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Let closed convex sets A; (i € I) be given in a linear topological space X.
Suppose that R = ﬂie] A, is nonempty:.

Let S be some convex set in X such that SN R # A.

Consider a function D(z,y), defined on S x S and possessing the following
properties:

(I). D(z,y) > 0; D(z,y) =0 if and only if z = y.

(IT). For each i € T and y € S there exists a point x = P,y € A, N S such that
D(x,y) < D(z,y) for all z € A;NS. We shall call this point = the D-projection
of the point y onto the set A,.

(ITII). For each i € I and y € S the function

G(2) = D(z,y) — D(z, Py)

is convex on 4; N S.

(IV). There exists the derivative D/ (z,y) of the function D(x,y) at = =y, and
moreover

D(y +tz,y)
t

Dl(y,y) =0 <i.e. lim =0forall z € X> .

t—0
(V). For each z € RNS and for each real number L, the set T' = {z | D(z,z) < L}
is compact.

(VD). If D(z,,,y,,) — 0, y,, — y* € S, and the set of elements of the sequence
{z,} is compact, then x,, — y*.
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Lemma 1. Let z € A, N S. Then for any y € S the inequality holds

D(PLy7y) < D(Z,y) - D(Z7sz>

Proof. According to condition (III), we have
DAz + (1=NPy,y) = DAz + (1 = NPy, By) <
for all A € [0,1]. Hence for A > 0 we obtain

D(z,y) — D(z, Py) — D(Py,y) >

o DAz+ (A =NPy,y) - D(Py,y)  DAz+ (1 -NPy Py)
> \ 3 >

_DO‘Z + (1 =NPy, Py)
- A

Passing to the limit in this inequality as A — 0, we obtain

D(z,y) — D(z, Py) — D(Py,y) > 0.

The lemma is proved.

Consider the following iterative process: take an arbitrary point x, € S, then
choose i, (x,) € I and find a point x;—the D-projection of the point z, onto the
set A; (5,); then choose i5(z1) € I and find a point z,—the D-projection of the

point z; onto the set A, , ), and so on. The sequence {z,,} obtained as a result

of this process will be called a relaxation sequence, and the set of functions
{i1(x),i5(x), ...} will be called a relaxation control (cf. (1)).

Lemma 2. For any relaxation control:

1. The set of elements of the relaxation sequence {z,,} is compact.
2. D(z,4q,,) = 0asn— oo.

3. For any z € RN S there exists lim D(z,x,,).

n—oo
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Proof. Take z € RN S. By Lemma 1,

D(xn-&-l?xn) < D(Z,J?n) —D(Z, 'Tn+1)' (1)

Since D(z,,,1,2,) > 0, it follows that D(z,x, ) < D(z,x,), and consequently
lim D(z,z,,) exists; together with (1) this gives D(z,;,,) — 0. Since the set
of elements of the relaxation sequence is contained in the set

T'={z|D(z,2) < D(z,2¢)},
and, according to (V), the set T is compact, assertion 1 is true.
Let us now consider some relaxation controls.

Theorem 1. Let I = {1,2,...,m}, and let the indices be chosen in cyclic order,
i.e.

i(x) =1, iy(x)=2,..., d,(x)=m, i, ,(z)=1,..
Then any limit point z* of the relaxation sequence {z,,} is a common point of
the sets A,.

Proof. By Lemma 2, from the sequences {z
vergent subsequences. Let x

nmﬂ-} C A, one can extract con-
— x; € A;. According to Lemma 2,

nm-+i

D(‘rnkm+27 xnk’erl) — 0.

By property (VI), @, ,,1 — 3. Therefore, 27 = z3. Analogously one can show
that

* ok * ok _
TH=25, TE=T4,.., Th,_ =T
Consequently, the limit point
ko * — *
===z, R

Theorem 2. Suppose that for each y € S there exists

max min D(z,y) = D(P;,)y,y)

icl zcA, ’

and let i, (x) = i(x). Then any limit point z* of the relaxation sequence {z,,}
is a common point of the sets A,.

