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A GENERAL BOUNDARY VALUE PROBLEM FOR
SECOND-ORDER ELLIPTIC SYSTEMS WITH CON-
STANT COEFFICIENTS
In this paper, we consider a general boundary value problem for a system of 𝑛
second-order equations with constant coefficients of the form:

𝐴𝜕2𝑢
𝜕𝑥2 + 𝐵 𝜕2𝑢

𝜕𝑥𝜕𝑦 + 𝐶 𝜕2𝑢
𝜕𝑦2 = 0,

where 𝐴, 𝐵, 𝐶 are constant square matrices of order 𝑛, and 𝑢 = (𝑢1, … , 𝑢𝑛) is
the unknown vector.

The system is assumed to be elliptic in the sense of Petrovsky, meaning that the
determinant of the characteristic matrix satisfies:

det(𝐴 + 𝐵𝜆 + 𝐶𝜆2) ≠ 0
for all real 𝜆.
We investigate the problem in a simply connected domain 𝐷 bounded by a
smooth closed curve Γ. The boundary conditions are specified as:

(𝐺𝜕𝑢
𝜕𝑥 + 𝐻 𝜕𝑢

𝜕𝑦 + 𝑄𝑢)∣
Γ

= 𝑓(𝑠),
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where 𝐺, 𝐻, 𝑄 are given constant matrices of size 𝑛 × 𝑛, and 𝑓(𝑠) is a given
vector function of the arc length 𝑠 on Γ.
The objective of this study is to establish the conditions for the Noethericity
(Fredholm property) of this boundary value problem and to calculate its index.
By employing the method of singular integral equations, we reduce the problem
to a system of functional equations on the boundary.

1. Reduction to a Canonical Form

To analyze the system, we first utilize the algebraic properties of the charac-
teristic polynomial. Since the system is elliptic, the roots of the equation
det(𝐴 + 𝐵𝜆 + 𝐶𝜆2) = 0 are all non-real. Let these roots be denoted by 𝜆𝑘
(𝑘 = 1, … , 2𝑛). Without loss of generality, we assume that 𝑛 roots

§ 4. ON THE NORMAL SOLVABILITY OF THE
DIRICHLET PROBLEM
For system (1), reference [?] provides examples of elliptic systems for which
the homogeneous Dirichlet problem in a disk possesses an infinite number of
linearly independent solutions. This indicates that the Dirichlet problem for
elliptic systems is, generally speaking, not Noetherian. However, the Dirichlet
problem for system (1) may still be normally solvable, despite the fact that the
homogeneous problem has infinitely many linearly independent solutions, as the
definition of normal solvability does not require the number of linearly indepen-
dent solutions to be finite. Consequently, the following questions naturally arise:
1. Is the Dirichlet problem for the elliptic system (1) always normally solvable?
2. Do there exist Dirichlet problems for elliptic systems that are normally solv-
able but not Noetherian? An answer to the second question is provided by the
following example of a Dirichlet problem for an elliptic system (see [?]). Find a
solution to the elliptic equation, regular in the unit disk |𝑧| < 1:

𝑢 = 𝑢1 + 𝑖𝑢2

satisfying the boundary condition

𝑢|Γ = ℎ(𝑥, 𝑦),

where ℎ(𝑥, 𝑦) is a given complex-valued function continuous in the closed domain.
It was proven in [?] that for this problem to be solvable, it is necessary and
sufficient for the function ℎ(𝑥, 𝑦) to satisfy a countable number of conditions
of the form (81), where (𝐷). It follows from Theorem 4 that this problem is
normally solvable, even though the homogeneous problem has an infinite number
of linearly independent solutions. Therefore, for the elliptic system (84), the
Dirichlet problem is normally solvable but not Noetherian. The answer to the
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first question is negative. To demonstrate this, consider the following example:
find a solution to the elliptic system, regular in the unit disk |𝑧| < 1 (the first
part of this work can be found in Differential Equations, No. 1, 1966):

belonging to the class and satisfying the boundary condition

and 𝑀 = 0, (86)
where 𝑓 is a given continuous function in |𝑧| < 1, and 𝑎 is a constant. Equation
(85) represents an elliptic system of two differential equations with real coeffi-
cients. We shall prove that the homogeneous problem (85), (86) possesses no
non-trivial solutions, and that the problem itself is not normally solvable. The
general solution of the homogeneous equation (85) takes the form:

