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N. Yu. SHVAIKO

ON THE DEPENDENCE BETWEEN STRESSES
AND STRAINS IN THE NEIGHBORHOOD OF
A CORNER POINT OF THE LOADING PATH

Within the framework of the model proposed in paper (1), the question of the
stress-strain state in an infinitesimal neighborhood of a kink of the loading path
under plane-plastic deformation is considered. It is assumed that the kink of
the path occurs after monotonic loading. The results obtained, under certain
additional assumptions, are generalized to the three-dimensional case.

1°. Let an element of a body be under conditions of monotonic plane-plastic
(1) deformation; its stress state at the time t = t° is characterized by the
components ¢,(t%), o,(t) (7,,(t°) = 0). The components of plastic strain
e, (t°), e, (t°) and the intensity of slips (6, ¢°) are given by the formulas

o a? 20
Q)=o) =7 (1-F). o049 = 2o
Og = Um(to) - Uy(t0)7 (171)

where k, ¢, 7, are material constants, and the parameter o is determined from
the equation

1 2c 1
043 (2 “rhl) =§—i~ (172)

Let the stresses receive arbitrary small increments Ao, Ao, A7, over a small
time interval At. Suppose that at some time ¢ € [t° 40, t°+ At] additional slips
occur (Fig. 1) along a set of directions 6, € [—a;(t), ay(t)]. In the indicated di-
rections the resistance to shear S,,, and the rate of its increment are respectively
equal to the shear stress 7, and to the rate of increment of the shear stress.
Thus, we have
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ay(t) c P
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t Tm (09, 1), 0o € [—ay(t), ay(t)],
S%[907t0]+/ S1/n[90a€>a1(§)’ a2(€)] df = Tm(003t> + n, 00 ¢ [70‘1@)’0[2@)]’
o (n>0),

(1,4)

where }(0,t) is the rate of change of the slip intensity; SY[0,,t°] is the
resistance to shear at the moment preceding the kink of the loading path;
SI 100,604 (§), ay(€)] is the rate of change of the resistance to shear after the
kink of the loading path:

c

SY = Ts+/€/ i ©0(0,t%) In ———
=y

as(§) c
&, S = k/ (0,60 ——do.
—a;(§) |6 B 90|
(1,5)
Taking the direction (6,) of sliding as close to the direction of action of the
maximum shear stress T, for 7,,(0,,t) we may set, from (1),

T (00, 1) = T(£){1 —2[0, — (1)]*}, (1,6)

where

T(t) = %\/[%(t) —o, ()2 + 42, (1), (1) = %arc tg ——-2 Y

Equation (1,3) and condition (1,4) determine the unknown functions ¢;(6,t),
@1 5(t). Depending on the magnitude of the ratio A(o, —o,)/AT,,, their solu-
tion has a different character.

Y

a) Let us first consider the case in which the kink in the trajectory occurs un-
der conditions of monotonic plastic deformation, i.e., when the condition
dy 5(t) > 0 (t > 1°, & = da/dt) is satisfied. In this case, from (1,3) and
(1,4), taking account of expression (1,6), for a small neighborhood of the
corner point we obtain

, 2n nt, + 205 In(2c/ay) - 0
A1(0,0) = 22 Sl + 0)(ag —0) + et 20B/00) B
km krogIn(2¢/ag)/(aq + 0)(ay — 0)

(1,8)
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: Y

_ 1,9
20000 In(2¢/ay) oy’ (1,9)

ay o(t) = oy +

where n = d(0,—0,)/d7,,,
it is set that dr,, /dt = 1.

Fig. 1

and, since the time scale is assumed to be inessential,

The increment of the components of plastic strain is given by the formulas

Ae, = —Ae, = K1,A(0, —0,), Ae,, = Ky AT, (1,10)

where

ey ), m(l=af) _ 203 ag
K = 2k {ao ( 2 ) * oo In(2¢c/ay) |’ Ko = k 2 ) (L11)

On the basis of the condition ¢ 5(t) > 0, taking account of (1,9), we obtain
a restriction on the magnitude of the ratio |d7,,|/d(c, — o,) at the instant
t = tY + 0 of the kink of the loading trajectory, for which formulas (1,10) are
valid:

|d7,,|/d(o, —0,) < 7/200In(2¢/ ). (1,12)

b) Violation of condition (1,12) means that one of the functions a; 5(t) in the
process of additional loading (Ao, Ao, , AT, ) receives a negative incre-
ment (nonmonotonic plastic deformation). Without restricting generality,
for the time being we shall assume that in the process of additional load-
ing ®(¢) > 0; then the indicated function (Fig. 1) will be o (), so that
a;(t) <0 (t>1t9).