Proof. Let z, — z*. Let y:lk = Pux

N

. €A;. Then

D(nyk7x S maXD(?J'kaaxnk) = D(xnk+13 mnk)'

n’") i€l

Consequently, D(y;, ,z,, ) — 0 for all i € I. Since for any 2 € RN S

k

D(Z7yzbk) S D(Z7xnk) S D(Z7x0)7
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then, according to (V), the set {y;k} is compact. Consequently, by property
(VI), yflk — z* for all 4 € I. Hence it follows that =* € R.

Remark. In many cases the relaxation sequence {x,, } has a unique limit point.
This is the case, for example, if the following condition is fulfilled:

(A). The set S is closed, and for any z;, z, € RN S the function

H(y) = D(z1,y) — D(29,9)
is continuous on S.

In fact, let z* and ** be limit points of the relaxation sequence {z,} and let
x*, 2" € R. Let T, — x*, z, — z**. By Lemma 2, there exists

lim H(xn) = hm(D(x*,:z:n) - D(JT**,JJ”))’
lim H(z,, ) = —D(z™,2") <0,

lim H(z,, ) = D(z*,2™) = 0.

Since lim H(x,, ) = lim H (z,, ) = lim H(z,,), it follows that D(z™,z") = 0, and
hence z** = z*.

Let us consider some examples of functions satisfying conditions (I)—(VI).

1. Let X be a real Hilbert space. The function

satisfies conditions (I)—(VI) and condition (A) for any system of closed
convex sets A, if convergence is understood as weak convergence, and
compactness as weak compactness. In this case the D-projection onto a
convex set coincides with the usual projection. The corresponding relax-
ation sequence {x,,} under the conditions of Theorem 1 or 2 will converge
weakly to an element z* € R. In this case the relaxation method coincides
with the method of successive projection (?).

2. Let f(z) be a strictly convex twice differentiable function defined on some
convex closed set S C E™. Let g(x) be the gradient of this function at the
point z. Consider the function

D(z,y) = f(x) — f(y) — (9(y),z —y).

If this function satisfies condition (V), then, as is easy to verify, it satisfies
conditions (I)—(IV), (VI) and (A) for any system of closed convex sets A,.

Suppose the following conditions are fulfilled:

sovietrxiv.org/items/ru-196601.22781 Machine Translation


https://sovietrxiv.org/items/ru-196601.22781

1) The absolute minimum of the function f(z) is attained at a point z, lying
in the interior of S.

2) The sets A, are hyperplanes, i.e.

Ai_{er"

and the set I is finite.

3) If y belongs to the interior of S, then the D-projection of the point y onto
any set A, also belongs to the interior of S.

In this case one can show that the corresponding relaxation sequence with initial
approximation x, converges to the point 2*, which delivers the minimum of the
function f(z) under the conditions

n
j=1

(tel).
3. Let

n

D(z,y) = (yj —x;j+x;(lnz; — lnyj))
=1

be given on the set
{z >0, y>0}.

This function satisfies conditions (I)—(VI), but does not satisfy condition
(A). Nevertheless, in this case too the relaxation sequence will have a
unique limit point.

Indeed, if 2* € R is a limit point of the sequence {z,} and z, — %, then
lim D(z*, z,, ) = 0, and since lim D(2*,z,,) exists, by property (VI) z,, — z".

If
A, = {x

then x* maximizes

zn:aijxj = bi} , (z”: afj > 0) ,
=1 =1

n

p.
ijln—] (p; >0)

=1 Zj

under the conditions
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if the vector z, = {p;/e} is taken as the initial approximation. The D-projection

z of the point y onto the set A; is found from the formulas z; = yje)‘“if, where
A is the unique root of the equation

n

Aa;;
g a;ye”i =b;.
j=1

This equation becomes lincar with respect to e* if all a;; are equal to 0 or 1.

The latter occurs, for example, in the following problem: maximize

m n

pA .
Z 5 1n xi (pi; = 0)
i=1 j=1 ij

under the conditions

n m

7=1 =1

z;; 2 0; z;; = 0 if p;; = 0. Such problems arise in the calculation of passen-
ger flows in cities, and the corresponding relaxation method for this problem
coincides with the method of G. V. Sheleikhovsky (see (3)).
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