𝑢 = 𝜙(𝑥 + 𝑖𝑦) + 𝜓(𝑥 + 2𝑖𝑦)
(87)

where 𝜙(𝑧) and 𝜓(𝑧) are analytic functions in the disk |𝑧| < 1 and in the ellipse
𝑥2 + 𝑦2

4 < 1, respectively. Let 𝑢(𝑥, 𝑦) be a solution to the homogeneous problem
(85), (86). Then, according to (86) and (87), 𝑢(𝑥, 𝑦) can be represented in the
form (87), where the functions 𝜙 and 𝜓 satisfy the condition 𝜙(𝑥 + 𝑖𝑦) + 𝜓(𝑥 +
2𝑖𝑦) = 0. Since 𝑢 ∈ 𝐶(𝐷), it follows from (87) that 𝜙(𝑥+𝑖𝑦) and 𝜓(𝑥+2𝑖𝑦) also
belong to the class 𝐶(𝐷). Let us denote 𝜓1(𝑧) = 𝜓(𝑧). Since 𝜓(𝑧) is analytic in
the ellipse (88), the function 𝜓1(𝑧) is analytic with respect to 𝑧 in the annulus
𝜌 < |𝑧| < 1 and is continuous in the closed annulus 𝜌 ≤ |𝑧| ≤ 1. It is easily
verified that

4 W H ’( - 7 T ) ’
According to (89), we obtain (2) = 0 when |𝑧| = 1. It follows that 𝜙(𝑧)+𝜓(𝑧) = 0
when 1

𝐿 < |𝑧| < 𝐿. Consequently, the equality (90) also holds for 𝜙(𝑧). By
expanding the function 𝜙(𝑧) in a power series within the disk |𝑧| < 1 and
applying equality (90), we find that 𝜙(𝑧) = 𝑐 (where 𝑐 is a constant). From
this and (91), we obtain 𝜓1(𝑧) = −𝑐. Since 𝜓1(𝑧) = 𝜓( 1

𝑧 ), it follows that
𝜓(𝑥 + 𝑖𝑦) = −𝑐. Substituting the determined values of the functions 𝜙 and 𝜓
into formula (87), we conclude that 𝑢(𝑥, 𝑦) = 0 in the domain.

Remark 3. Similarly, it can be proven that the homogeneous problem (85),
(86) possesses only the trivial solution even when this solution

satisfies the boundary condition (86) on an arbitrarily small part of the bound-
ary, while on the remainder of the boundary, continuity of the desired solution
is not even required. We shall now prove that problem (85), (86) is not nor-
mally solvable. According to Corollary 1, to prove this assertion, it is sufficient
to show that for this problem, the function

3 ’- (z=x~iy) (92) 2(1 —ezf

has a solution if 0 < 𝑐 < 1
3 and has no solution if 𝑐 = 1

3 .
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then it is easy to verify that the function 𝑓(𝑥) =
√

