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1. Introduction. In Kleene normal form f(x) = U[uyT (e, x,y)], the function
U and the predicate T' are primitive recursive. Accordingly, every recursively
enumerable set is enumerated by a suitable primitive recursive function. In
the work of A. V. Kuznetsov (}), the possibility is established of certain related
primitive-recursive constructions connected with functions of large range. Many
authors have considered narrower classes of predicates and functions suitable
for Kleene normal form, for enumeration of recursively enumerable sets, etc.
On the one hand, the complexity criteria for these classes were based on the
classification of the computation schemes used for recursive functions. It was
found that the predicate T'(¢,x,y) can be taken to be elementary (in Kalmar’
s sense), rudimentary, and s-rudimentary (?). On the other hand, parameters
of Turing machines were considered as complexity criteria. In () it is shown
that the class of predicates computable on a Turing machine with logarithmic
slowdown is the smallest, with respect to computation time, among the classes
suitable for Kleene normal form. In (%) it is established that the predicate
T(e,z,y) can be taken to be computable on so-called marked Turing machines
(see the definition below).

We introduce the class of predicates R\® ; we shall show that it is narrower than
all the classes listed above; and we shall establish the suitability of R for
Kleene normal form and related constructions.

2. Basic concepts. Let us recall some definitions from (*7%). Let A, be
the set of all words in the alphabet {1,2}. We establish a one-to-one corre-
spondence between A, and the set of natural numbers as follows: to the word
a,a,_; ...a1ay € Ay there corresponds the number Z;’:O a;-2'. By C(x,y, z) we
denote the concatenation predicate ry = z, where zy means the word obtained
by appending the word y to the word x. By Py we denote the predicate “z is a
subword of y” (i.e., there exist such words z;, 24, possibly empty, that y = z;x2,).
The class of rudimentary predicates (R) is the smallest class containing the con-
catenation predicate C(z,y, z) and closed under: 1) the operations of the algebra
of logic; 2) explicit transformations (permutation of arguments, identification
of them, replacement of variables by constants, addition of fictitious variables);
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3) adjunction of bounded quantifiers. If instead of 3) one adjoins bounded
quantifiers of the form*

(F2)R(xy, ..., 2, 2) o (32) <, [2Py & R(zy, ..., 2, 2)],

s s P

(VAR(@y, s Ty, 2) 2 (V2)

’ n?

[zPy — R(xq,...,x,,2)],

z<y

then we obtain the class of s-rudimentary predicates (R,).

d
* f = denotes equality by definition.

We shall consider functions mapping N = {1,2,...} into N. We shall say that
a function f(zq,...,z,) is computable on a Turing machine with logarithmic
slowdown if there exists a Turing machine computing f(z4,...,x,) in T steps
with 7 < Cllog, [, where C' = const, and [ is the length of the record of the
argument in sequential code (see (3)). By Log we shall denote the class of
predicates computable on a Turing machine with logarithmic slowdown.

We shall say that a predicate Q(zq,...,x,,) is computable on a Turing machine
with marks if there exists a Turing machine 9t computing Q(z4, ..., z,,) with the
following restrictions: 1) the head of 91 does not go outside the record of the
argument in sequential code (see (3)); 2) for every cell v of the tape of D¢ the
following condition is satisfied: if at the initial moment of time v contains the
symbol v, then at every subsequent moment of time v contains either v or the
symbol * (a mark); 3) there exists a number k such that at every moment of
time on the tape of 91 no more than k cells are occupied by the symbol ’. By
M we shall denote the class of predicates computable on a machine with marks.
Let us also define two more classes of predicates:

08 — R, NLog; R'°¢ = RN Log.

3. Comparison of classes of predicates.
Theorem 1.
L. R CR,.

II. RY® C Rlog.*

I R, C M.**

Remark. It follows from Theorem 1 that the class of predicates 198 i5 the
narrowest among all the classes mentioned.

