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Consider the equation

A + k2 = ge'*, (1)
As is known, a particular solution of this equation has the form

1 . — dU’
I ik(x'—1") A 2
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where the integral is taken over all space, dv’' = dz’dy’dz’, r? = (x — ') +
(y—1vy")?+ (2 —2’)%. In quantum mechanics, 1; gives the correction of the first
Born approximation to the wave function (1). In the present paper we study in
detail the dependence of ¢, on ¢ and k as k — oo.

Equality (2) can be written in the form

1

) ) d
%(%ya Z) = _Eezkz/ezk(&kr)q(x + S,y + t,Z + U')?Ua (3)

where 72 = 52 + 2 + u?, dv = ds dt du.

In addition to the Cartesian coordinates of the point Q(s,t,u), introduce two
more new coordinate systems Q(p, ¢, 0) and Q(p, s, ). Here ¢ and 6 are defined
as in the spherical system, p = s+, tgy = u/t. Relation (3) can be represented
as follows:

1, =
1/)1(%3/72):—56“”/ e 1(q, P, p) dp. (4)
0

Here, to define I(q, P, p) at the point P(z,y, z), we use either of two formulas:
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The expression I(q, P, p) is the integral of the function ¢ over the paraboloid of
revolution s + r = p with focus at the point P.

1. Basic properties of the integral over a paraboloid.
Introduce the notation I(q,p) =1(q,P,p) if xt =y =2=0.

1. If the functions ¢(s,t,u) and f = s9q/0s + tq/0t + uwdq/Ou + q are
integrable over the paraboloid, then

d 1

The stated property is obtained as a result of differentiating both sides of (5).

2. Let q(s,t,u) = a(s,r)t™u”, where a(s,p — s)s* € L(—o00,p/2) (0 < k <
(m+n)/2), and m and n are nonnegative integers. Then

the equality holds

I(q,p) =0, (7)

if at least one of the numbers m or n is odd. If, however, m and n are even
numbers, then

(n— D! (m— 1)
mAm/2((m+n) /2

p/2
Ia.0) = 5 ; | also— e = 2ps) s (9

Putting n = 0, m = 0 in (8), we obtain

p/2
I(q,p) = / a(s,p—s)ds,  where g(s,t,u) = q(s,7). (9)

3. Suppose that the relation

sovietrxiv.org/items/ru-196601.21979 Machine Translation

1+ cospsiné

) dfdep,


https://sovietrxiv.org/items/ru-196601.21979

k,1>0
k+l<n
holds, where
ak+l
ap(s) = ETEmL. ; ag(s)s™ € L(—00,p/2), 0<m < (k+1)/2,
t=0, u=0
and
lim_ I(g,, p) = 0.
Then the equality
=S /W 2 ok
2k,2z(5)(P —2ps)"tds (10)
=0 22(k+0) k + DN

is valid.

4. If the function ¢(s,t,u) is continuous and satisfies the inequality

|2 (s,V/p? —2pscos i, \/p? — 2pssinp)| < p(s),  s<0, @(s) € L(—o0,0),

then
0
1im1(q,p):/ q(s,0,0)ds.
—0 oo
5. Suppose that the function ¢(s,t,u) is bounded and that the relation

la(s,t,u) = 1 (s)] < @o(s)(#* + ), <0,

holds, where

v1(s) € L(—00,0), ©0y(8)s% € L(—00,0), 0<fB<a, a< %

Then

0
Iwmzf or(s)ds + O(p%) a5 p— 0.
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6. Suppose that ¢(s,t,u) is continuous at the point O(0, 0, 0) and the equality

1
q(s,t,u) = Z akl(s)tkulm + q5(s, b, u),

k>0
k+1<2
holds, where
oF+!
ay(s) = S oul ! o ; ap(s)s™ € L(—00,p/2), 0<m <
<(k+D/2, s, tu)] < () +u?)®, s™p(s) € L(—o0,p/2),
0<m < a, a>1.
Then
I( )—/0 (sOO)ds—i—B (000)—/0 572_’_572 sds+o(1)
q,p) = 700(] s Uy ) q(Y, Y, | ot2 ou? q 0. 40 ’
(11)
7. From the inequality |g(s,t,u)| < ¢(r) it follows that
(o)
Iapl< [ ety (12)
p/2

§ 2. Integral over a paraboloid of a function equal to zero
outside a convex body

According to Property 1, for smooth functions ¢(s,t,u) there exists the deriva-
tive dipf (q,p) (p > 0). We shall now clarify the conditions for existence and the

method of computing d%[(q, p) in the case when ¢(s,t,u) has a discontinuity on
some convex surface.