𝑥2 + 3
𝑧 = 2, 𝑃 =

√
𝑥2 + 3,

= 𝑃
a r g ( : - M l 3i, p = a r g ( ^ - / - K ’3 ) ) —< a , p < 2 * + —) 2 1 2 j

is a solution to the problem (85), (86) for any ℎ(𝑥, 𝑦) of the form (92), where
𝑧 = 𝑥 + 𝑖𝑦 and ̄𝑧 = 𝑥 − 𝑖𝑦. Let 𝑐 = …. We shall show that for ℎ(𝑥, 𝑦) of the
form (92), problem (85), (86) has no solution. Suppose, to the contrary, that
problem (85), (86) for such an ℎ(𝑥, 𝑦) has a solution 𝑢0(𝑥, 𝑦). Then the function
𝑣(𝑥, 𝑦) = 𝑢(𝑥, 𝑦) − 𝑢0(𝑥, 𝑦), given by formula (93), satisfies the homogeneous
equation (85) in the domain |𝑧| < 1 and the boundary condition (86) at all
points of the boundary |𝑧| = 1, except perhaps at the point 𝑧 = −1. According
to Remark 3, it follows that 𝑢(𝑥, 𝑦) = 𝑣(𝑥, 𝑦) + 𝑢0(𝑥, 𝑦). However, since the
function 𝑢0(𝑥, 𝑦) is continuous at the point 𝑧 = −1, while the function 𝑢(𝑥, 𝑦)
has a singularity at this same point, equality (94) cannot hold. The resulting
contradiction proves our assertion. From the examples provided, it is evident
that the class of elliptic systems for which the Dirichlet problem is normally
solvable is broader than the class of elliptic systems for which the problem is
Noetherian, yet narrower than the entire class of elliptic systems. In [12], the
following assertion was proved: if the characteristic equation (3) has an 𝑛-fold
root 𝜆, then for the Dirichlet problem for system (1) in a disk to be Noetherian,
it is necessary and sufficient that system (1) be weakly coupled. This assertion
remains valid regardless of the nature of the multiplicity of the roots in any
finite domain with an analytical boundary and in the half-plane.

TOVMASYAN It should be noted that in a domain with an analytical boundary,
the condition that the system be weakly coupled remains necessary for the
Noetherian property of the Dirichlet problem even when the boundary data
belong to the class of infinitely differentiable vector functions and the solution is
sought in the class 𝐶(𝐷̄) ∩ 𝐶2(𝐷). A comparison of the results in the following
section with the aforementioned assertion indicates that the class of elliptic
systems for which the Dirichlet problem is normally solvable is much broader
than the class of elliptic systems for which the Dirichlet problem is Noetherian.
For the equation, the following theorem holds:

Theorem. For the Dirichlet problem of the system in a domain with an an-
alytical boundary to be normally solvable, it is necessary and sufficient that
the function 𝑧(𝜁), which conformally maps the unit disk onto the domain, be
rational.

This theorem implies that the normal solvability of the Dirichlet problem for
strongly coupled systems depends very heavily on the configuration of the do-
main. Using the general solution of equation (84) (see [8]).

U = q(z )+~Z^(Z) + n ) d g d 4 / :

If 𝜙(𝑧) and 𝜓(𝑧) are arbitrary analytic functions in the domain, the theorem
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can be proven quite simply. We omit the proof here.

The Dirichlet Problem for the System in the Case of a
Half-Plane and a Disk
In this section, we present a simple method for solving the Dirichlet problem
for the system in the case of a half-plane and a disk. For the disk, we consider
the Dirichlet problem only for systems where the characteristic equation has an
𝑛-fold root.

The Dirichlet problem for the half-plane is considered in the following formula-
tion:

Problem. Find a regular solution to the system in the half-plane 𝑦 > 0 that
belongs to the class 𝐶0 in any closed semi-disk |𝑧| ≤ 𝑅, 𝑦 ≥ 0, and satisfies the
following conditions:

u(x,0) = f(x), —oo < # < o o , • (96)

—represents the maximum order of the highest derivatives of the functions 𝑢𝑗
appearing in the general solution (10). Regarding the vector-function 𝑓(𝑥) de-
fined on the axis, it is assumed to belong to the class 𝐶(𝑙) on any finite interval,
and 𝑔(𝑥) = 𝑓(1/𝑥) belongs to the class 𝐶(𝑙) in the neighborhood of the point
𝑥 = 0. In particular, finite functions satisfy these requirements. The following
theorem holds:

