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MATHEMATICS

L. M. BREGMAN

A RELAXATION METHOD FOR FINDING A
COMMON POINT OF CONVEX SETS AND
ITS APPLICATION TO OPTIMIZATION
PROBLEMS
(Presented by Academician L. V. Kantorovich on 26 II 1966)

Let closed convex sets 𝐴𝑖 (𝑖 ∈ 𝐼) be given in a linear topological space 𝑋.
Suppose that 𝑅 = ⋂𝑖∈𝐼 𝐴𝑖 is nonempty.

Let 𝑆 be some convex set in 𝑋 such that 𝑆 ∩ 𝑅 ≠ Λ.

Consider a function 𝐷(𝑥, 𝑦), defined on 𝑆 × 𝑆 and possessing the following
properties:

(I). 𝐷(𝑥, 𝑦) ≥ 0; 𝐷(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦.

(II). For each 𝑖 ∈ 𝐼 and 𝑦 ∈ 𝑆 there exists a point 𝑥 = 𝑃𝑖𝑦 ∈ 𝐴𝑖 ∩ 𝑆 such that
𝐷(𝑥, 𝑦) ≤ 𝐷(𝑧, 𝑦) for all 𝑧 ∈ 𝐴𝑖 ∩ 𝑆. We shall call this point 𝑥 the 𝐷-projection
of the point 𝑦 onto the set 𝐴𝑖.

(III). For each 𝑖 ∈ 𝐼 and 𝑦 ∈ 𝑆 the function

𝐺(𝑧) = 𝐷(𝑧, 𝑦) − 𝐷(𝑧, 𝑃𝑖𝑦)

is convex on 𝐴𝑖 ∩ 𝑆.

(IV). There exists the derivative 𝐷′
𝑥(𝑥, 𝑦) of the function 𝐷(𝑥, 𝑦) at 𝑥 = 𝑦, and

moreover

𝐷′
𝑥(𝑦, 𝑦) = 0 (i.e. lim

𝑡→0
𝐷(𝑦 + 𝑡𝑧, 𝑦)

𝑡 = 0 for all 𝑧 ∈ 𝑋) .

(V). For each 𝑧 ∈ 𝑅∩𝑆 and for each real number 𝐿, the set 𝑇 = {𝑥 ∣ 𝐷(𝑧, 𝑥) ≤ 𝐿}
is compact.

(VI). If 𝐷(𝑥𝑛, 𝑦𝑛) → 0, 𝑦𝑛 → 𝑦∗ ∈ ̄𝑆, and the set of elements of the sequence
{𝑥𝑛} is compact, then 𝑥𝑛 → 𝑦∗.
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Lemma 1. Let 𝑧 ∈ 𝐴𝑖 ∩ 𝑆. Then for any 𝑦 ∈ 𝑆 the inequality holds

𝐷(𝑃𝑖𝑦, 𝑦) ≤ 𝐷(𝑧, 𝑦) − 𝐷(𝑧, 𝑃𝑖𝑦).

Proof. According to condition (III), we have

𝐷(𝜆𝑧 + (1 − 𝜆)𝑃𝑖𝑦, 𝑦) − 𝐷(𝜆𝑧 + (1 − 𝜆)𝑃𝑖𝑦, 𝑃𝑖𝑦) ≤

≤ 𝜆(𝐷(𝑧, 𝑦) − 𝐷(𝑧, 𝑃𝑖𝑦)) + (1 − 𝜆)𝐷(𝑃𝑖𝑦, 𝑦)

for all 𝜆 ∈ [0, 1]. Hence for 𝜆 > 0 we obtain

𝐷(𝑧, 𝑦) − 𝐷(𝑧, 𝑃𝑖𝑦) − 𝐷(𝑃𝑖𝑦, 𝑦) ≥

≥ 𝐷(𝜆𝑧 + (1 − 𝜆)𝑃𝑖𝑦, 𝑦) − 𝐷(𝑃𝑖𝑦, 𝑦)
𝜆 − 𝐷(𝜆𝑧 + (1 − 𝜆)𝑃𝑖𝑦, 𝑃𝑖𝑦)

𝜆 ≥

≥ −𝐷(𝜆𝑧 + (1 − 𝜆)𝑃𝑖𝑦, 𝑃𝑖𝑦)
𝜆 .