Let ®(s,t,u) = 0 be the equation of a convex surface S, dividing all space into
two nonintersecting parts R; and R, (R, is the convex part). In what follows
we shall assume that ®(s, ¢, u) has continuous first partial derivatives.

Denote by x(s,t,u) the characteristic function of the closure of the set R;, and
by 7, the line of intersection of the surface S with the paraboloid p = s + r.
Define on v, the function
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A(s,t,u) = 86—(1)
s

[} P
(\/82+t2+u2—3)—t6——u8—. (13)
u

If at some point M(s,t,u) of the line v, the equality A(s,#,u) = 0 holds, this
means that the tangent to the meridian of the paraboloid at the point M belongs
to the plane tangent to the surface S at the point M.

Theorem 1. Let on v, the inequality

|A(s,t,u)| > 6> 0 (14)

hold.

If the functions gy, fx = (s9q/0s+1tdq/0t +udq/Ou+ q)x are integrable over
the paraboloid and ¢ is bounded on +,, then the relation

d
7_[ =
M(%m)

1 1 0P 0P 0P p—2s
*;I(fXJ))JF?/ <3—8+t—+u—u) ﬂ&@“)d&%@ﬁd%

s, t,u)

(15)
where e(P) = —1, if P(s,t,u) is a point of entry into the body R; of the meridian
of the paraboloid p = str, and e(P) = 1, if P is a point of exit.

§ 3. Asymptotics of ¢, as k — oo

Theorem 2. Let the inequalities

|Q($+5,y+t72’+u)| < L)Ol(rap)a |f($ay,27 Sat7u>‘ < @2(T’P>

hold,

(r? = 8% + 12 +u?),

where

[z, y,z8,t,u) = q(o+ s,y +t, 2 +u)+

+(s0/0s+t0/0t +ud/Ou)q(z + s,y + t,z + u),
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/ pp(r,P)dr<oo (k=1,n=0,1; k=2, n=0).
0

Then the formula holds

1. * |
wl(xﬁ%@ = ﬁelkr |:/ Q(Say7z> ds +/ elkP,I(f7P7p) d/) .
B —o0 0 P

Assume in addition that the following conditions are satisfied.

1. The integral exists

/OO ©qo(r, P)|[1nr|dr < oc.
0
2. For some a (a > 0) the inequality
|f(z,y,2;8,t,u) — f(z,9,2,5,0,0)] <als)t? +u?)*, 5 <0,
holds, where a(s)s” € L(—00,0), 0 < 8 < a.
Then the integral

o 1
/ e*P=I(f, P, p)dp
0 P

converges absolutely and, consequently, tends to zero as k — oo.

Thus (see (1)),

1. *
1/11(35»%2) = ﬂelkw [/ q(svyvz) ds + 0(1) ) k — oo.
¢ —00

Consider a bounded closed convex surface S, whose equation is ®(x,y, z) = 0,
where ®(z,y, z) has continuous partial derivatives of first order. We shall say
that P(z,y,z) is a point of focus type of the surface S if the common points
Q(z’,y’,z") of the surface S and of some paraboloid

(Y =)+ (¢ —2)? = p* = 2p(a’ —2)

form a set of positive planar measure. Let the function ¢ (z,y,2) have con-
tinuous partial derivatives of first order and, for some K and «, satisfy the
inequality

9 d
sl | goa @+ sy +t2+u) = —eq(z+sy.2)| < K +u?)% <0, a>0.

Finally, put ¢(x,y, 2) = ¢, (z,y, 2)x(x, y, 2), where x(x,y, z) is the characteristic
function of R, (see item 2).
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If P(z,y,z) € Ry and P is not a point of focus type of the surface S, then as
k — oo

)

_ 1 ikx ’
wl(xvyvz) - 2Zl€e l/r Q(svyvz) dS—I—O(l)

0

where ®(z,y,2) =0 and z, < z.
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