Theorem. If the vectors 𝑎𝑟 (𝑟 = 1, … , 𝜈) appearing in the general solution of
the system are linearly independent, then the homogeneous problem 𝐴(𝑓 = 0)
has only the trivial solution, and the non-homogeneous problem is always solv-
able. If, however, these vectors are linearly dependent, then the homogeneous
problem

Problem A has an infinite number of linearly independent solutions; for the
solvability of the non-homogeneous problem A, it is necessary and sufficient that
the vector-function 𝑓(𝑥) satisfies an infinite number of conditions (𝑓, 𝜓𝑘) = 0
(𝑘 = 1, 2, …), where 𝜓𝑘 is a set of linearly independent vectors. Here, 𝑐𝑟𝑗 (𝑟 =
1, … , 𝜈; 𝑗 = 1, … , 𝑛) are constant 𝑛-dimensional vectors that serve as linearly
independent solutions to the algebraic system adjoint to the system 𝐿𝑢 = 0.
Proof. By substituting the general solution (10) into the boundary condition
(9b), we obtain

k i

( S S V

w / r ( ^ ) ) , = o - f W - c , (99)

Φ(𝑧) is an analytical function in the half-plane Im 𝑧 > 0. From (10), it follows
directly that the expression
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Φ(𝑟−1)
𝑗 (𝑥 + 𝜆𝑗𝑦) + 𝛾(1)

𝑗 Φ(𝑟−2)
𝑗 (𝑥 + 𝜆𝑗𝑦) + ⋯ + 𝛾(𝑟−1)

𝑗 Φ𝑗(𝑥 + 𝜆𝑗𝑦)𝑦𝑟−1

(𝑟 = 1, … , 𝑘𝑗; 𝑗 = 1, … , 𝑁0)

can be expressed linearly through the first derivatives of the desired solution.
Consequently, Φ(𝑧) is analytic in any semi-disk Im 𝑧 > 0, and the following
estimates hold: |Φ(𝑟−1)(𝑧)| ≤ const ⋅ ln(2 + |𝑧|), Im 𝑧 > 0 (100)

( r = 1, kj, / = 1, v 0 ).

From equations (99) and (100), we obtain:

∫
∞

0
Φ(𝑡, 𝑧)𝜙(𝑡) 𝑑𝑡 = 𝑓(𝑧) − 𝑐 (101)

where 𝑐 is a constant real vector. Let the vectors 𝜉𝑖 (𝑖 = 1, … , 𝑛; 𝑗 = 1, … , 𝜈) be
linearly independent. Then, by solving equation (101) with respect to 𝜙𝑗(𝑡) and
substituting these solutions into (10), we obtain the desired solution to Problem
L. To verify that this solution exhibits the required behavior at infinity, one must
utilize the asymptotic estimate for large |𝑧|:

|𝑢(𝑥, 𝑦)| ≤ 𝐶
|𝑧|𝑘 (𝑘 = 0, 1, 2, … , 𝑘0). (102)

The estimate (102) follows from the behavior of the given vector function 𝑓(𝑧)
at infinity. From (10) and (101), the uniqueness of the solution to Problem L
follows. Now, let us assume the vectors 𝜉𝑖 (𝑖 = 1, … , 𝑛) are linearly independent.
Let 𝑟 denote the number of linearly independent vectors 𝜉𝑖𝑗 (𝑖 = 1, … , 𝑛; 𝑗 =
1, … , 𝜈). In this case, equation (101) possesses a solution if and only if 𝑓(𝑧)
satisfies the conditions:

𝑓(𝑡) − 𝑓(∞) = 0 (𝑘 = 1, … , 𝑛 − 𝑟) (103)

Condition (103) is equivalent to condition (97). When condition (97) is satisfied,
the particular solution of system (101) takes the form:

𝜙(𝑡) = 𝑀−1𝑓(𝑡) (104)

where 𝜙(𝑡) = (𝜙1, 𝜙2, … , 𝜙𝜈)𝑇 and 𝑀 is a well-defined 𝑛 × 𝜈 constant matrix.
Substituting (104) into (10), we obtain a particular solution to Problem L. Con-
sequently, condition (97) is both necessary and sufficient for the solvability of
Problem L.

