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The subject of this note is a lower estimate of the complexity of problems con-
nected with the solution of systems of linear equations

aj1Yy + agoYs + .o+ agny, = by,
A91Y1 + QoY + ... + 9y, = by,

(1)
an1Y1 + An2Y2 +.t ApnYn = bn

in the field of addition of integers modulo 2. Thus the variables and coefficients
take the values 0 and 1, and the operation + is understood in the sense of
addition modulo 2. We shall estimate complexity in the class of contact circuits
and in the class of superpositions of functions over an arbitrary finite basis. As
is known, in the latter case a constant depending on the basis enters into the
expression for the Shannon function. For simplicity we shall assume that the
basis contains a function of two variables—in order to make the constant equal
to 1.

Two problems will be considered by us: 1) the question of the unique solvabil-
ity of a system of linear equations, 2) finding a solution of a system of linear
equations under the condition of its uniqueness. Lower estimates of the com-
plexity of these two problems will be obtained. It should be noted that the basic
construction used by us in solving these problems goes back to one method for
constructing a sequence of functions of “nonlinear” complexity, proposed by E.
I. Nechiporuk (1).

Thus, the first problem is the following: to determine what the determinant
of the system (1) is equal to—zero or one. Denote by a the set of coefficients
located above the main diagonal of the matrix of the system (1). Consider the
functions
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Ly G Q13 - Gpy

1 zy ags ... ag,
0z, x,) =10 1 x5 .. ag,
o o .. 1 =z,
Lemma. The functions ¢, (zq,...,x,,) are all distinct for distinct a.

Proof. We apply induction. For the case n = 2,3 the assertion of the lemma
is verified directly. Assuming now the assertion proved for n — 1, consider
a determinant of order n. Take two distinct sets a’ and a” of values of the
variables above the main diagonal and transform our determinant to the form

0 z1x9+ayy 9T +a13 ... a9,T; +ay, T1Tg + Q19 Qo931 + Qg ... G9,Tq

1 Ty Qg3 Qo 1 T Q3
0(xy,yx,) =10 1 T as,, = 0 1 Ty

0 0 1 T 0 0 1

(2)
It follows from this that if the tuples a’ and a” have distinct values lying below
the first two rows, then the functions ¢,/ (1, 2y, ..., x,,) and @z (1, z4, ..., x, ) are
distinct. Analogous arguments (but now with respect to columns) apply if the
tuples @’ and a” have distinct values lying to the left of the last two columns.

It remains to examine the case when the tuples @’ and a” differ by values lying
in the upper right square of order 2. Here several possibilities arise.

a) One of the numbers a; ,, 1,as,, 1 (ay,,as,) is changed, and the other is
not. In this case the determinant in the form (2), for ; = 1, reduces to a
determinant of order n — 1.

b) The whole pair (a;,, 1,a, 1), or the pair (a;,,a,,), or both of these
pairs, is changed. Then the sum @, (0, %o, ..., 2,,) + @57 (0, Ty, ... ,x,,) in
the first case is equal to z,,, in the second to 1, and in the third to z,, + 1.
Obviously, in the first and third cases one can choose the corresponding
value of the variable z,, so that the above sum is equal to 1.

Theorem 1. The complexity of computing a determinant of order n is bounded
from below asymptotically: for superpositions, by n®/2logn; for contact circuits,
by n3/6logn; for parallel-sequential contact circuits, by n3/2.

Proof. Partition the n? variables of the determinant into n sets By,..., B,:
take the main diagonal as B;; the diagonal lying below the main diagonal,
together with the element z,,, as B,; the diagonal lying below the preceding
one, together with the elements z; ,,_; and x,,, as Bj, and so on. It is easy to

see that if, for the set B;, we substitute different constants for the remaining
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variables, then the number of functions depending on the variables of the set B;
will be the same for each i = 1,...,n. On the other hand, as follows from the
lemma proved, the number of such functions for each set B, will be greater than
2(n*=1)/2 " We now use the method of E. I. Nechiporuk (1). Choose, from the
functions obtained, one for which the number of occurrences of variables from
the set B; is maximal. This number is clearly greater than (1—&)(n?—n)/2logn
[2]. Then the total number of occurrences of all variables will be asymptotically
greater than n3/2logn. The complexity of the contact circuit for the chosen
function of the variables from B, will, as is easy to see from (3), be greater
than (1 —¢)(n? —n)/6logn. Hence it follows that the complexity of a contact
circuit realizing a determinant of order n will be asymptotically greater than
n3/6logn.

