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Let K be an arbitrary primitive-recursively closed class of functions ((1)§4). We
shall be interested in the question of in which classes K one can distinguish such
a finite set of functions (a basis of K) that any function of the class K can be
obtained by substitutions alone from the basic functions.

Let KM be the class of all one-place functions of the class K.

Lemma 1. Every function of the class K can be obtained by substitutions alone
from functions of the class KW and a certain two-place primitive-recursive
function x(zq,5), constructed in (1), § 4.

Lemma 2. If KV has a finite basis, then K also has a finite basis. Conversely,
if K has a finite basis, then one can indicate such a finite set of functions from
the class K'Y that any function in K'Y can be obtained from the functions of
this set by means of a finite number of applications of the schemes

a(B(x)); (1)

Xo(e(), B(x)). (2)
Theorem 1. The class K has a finite basis if and only if a function universal
for the functions of KV belongs to K.

Proof. Let the class K have a finite basis. Then let {f;(z), ..., f,,(x)} be that
set of functions from K1) whose existence is asserted in Lemma 2.

Construct the function ¥(y,x) in the following way:

¢<yv x) =
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fl (LL'), if y= Ou
f2('/1:)7 if y= 17
B fn(w)7 lfy:n*]-a
Ylexp, (y); ¥(expy(y); ), if y > n and exp,(y) =0,
Xo(Y(exp, (y); ); p(exp,(y); @), if y =n and expy(y) > 0.

It is not difficult to show that ¢(y, z) is a universal function for the class K1),
On the other hand, one can show that it is primitive-recursive relative to the
functions f(z), ..., f,, (). Consequently, ¥ (y,z) € K.

Conversely, let 1(y,z) € K, where 1(y, z) is a universal function for the func-
tions of the class K. Then a basis for K will be the set of functions

{Oa $+1, w(y,@, X()(«T,y>}

Indeed, from the functions 0, z + 1, ¥(y, z), by substitutions one can construct
all functions of the class K1), The rest follows from Lemma 1.

Corollary 1. The class of primitive-recursive functions K, , has no finite
basis.

Corollary 2. The class of general recursive functions K, has no finite basis.*

Corollary 3. The class of partial recursive functions K, has a finite basis.

r

Corollary 4. Let K be a primitive-recursively closed class containing only
everywhere-defined functions. Then K has no finite basis.

Suppose there is a finite set of functions

{f1. fit- (a)

For every natural number ¢ we define, by induction on ¢, the notion of being a
function of the i-th kind relative to (a). The class of functions of the i-th kind

relative to (a) will be denoted by RE‘”.

Define R<1a) .

1. Every function from (a) belongs to R<1Q>.

2. The result of substituting functions from R<1a> into a function from Rga) is

a function from R(la).

(_a

) has been defined for some i. If 7 is even, then set:

) is a function from Rﬁl.

Suppose the class R

1. Every function from Ri-a
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(a)

2. The result of substituting functions from R;\; into a function from R\

i+l
. . a
is a function from RE +)1.

If i is odd, then set:

1. Every function from R§a> is a function from Rii)l.

2. Let h(z) be a unary function from REG); then the function g(x), defined
by the iteration scheme

is a function from R; ;.
Thus, the classes RE‘” are defined for every 1.

Remark 1. If one assumes that (a) contains the functions z = [\/z]?, = + 1,

x + 1y, then every primitive recursive function is contained in all Ria) , beginning
with some ((3), §7).

Theorem 2. For every finite set of primitive recursive functions (a) and for
every natural number i, one can construct a primitive recursive function ¢, such

that ¢; ¢ R\

Proof. It is known (3) that for every set (a) one can indicate such a set of
primitive recursive functions

{gl(I>,...,gn(LE),1}—|—y}, (b)

which contains only one binary function x +y and for which the inclusion holds
for every i:

R c R\".

In view of what has been said, it suffices to show that for each i there exists a
primitive recursive function 1, (y, ) possessing the following property: for every

function h(zy,...,x,) € R\

)

one can indicate such a y, that

h(xyy . ,) < ¥, (Yo, max(xq, ..., z,)).

We construct ¢, (y, ) by induction on i. Put

o)=Y gli)+2x+2,
1=1 j=0
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* Corollaries 1 and 2 for the classes K;'r‘ and K}, were obtained by another
method in paper (2).

o ¥1(0,z) = p(x),
¥i(y, @) {wl(y+1,x):1#1(?}71/}1(?/,15))'

Suppose that ¥;(y, ) has already been defined for some ¢. Define ¢, (y,z). If
1 is even, put

. a0, =] (@),
lerl(y, :E) { :+1<y +1, .7;) = wﬁ-l(% ¢Z+1(Z/7 SC)),

¢i+1(ya .T?) = w;'zfl(yv maX(yv 33))

If ¢ is odd, put

) _ Vi1(y,0) = ¥;(y,0),
le(y’ g {¢z‘+1(yv z+1) =y, 1/%41(% T)).

It is not hard to show that the functions obtained are primitive-recursive and
have the required properties.

Remark 2. Theorem 2 remains valid if, in defining the classes R, iteration is
replaced by the schema of primitive recursion.

Suppose there is a finite set (a) of general-recursive functions. Let

R® =[] R".

i=1,2,...

Theorem 3. For every (a) one can indicate such a general-recursive function
(@) that

Theorem 4. If, in the construction of the classes REG) (for even i), the operation
of iteration is replaced by the general-recursive application of the operation u
(1), §7, then one can indicate such a finite set (a) of primitive-recursive functions

that already R(la) coincides with the entire class of general-recursive functions.
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The facts set forth above can be transferred to the theory of Turing machines.
The class of all Turing machines, each of which computes some function, can be
constructed by induction. As the initial machines we take machines computing
the functions 0,  + 1, and all argument-selection functions. We put, by defini-
tion, the number of places of each initial machine equal to the number of places
of the function computed by the given machine. We now indicate operations
which determine a new machine from machines already constructed.

Operation 1. Suppose machines £m<1”>, ey 9715,7;), Dﬁ(()m> have already been con-

structed (the upper index indicates the number of places). Construct the ma-
chine M™ according to the schema (all notation is from (4), §68):

M = R, MV T I T T e T2y 2

n+1

j1-(n+1)+(mfl)joA(nH)erfmém)QY‘B'

Operation 2. Suppose machines 9)?5"71), Dﬁ;nﬂ) have already been con-
structed. Construct the machine 9™ according to the schema

- 3,89,
mn =g mi"ty ¢ N 3,805
n~"1 n+1 6333;:;;9322 +1)jn+35C 2 )

jn-‘r32['

Operation 3. Suppose the machine £m§”+1) has been constructed. Construct
the machine 9™ according to the scheme

S,£8,

mn = g, ¢Sz, Mg -
6n+2m6n+2'

Operations 1, 2, and 3 are, respectively, analogues of the operations of substi-
tution, primitive recursion, and the p-operation.
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