(2 4+ ) the problem
reduces to replacing, in (14), the operator k by its expression

y r'(2+a) 1/2
k +a

In the case §3;t'7 > 1, according to (13), we shall have, for N = 1,

1 0 0
o) =009+ gy (o + ) 00 09

The stress oy(t) is obtained from (16) by replacing the index r by 6. The quan-
tities o,.(00) and ¢,y(00) are determined by means of formulas (14) by replacing

in them the operator k by its limiting value

(ﬁO_XG)BT:|1/2 ) (17)

e = o [(@ ~)bs
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