To obtain a lower bound in the class of parallel-sequential contact circuits one
can use the method of B. A. Subbotovskaya (%). In the function ¢, (z1, ..., ,)
introduced above (the coefficients a,;,i < j, are also regarded as variables), we
shall estimate the number of occurrences of the variables a;;. Combining the
proved lemma with the result of B. A. Subbotovskaya, we obtain the required

estimate.

Now let us estimate the complexity of solving the system of linear equations (1)
with a determinant different from zero.

Theorem 2. The complezity of solving a system of linear equations of order n
with determinant different from zero is estimated from below asymptotically: for
superpositions—by the quantity n3/4logn, for contact schemes—by the quantity
n3/4logn, and for parallel-sequential contact schemes—by the quantity n3/2.

Proof. We shall apply the reasoning used by us in the preceding theorem.
Consider the sets of variables

B = {blv "'vbn}v Al = {allv ’a‘nfl,l}v AZ = {a12v "'vanfl,Q}’ ) An = {alna "'aanfl,n}ﬂ

and estimate the number of occurrences of variables from these sets. Let us
first take the set B. It is clear that for any two distinct nonsingular matrices
(aj;) and (af;) of order n there will be values of the variables by, ..., b,, such that
the corresponding systems of equations will have different solutions. Since the
total number of nonsingular matrices of order n is ~ 0.3 - 2”2, the number of
occurrences of variables from the set B is estimated from below asymptotically
by the quantity n?/logn.

The estimates for each of the sets A, are obtained in the same way; therefore
we shall demonstrate their derivation using the set A, as an example. Put all
a; =1,b; =1, and a;; = 0 for i > j (then the determinant is nonzero). Denote
A1y = Tp, sy gy = Tpp_q. We shall show that any two different sets of values
of the remaining elements a,; are separated by (5). Let {a};} and {a];} be two
such sets, and let ¢ be the first index from below for which the rows

/ /
Qi 4155 Ay p—1>
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ag/,i-o—l’ e a’;/,n—l

are different. If the number of nonzero terms in these rows is even in one case
and odd in the other, then, choosing the values of the variables x; ,...,x,
so that y, ., = 1,...,y, = 1, we arrive at a situation in which in one case y; = 0,
and in the other y, = 1. It remains to consider the case when the number of
nonzero terms in both rows has the same parity. Without loss of generality, we
may assume that these sets do not intersect. Let in the first row these be the
terms a;y, , ..., @y, , and in the second ay; , ..., a;;,. We then choose the values of
the variables ;. ¢,...,x,_; in such a way that all y; ,... s Y, are equal to zero,
and an odd number of the terms among Yy, Y, are equal to one (and the
rest to zero). Then, as is easy to see, it again turns out that in one case y; will
be equal to zero, and in the other to one.

The number of occurrences of variables from the set A,, is then estimated from
below asymptotically by the quantity (n? — 3n + 2)/4logn (6). Consequently,
the complexity of the whole problem is estimated from below asymptotically by
the quantity n®/4logn.

Considering a realization in the form of a contact scheme (see (7)), we obtain
an asymptotic lower estimate equal to n3/4logn, and from the work of G. A.

Subbotovskaya (4) for parallel-sequential schemes there follows the estimate
n3/2.

In conclusion, we note that the question of estimating complexity in the class
of circuits of functional elements remains open (only a linear estimate is known
—see (5)); so far no example of a function having nonlinear complexity in this
class has been constructed.
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