Passing to the limit in this inequality as 𝜆 → 0, we obtain

𝐷(𝑧, 𝑦) − 𝐷(𝑧, 𝑃𝑖𝑦) − 𝐷(𝑃𝑖𝑦, 𝑦) ≥ 0.

The lemma is proved.

Consider the following iterative process: take an arbitrary point 𝑥0 ∈ 𝑆, then
choose 𝑖1(𝑥0) ∈ 𝐼 and find a point 𝑥1—the 𝐷-projection of the point 𝑥0 onto the
set 𝐴𝑖1(𝑥0); then choose 𝑖2(𝑥1) ∈ 𝐼 and find a point 𝑥2—the 𝐷-projection of the
point 𝑥1 onto the set 𝐴𝑖2(𝑥1), and so on. The sequence {𝑥𝑛} obtained as a result
of this process will be called a relaxation sequence, and the set of functions
{𝑖1(𝑥), 𝑖2(𝑥), …} will be called a relaxation control (cf. (1)).

Lemma 2. For any relaxation control:

1. The set of elements of the relaxation sequence {𝑥𝑛} is compact.

2. 𝐷(𝑥𝑛+1, 𝑥𝑛) → 0 as 𝑛 → ∞.

3. For any 𝑧 ∈ 𝑅 ∩ 𝑆 there exists lim
𝑛→∞

𝐷(𝑧, 𝑥𝑛).
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Proof. Take 𝑧 ∈ 𝑅 ∩ 𝑆. By Lemma 1,

𝐷(𝑥𝑛+1, 𝑥𝑛) ≤ 𝐷(𝑧, 𝑥𝑛) − 𝐷(𝑧, 𝑥𝑛+1). (1)

Since 𝐷(𝑥𝑛+1, 𝑥𝑛) ≥ 0, it follows that 𝐷(𝑧, 𝑥𝑛+1) ≤ 𝐷(𝑧, 𝑥𝑛), and consequently
lim 𝐷(𝑧, 𝑥𝑛) exists; together with (1) this gives 𝐷(𝑥𝑛+1, 𝑥𝑛) → 0. Since the set
of elements of the relaxation sequence is contained in the set

𝑇 = {𝑥 ∣ 𝐷(𝑧, 𝑥) ≤ 𝐷(𝑧, 𝑥0)},

and, according to (V), the set 𝑇 is compact, assertion 1 is true.

Let us now consider some relaxation controls.

Theorem 1. Let 𝐼 = {1, 2, … , 𝑚}, and let the indices be chosen in cyclic order,
i.e.

𝑖1(𝑥) = 1, 𝑖2(𝑥) = 2, … , 𝑖𝑚(𝑥) = 𝑚, 𝑖𝑚+1(𝑥) = 1, …
Then any limit point 𝑥∗ of the relaxation sequence {𝑥𝑛} is a common point of
the sets 𝐴𝑖.

Proof. By Lemma 2, from the sequences {𝑥𝑛𝑚+𝑖} ⊂ 𝐴𝑖 one can extract con-
vergent subsequences. Let 𝑥𝑛𝑘𝑚+𝑖 → 𝑥∗

𝑖 ∈ 𝐴𝑖. According to Lemma 2,

𝐷(𝑥𝑛𝑘𝑚+2, 𝑥𝑛𝑘𝑚+1) → 0.

By property (VI), 𝑥𝑛𝑘𝑚+1 → 𝑥∗
2. Therefore, 𝑥∗

1 = 𝑥∗
2. Analogously one can show

that
𝑥∗

2 = 𝑥∗
3, 𝑥∗

3 = 𝑥∗
4, … , 𝑥∗

𝑚−1 = 𝑥∗
𝑚.

Consequently, the limit point

𝑥∗ = 𝑥∗
1 = ⋯ = 𝑥∗

𝑚 ∈ 𝑅.