In the proof of Theorem 1 an essential role is played by
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Lemma 1. Let a predicate w(x,y) have the following properties: 1) m(z,y) € R,;
2) w(x,y) is true only on such pairs (x,y) that x,y are words in the alphabet
{2}; 3) for every x there exist in the truth set of the predicate m(xz,y) no more
than a finite number of pairs (x,y;) (i =1,...,m).

Then there exists a constant K, such that for every pair (x,y) from the truth
set of w(x,y) the following is valid: the ratio of the length of the word y to the
length of the word x does not exceed K.

4. Functions, their graphs and sets of values.

According to (1), a general-recursive function that is not primitive-recursive
will be called complex-recursive. It is known that from the “simplicity” of
the set of values of a function and of its graph there does not follow, gener-
ally speaking, the “simplicity” of the function itself. For example (see (1)), a
monotonically increasing function with a primitive-recursive set of values and
graph may be complex-recursive. A similar phenomenon occurs for functions
of large range. For a function of large range g(&) (i.e., one taking each value
from N = {1,2,3,...} an infinite number of times) let us define the function
g~ (z,y) as that z for which g(z) = y, and moreover the function g(§) takes the
value y on arguments not exceeding z exactly x times. It is known (see (1)) that
there exist primitive-recursive functions of large range g(§) for which g~ (z,y)
are complex-recursive.

Let RE°% denote the class of functions computable on a Turing machine with
logarithmic slowdown and such that their graphs belong to the class RIE.

Theorem 2. 1. There exists a monotonically increasing complex-recursive func-
tion such that its graph and set of values belong to RYE.

* 1II refines the result R, C R, announced in (2) (p. 92).
** 11T refines the result R, C M, announced in (4).

II. There exists a function of large range g(§) in RL°% such that g (z,y)is a
complex-recursive function.

Remark. From Theorems 1, 2 and Lemma 1 it follows that the class R5%8

is narrower than the class of functions computable on a Turing machine with
logarithmic slowdown, and also than the class of functions with graphs in R\,

The remarks to Theorems 1 and 2 show that R'°® and RY°® are rather narrow
classes. Nevertheless, in them it is possible to realize a number of constructions
that were previously justified for broader classes.
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5. Enumeration of sets and explicit representation of func-
tions

Theorem 3. I. Every recursively enumerable set is enumerable by a function
from RE°8.

II. Every partial recursive function f(z) is representable in the form
f(x) =UlpyT (e, 2, y)],

where U(z) belongs to R and does not depend on f(z), T(e, ,y) be-

longs to R’ and does not depend on f(x), while £ depends on f(z).

ITI. Every general recursive function o(x) is representable in the form
g9~ (1,21)),

where g, (§) is a function of large range from the class RYE , not depending
on o(z), and g(£) is a function of large range from R*™°¢ depending on

o(x).

IV. Every general recursive function is representable as the difference of two
such functions whose graphs and ranges belong to RS,

Let a Turing machine 20 compute the partial recursive function f(z). Suppose,
further, that there is some coding method that makes it possible to associate
with any finite sequence of configurations of 2 a word in the alphabet {1,2}.
In the case where 2 halts, by the protocol of the Turing machine I we shall
mean the sequence of its configurations from the moment of start-up to halting.
Denote by Iy (x) the code of the protocol of 2 under the chosen coding method,
if f(x) is defined. If f(x) is not defined, then IIy(x) is also not defined.

In the proof of Theorems 2 and 3 the fundamental role is played by

Lemma 2 (on coding). For every partial recursive function f(x) there exists a
Turing machine 2(, computing f(z), such that, under a suitable coding method
for the protocol of 2, the following condition is satisfied: the predicates 1)
y = Hy(z); 2) Fr)(y = Hy(2)); 3) Bx)(y = Hy(x)&z = f(x)) belong to the
class R

In conclusion the author expresses gratitude to B. A. Trakhtenbrot for posing
the problem and for his attention to the work.
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