In this case from (1,3) and (1,4) we obtain:

, _2n 2—n(ag —ay) [a;+0
<)0t(97t) - ke (al + 0)(042 0) + - oy — 93 (1713)

2

e An+8(ay — ) — 2n(ay — og)? — nlay — @)
ap+a; 2(ay + )[4 = nlay — 3ay)]

oy + a, At
O‘Q(t):a°+[2_n(a°+a*)]\/02T0(70 (o, = oy (t° +0)).

For the increments of the components of plastic strain we have

In

, (1,14)
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Ae, = —Ae, = K11|Arwy| + K5A(0, — ay),

Here
o+ o
K, = 07 (4 — 502 + 2090, — a?),
Ky, = % (—8ap + 240, + 13aga2 — 27a2a, + 1503 —9a3),  (1,16)
g + o, o+ o,
Ky = OTC)’O‘O —a,), Koy =— 02k (g — @)%,

where a, = a4 (t° 4 0) is determined from the first equation (1,14), in which one
must put oy, = .

¢) In the limiting case, when a, = —ag, from (1,15) and (1,16) we obtain
Ae, = Ae, = Ae,,, = 0.

Letting in the first equation (1,14) ay — o, @7 — —a, we obtain the value of
the ratio |d7,,|/d(o, — o,) for which the indicated limiting case occurs:

‘dede(o—x - Jy) = 7(1 - 2O‘/‘%)/ZLOLO' (1717)

When the condition
_(1 - 204(2))/4(10 < |dT:1:y|/d(Jw - Uy) <0

is satisfied, the increment of the components of plastic strain is equal to zero;
unloading according to the elastic law takes place.
Fig. 2
2°. One of the possibilities for generalizing the obtained results to the spatial
case is opened by A. A. Ilyushin’ s postulate (?) of isotropy. In order that the

plane-plastic medium considered above satisfy the indicated postulate in the
space sg, it is necessary to require fulfillment of the condition

. 1. .
G, = 5(095 +d,)- (2,1)
In this case the image of the process (2) lies in the plane ;S5 of A. A. Ilyushin’
s space (s5), and in the neighborhood of the corner point it is determined by
the formulas
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S0 =1,8%  dS =1i,dS, +isdSs,

E=1&1 +15Es, (2,2)

where

2

5

2

5 (do, —do,),  dS; = V2dr,,,

o5

1 =V2¢,, Ey=-é,, (¢=dejdt, S3=0, SY=dS, =0, k=24,5).

Yy

The magnitude and direction of the plastic-strain-rate vector & (Fig. 2) are
determined by the formulas

. 1
&= \/2(K11 +2ctg BK5)* + §<K21 +2ctg fK5)?,

tgQ = (Ky + 2ctg fKy,)/2(Kqy + 2ctg BK5), (2,3)

where 3 is the angle between the vectors S° and dS; K;; = K;j(ag, a,) for the
three loading regions considered above are defined above.

Consider the general case of the location of a two-link loading trajectory in the
space sz (in Fig. 2, the broken line OA, B;). If the vectors S° and dS (Fig. 2)
are specified so that the equalities

S =99, ds’ =ds, B =5, (2,4)

hold, then the trajectory OA, B, up to rotation and reflection, will coincide
with the trajectory OAB. In this case, from A. A. II' yushin’ s postulate it
follows that:

a) the vector & of the plastic-strain rate and the vectors S and dS lie in one
plane;

b) the equalities

hold.
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The projections of the vector & onto the coordinate axes are determined by the
formula

/ 6'»/
&= |2E f— Q)+ = EsinQ k=1,2,.. 2
k Sln( ) + dS 1 Sin/B/ ( )4y 75)7 ( 76)

where & and €', with account taken of (2,5), are given by expressions (2,3).

The direct relation between stresses and strains is determined on the basis of
(2,6) by the known formulas for passage from vector quantities to tensor quan-
tities. For economy of space we restrict ourselves only to the case of a plane
stress state, when the element of the body is subjected to compression along
the axis Oz up to o, = —0°, and then infinitesimal stress increments do, dr,
are imparted to it. In this case, for the components of the plastic-strain rate
immediately after the break (t = t° + 0) of the loading trajectory, on the basis
of (2,6) we obtain

: 2 do, . . L.
€w:—§ \/§K11—|deyKl2:| s ey:ez:_§ew’
do de
e, = Ky signdr,, — —=2—K. ée= ) 2,7
zy 21 S18 Ty \/ngxy 22 ( dey) (2,7)

It has been shown that, under the assumptions made above, the formulas ob-
tained for the corner point remain valid when, in the general case, the break
is preceded by a five-dimensional curvilinear loading trajectory satisfying the
condition

tg B(t) < V21,/25(t)a(t) In(2c/a(t)). (2,8)

Here (5(t) is the angle between the vector S(t) and the tangent (dS/dt) to the
loading trajectory; the function o = «(t) is determined from the equation

1 2\ 1
o? (5 +1ng> o Rbv, ot (2,9)
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