Theorem 2. Suppose that for each 𝑦 ∈ 𝑆 there exists

max
𝑖∈𝐼

min
𝑥∈𝐴𝑖

𝐷(𝑥, 𝑦) = 𝐷(𝑃𝑖(𝑦)𝑦, 𝑦)

and let 𝑖𝑛(𝑥) = 𝑖(𝑥). Then any limit point 𝑥∗ of the relaxation sequence {𝑥𝑛}
is a common point of the sets 𝐴𝑖.

Proof. Let 𝑥𝑛𝑘
→ 𝑥∗. Let 𝑦𝑖

𝑛𝑘
= 𝑃𝑖𝑥𝑛𝑘

∈ 𝐴𝑖. Then

𝐷(𝑦𝑖
𝑛𝑘

, 𝑥𝑛𝑘
) ≤ max

𝑖∈𝐼
𝐷(𝑦𝑖

𝑛𝑘
, 𝑥𝑛𝑘

) = 𝐷(𝑥𝑛𝑘+1, 𝑥𝑛𝑘
).

Consequently, 𝐷(𝑦𝑖
𝑛𝑘

, 𝑥𝑛𝑘
) → 0 for all 𝑖 ∈ 𝐼 . Since for any 𝑧 ∈ 𝑅 ∩ 𝑆

𝐷(𝑧, 𝑦𝑖
𝑛𝑘

) ≤ 𝐷(𝑧, 𝑥𝑛𝑘
) ≤ 𝐷(𝑧, 𝑥0),
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then, according to (V), the set {𝑦𝑖
𝑛𝑘

} is compact. Consequently, by property
(VI), 𝑦𝑖

𝑛𝑘
→ 𝑥∗ for all 𝑖 ∈ 𝐼 . Hence it follows that 𝑥∗ ∈ 𝑅.

Remark. In many cases the relaxation sequence {𝑥𝑛} has a unique limit point.
This is the case, for example, if the following condition is fulfilled:

(A). The set 𝑆 is closed, and for any 𝑧1, 𝑧2 ∈ 𝑅 ∩ 𝑆 the function

𝐻(𝑦) = 𝐷(𝑧1, 𝑦) − 𝐷(𝑧2, 𝑦)

is continuous on 𝑆.

In fact, let 𝑥∗ and 𝑥∗∗ be limit points of the relaxation sequence {𝑥𝑛} and let
𝑥∗, 𝑥∗∗ ∈ 𝑅. Let 𝑥𝑛𝑘

→ 𝑥∗, 𝑥𝑛𝑙
→ 𝑥∗∗. By Lemma 2, there exists

lim 𝐻(𝑥𝑛) = lim(𝐷(𝑥∗, 𝑥𝑛) − 𝐷(𝑥∗∗, 𝑥𝑛)),

lim 𝐻(𝑥𝑛𝑘
) = −𝐷(𝑥∗∗, 𝑥∗) ≤ 0,

lim 𝐻(𝑥𝑛𝑙
) = 𝐷(𝑥∗, 𝑥∗∗) ≥ 0.

Since lim 𝐻(𝑥𝑛𝑘
) = lim 𝐻(𝑥𝑛𝑙

) = lim 𝐻(𝑥𝑛), it follows that 𝐷(𝑥∗∗, 𝑥∗) = 0, and
hence 𝑥∗∗ = 𝑥∗.

Let us consider some examples of functions satisfying conditions (I)—(VI).

1. Let 𝑋 be a real Hilbert space. The function

𝐷(𝑥, 𝑦) = (𝑥 − 𝑦, 𝑥 − 𝑦)

satisfies conditions (I)—(VI) and condition (A) for any system of closed
convex sets 𝐴𝑖, if convergence is understood as weak convergence, and
compactness as weak compactness. In this case the 𝐷-projection onto a
convex set coincides with the usual projection. The corresponding relax-
ation sequence {𝑥𝑛} under the conditions of Theorem 1 or 2 will converge
weakly to an element 𝑥∗ ∈ 𝑅. In this case the relaxation method coincides
with the method of successive projection (2).

2. Let 𝑓(𝑥) be a strictly convex twice differentiable function defined on some
convex closed set 𝑆 ⊂ 𝐸𝑛. Let 𝑔(𝑥) be the gradient of this function at the
point 𝑥. Consider the function

𝐷(𝑥, 𝑦) = 𝑓(𝑥) − 𝑓(𝑦) − (𝑔(𝑦), 𝑥 − 𝑦).