The solution to the homogeneous Problem L is given by formula (10), where
Φ(𝑧) is replaced by 𝑄𝑖(𝑧) + Φ(𝑧); here, 𝑎1, … , 𝑎𝑛−𝑟 are 𝑛-dimensional constant
vectors that serve as linearly independent solutions to the system (98). The
functions 𝑄1(𝑧), … , 𝑄𝑛−𝑟(𝑧) are arbitrary analytical functions in the upper half-
plane 𝑦 > 0, chosen such that the solution 𝑢(𝑥, 𝑦) obtained via formula (10)
maintains the required smoothness and behavior at infinity. In particular, 𝑄𝑖(𝑧)
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can be taken in the form 𝑄𝑖(𝑧) = (𝑧 − 𝑧0)−𝑘, where 𝑧0 is an arbitrary fixed
point in the lower half-plane and 𝑘 = 1, 2, …. Consequently, in this case, the
homogeneous Problem L possesses an infinite number of linearly independent
solutions.

Remark:

3. Theorem 7 remains valid (only slightly changing)
The condition of the form (92) remains valid even if the half-plane 𝑦 > 0 is
replaced by any other half-plane in the (𝑥, 𝑦) plane. Let us now consider the
Dirichlet problem for system (1) in the disk |𝑧| < 1 under the following formu-
lation: find a regular solution to the equation in the disk 𝐷 belonging to the
class 𝐶1(𝐷̄) and satisfying the boundary condition:

𝑢||𝑧|=1 = 𝑓(𝑧) (105)

where 𝑓(𝑧) is a given vector function from the class 𝐶𝛼. We shall assume that
𝜆 is an 𝑛-fold root of the characteristic equation (3). Then the general solution
(10) in the disk can be rewritten in the form:

𝑢(𝑥, 𝑦) = Re(
𝑛

∑
𝑘=1

𝛿𝑘𝜙𝑘(𝑧) +
𝑛

∑
𝑘=2

𝛿𝑘
𝑘−1
∑
𝑗=1

(𝑧 − ̄𝑧)𝑗

𝑗! 𝜙(𝑗)
𝑘 (𝑧)) (106)

where 𝜙𝑘(𝑧) are arbitrary analytic functions in the disk |𝑧| < 1.
Substituting the general solution (106) into the boundary condition (105), we
obtain:

Re(
𝑛

∑
𝑗=1

𝛿𝑗𝜓𝑗(𝑧))
|𝑧|=1

= 𝑓(𝑧) (107)

where
𝜓𝑗(𝑧) = 𝜙𝑗(𝑧) +

𝑛
∑

𝑘=𝑗+1

(𝑧 − ̄𝑧)𝑘−𝑗

(𝑘 − 𝑗)! 𝜙(𝑘−𝑗)
𝑘 (𝑧) (108)

(𝑗 = 1, 2, … , 𝑛).
It is clear that 𝜓𝑗(𝑧) are analytic functions that may have poles at the point
𝑧 = 0 of order no higher than 𝑛 − 1. First, we find the solutions 𝜓1, … , 𝜓𝑛 of
the boundary value problem (107) that are analytic in the disk |𝑧| < 1 and have
poles at 𝑧 = 0 of order at most 𝑛 − 1. From (107), we have:

𝑛
∑
𝑗=1

𝛿𝑗𝜓𝑗(𝑧) = Φ(𝑧) +
𝑛−1
∑
𝑗=1

𝑐𝑗
𝑧𝑗 (109)

where 𝑐𝑗 (𝑗 = 1, … , 𝑛 −1) are constant vectors, and the purely imaginary vector
𝑐𝑛 is defined accordingly. Let the number of linearly independent vectors 𝛿𝑗 be
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𝑟. Then (109) has a solution in the considered class if and only if the following
conditions are satisfied:

Re∫
|𝑧|=1

(𝑓, 𝜒𝑘)𝑑𝑠 = 0 (110)

where 𝑘 = 1, … , 𝑛 − 𝑟, and 𝜒𝑘 are linearly independent solutions of the linear
homogeneous algebraic system adjoint to the system:

𝑛
∑
𝑗=1

𝛿𝑗𝑥𝑗 = 0 (111)

When these conditions are met, the solution to system (109) is given by the
formula:

𝜓(𝑧) = AΦ(𝑧) + ∑ 𝑎𝑗𝜔𝑗 +
𝑛−1
∑
𝑘=1

𝑔𝑘
𝑧𝑘 (112)

where A is a well-defined constant 𝑛-dimensional matrix constructed using the
vectors 𝛿1, … , 𝛿𝑛; 𝜔𝑗 are linearly independent solutions of the algebraic system
(111); and 𝑔𝑘 are arbitrary vectors. The condition can be written as 𝑗 = 1, … , 𝑝
(113).

TOVMASYAN (𝑗 = 1, … , 𝑝) (114).

(𝑓𝑘 = 1, 𝑛 − 𝑟0, 𝑗 = 1, 𝑛 − 1).
The analytic functions 𝑄𝑖(𝑧) appearing in (112) can be represented as (𝑗 =
1, … , 𝑝) (116), where ℎ = −𝑘 + 1 are arbitrary analytic functions in the domain
|𝑧| < 𝑅. Let the vector-function 𝜓(𝑧) and the vectors 𝑔𝑖 satisfy conditions (113)–
(115). Then, by substituting the value of 𝜓 from (112) into (108) and solving
(108) with respect to (𝜙1(𝑧), … , 𝜙𝑛(𝑧)), we find that this solution is regular at
zero if and only if a finite number of conditions of the following form are satisfied:

∑ 𝑎𝑗𝑀𝑗 + ∫(𝑔𝑖, Θ𝑖)𝑑𝑧 = 0, (117)

where 𝑎𝑗 are constant numbers, 𝑔𝑖 are constant vectors, and Θ𝑖 are vector-
functions. These quantities are fully determined. It is clear that part of the
conditions (114), (115), and (117) can be satisfied using the vectors 𝑔𝑖 and the
numbers 𝑎𝑗; the remaining part of the conditions can be replaced by conditions
of the form:

(𝑓, 𝜒𝑘) = 𝑑𝑘 (𝑘 = 1, 2, … , 𝑁). (118)

Condition (110) together with (118) is necessary and sufficient for the solvability
of the Dirichlet problem considered here in the disk. If conditions (110) and (118)
are fulfilled, the solution to the problem is given by formula (106), where Φ(𝑧) =
(𝜙1(𝑧), … , 𝜙𝑛(𝑧)) is an arbitrary solution of system (107); 𝜓(𝑧) is determined
by (112); 𝑄 is given by (116); 𝑔𝑖 are arbitrary vectors (where 𝑔 is a real vector);
and 𝑎𝑗 are arbitrary numbers satisfying conditions (114), (115), and (117).
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We note that the Dirichlet problem for weakly coupled systems in a disk was
solved by a slightly different, yet similarly simple method in work [?]. Using the
results obtained, it is easy to prove that the Dirichlet problem for the inhomo-
geneous system (1) with homogeneous boundary data in the case of a half-plane
or a disk is always normally solvable. The problems considered in this section
are related to the works of A. Dzuraev [?] and Ya. B. Lopatinskii [?].

[?] A. Dzuraev, Doklady AN Tadzhikskoi SSR, vol. VII, no. 4, 1964. [?] Ya. B.
Lopatinskii, Ukr. matem. zhurnal, no. 2, 1959.## § 5 Conclusion

The case where 𝑛 = 2 and the value represents a double root of the characteristic
equation finds significant application in the plane theory of elasticity.
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