If this function satisfies condition (V), then, as is easy to verify, it satisfies
conditions (I)—(IV), (VI) and (A) for any system of closed convex sets 𝐴𝑖.

Suppose the following conditions are fulfilled:

sovietrxiv.org/items/ru-196601.22781 Machine Translation

https://sovietrxiv.org/items/ru-196601.22781


1) The absolute minimum of the function 𝑓(𝑥) is attained at a point 𝑥0 lying
in the interior of 𝑆.

2) The sets 𝐴𝑖 are hyperplanes, i.e.

𝐴𝑖 = {𝑥 ∈ 𝐸𝑛 ∣
𝑛

∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 = 𝑏𝑖} ,

and the set 𝐼 is finite.

3) If 𝑦 belongs to the interior of 𝑆, then the 𝐷-projection of the point 𝑦 onto
any set 𝐴𝑖 also belongs to the interior of 𝑆.

In this case one can show that the corresponding relaxation sequence with initial
approximation 𝑥0 converges to the point 𝑥∗, which delivers the minimum of the
function 𝑓(𝑥) under the conditions

𝑛
∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 = 𝑏𝑖

(𝑖 ∈ 𝐼).
3. Let

𝐷(𝑥, 𝑦) =
𝑛

∑
𝑗=1

(𝑦𝑗 − 𝑥𝑗 + 𝑥𝑗(ln 𝑥𝑗 − ln 𝑦𝑗))

be given on the set
{𝑥 ≥ 0, 𝑦 > 0}.

This function satisfies conditions (I)—(VI), but does not satisfy condition
(A). Nevertheless, in this case too the relaxation sequence will have a
unique limit point.

Indeed, if 𝑥∗ ∈ 𝑅 is a limit point of the sequence {𝑥𝑛} and 𝑥𝑛𝑘
→ 𝑥∗, then

lim 𝐷(𝑥∗, 𝑥𝑛𝑘
) = 0, and since lim 𝐷(𝑥∗, 𝑥𝑛) exists, by property (VI) 𝑥𝑛 → 𝑥∗.

If

𝐴𝑖 = {𝑥 ∣
𝑛

∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 = 𝑏𝑖} , (
𝑛

∑
𝑗=1

𝑎2
𝑖𝑗 > 0) ,

then 𝑥∗ maximizes

𝑛
∑
𝑗=1

𝑥𝑗 ln
𝑝𝑗
𝑥𝑗

(𝑝𝑗 > 0)

under the conditions
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𝑛
∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 = 𝑏𝑖, 𝑥𝑗 ⩾ 0,

if the vector 𝑥0 = {𝑝𝑗/𝑒} is taken as the initial approximation. The 𝐷-projection
𝑥 of the point 𝑦 onto the set 𝐴𝑖 is found from the formulas 𝑥𝑗 = 𝑦𝑗𝑒𝜆𝑎𝑖𝑗 , where
𝜆 is the unique root of the equation

𝑛
∑
𝑗=1

𝑎𝑖𝑗𝑦𝑗𝑒𝜆𝑎𝑖𝑗 = 𝑏𝑖.

This equation becomes linear with respect to 𝑒𝜆 if all 𝑎𝑖𝑗 are equal to 0 or 1.

The latter occurs, for example, in the following problem: maximize

𝑚
∑
𝑖=1

𝑛
∑
𝑗=1

𝑥𝑖𝑗 ln
𝑝𝑖𝑗
𝑥𝑖𝑗

(𝑝𝑖𝑗 ⩾ 0)

under the conditions

𝑛
∑
𝑗=1

𝑥𝑖𝑗 = 𝑎𝑖,
𝑚

∑
𝑖=1

𝑥𝑖𝑗 = 𝑏𝑗;

𝑥𝑖𝑗 ⩾ 0; 𝑥𝑖𝑗 = 0 if 𝑝𝑖𝑗 = 0. Such problems arise in the calculation of passen-
ger flows in cities, and the corresponding relaxation method for this problem
coincides with the method of G. V. Sheleikhovsky (see (3)).
Leningrad State University
named after A. A. Zhdanov
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