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1. Let D be a domain in the complex space C™ of complex variables
(21,29, --,2,) = z; A(D) a linear topological space of functions f(z)
holomorphic in the domain D; A(D) a linear topological space of functions
holomorphic in the closed domain D. The topology in A(D) and A(D) is
introduced in the generally accepted manner; here the space A(D) is a
countably normed space (see (1), p. 29), while A(D) is an inductive limit
(union) of countably normed spaces (see (1), p. 89; (*3)). A sequence
fm(2), m=1,2,..., converges to f(z) in the topology of the space A(D) if
this sequence converges to the function f(z) uniformly on every closed set
M C D. A sequence f, (z), m =1,2,..., converges to f(z) in the topology
of the space A(D) if there exists a domain Q D D in which all the
functions f,,(z), m = 1,2, ..., are holomorphic, and lim,,, . f,,(2) = f(z)
in the sense of the topology of the space A(Q).

One of the most important questions arising in the study of the spaces A(D) and
A(D) is the question of the general form of a linear continuous functional in these
spaces. In the case n = 1 an exhaustive answer to this question has been given
(see (479)); moreover it turned out that the space A*(D) is isomorphic to A(C1\
D), and A*(D) is isomorphic to A(C' \ D), where A*(D) (respectively A*(D))
is the space conjugate to A(D) (respectively to A(D)). Similar results are valid
(") for polycylindrical domains in C™, n > 1 (i.e., for topological products of
plane domains). For domains D C C™, n > 1, that are not polycylindrical,
analogous assertions cannot be obtained.

The problem of describing the general form of a linear continuous functional in
the space A(D) (in A(D)) was solved (see (3711)) by other methods for certain
classes of domains D (n-circular, (p, ¢)-circular, semicircular, tubular). In the
present note the indicated problem is solved for convex domains D C C™ by
means of the integral representation obtained in (1°). For these domains D the
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concept of the conjugate set Dis introduced; in a certain sense it plays the same
role as the exterior of a domain does when n = 1.

2. Let D be a convex domain, (0,0,...,0) € D. Put

D= {w: wz+Fw,z, # 1, z € D}, D={w: wyz+-+w,z, *# 1, z € D}.

Then:

1°. D is a closed star-shaped bounded set, and D is a star-shaped bounded
domain.

2°. If D, C D, then D, > D, D, > D.

3°. Denote by D,, r > 0, the homothety D, = r - D of the domain D. Then
(Dr) = (D)l/r

Analogously,
(br) = (ﬁ)l/r

4°. If the domain D is circular, then D and D are circular convex sets.*

3. The domain D can be represented in the form D = lim D,,, where
m—0o0
D,,CD,, .1, (0,0,..,0) € D,,,
D, ={z:9,,(z,2) <0}, m=12.., (1)

the domains D,, are bounded, the functions ®,, are twice continuously differen-
tiable and convex in some neighborhoods of D,,,. Denote by 0D,, the boundary
of the domain D,,, and by 0D,, the boundary of D,,. Note that D = lim D,

ﬁmﬂ c (D, \0D,,), m=1,2,.... Let
w(®) = (n—1)! (Z O df[’f]) AdE/(2mi)" (& Pg, + - + &, QL )",
k=1
where

dg[k] = dg1 ARSRA dék—l A d5k+1 AREA dgn; d§ =d&§ N NdE,;

A denotes exterior multiplication; ® = @(5,5) is a twice continuously differen-
tiable function,
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Further, let 7(®) = (7,(®), ..., 7,,(®)),

(@) = ¥ (&0 4 +E,D )7 i=12,.n

Theorem 1. FEvery continuous linear functional F(f) in the space A(D) has
the form

F(f) = F,(f) = /d FE) p(r(@,) w(®,,), @)

where the function ¢ is holomorphic on the set ﬁ; m depends only on ¢ and is
such that ¢ is holomorphic on the set 5m > D. This correspondence between
continuous linear functionals F(f) in the space A(D) and functions ¢ € A(D)
is an isomorphism of the linear topological spaces A*(D) and A(b/)

Proof. 1) First of all, note that, by the convexity of @, , all first-order deriva-
tives of ®,, do not vanish simultaneously at points of the boundary 0D,,, of the
domain D,,. At each point £ € JD,, there exists a tangent complex (n — 1)-
dimensional analytic plane

{Z : (51 - Zl>(b;n£1 +ot <€’ﬂ B Zn)q);”fn =

(& Pre, + 7+, P # 0, since (0,0,...,0) € D,,),

which does not intersect the convex domain D,,; therefore the point 7(®,,) €
D

m*

2) Let the functional F'(f) € A*(D); then there exists an my such that
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*If thg domain D is not circular, then one cannot guarantee the convexity of
D or D. For example, if D = {z : |Rez| 4 |Imz| < 1} C C', then the set
D = {w: (JRew| — 1/2)? + (|Imw| — 1/2)? < 1/2} is star-shaped, but not
convex.

F(f) is bounded with respect to the norm | f{|,,,, = maxp |f| (see (1), p. 49).
Using the integral representation

o £ w(®,)
7(z) /dD 1= o (®,,) — o — 2y (B, )"

3)

z € D,,, ¢ € dD,,, we obtain, for m > m, formula (2), where o(7(®,,)) =
F([1—2z1(®,,) ——2,7,(9,,)]7™), the function ¢ is holomorphic on the set
ﬁm, and the integral on the right-hand side of (2) does not depend on the choice
of m > my.

Conversely, let ¢ € A(D); then there is an m such that ¢ € A(ﬁm) Then,
obviously, formula (2) defines a linear continuous functional F'(f) in the space
A(D).

3) From the boundedness of the domain D,, it follows that there exists an
r > 0 such that D,, is contained in the hypersphere I, = {z : |2]* +
-+ ]z,]? < r?}. It can be shown that equality (2), considered only for
f(2) € A(I,), is transformed into the form

Ff) = (oo / 10 (5 )(i(—l)klckddk])mcz

k=1

(n—1)lr2n .
= f@r) 0y, di [K] A dn, (4)
@mi)™ Jor,, ;
where ¢ € 01, n € 01y, 71/,, =1.Put f,(z) = (1 —wyz ——w,z,)",

where w is a fixed point of I;,,. Applying (3) to the domain I; /. and to the
function ¢ (instead of the function f) and (4), we obtain

Fo(fu) = p(w) ()

for all w € I,),. On the other hand, it follows from (2) that the function
Y(w) = F,(f,) is holomorphic in w in the domain D,,; therefore ¥(w) = p(w)

for w € D,,, and hence formula (5) is also valid for w € D,,,.

4) In 2) a correspondence was established between functionals F(f) € A*(D)
and functions ¢ € A(D). We shall show that this correspondence is one-
to-one. Let ¢, py € A(D); choose m so that ¢,y € A(D,,,). If p; = @,
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then from (2) we find F, (f) = F, (f). Conversely, if F, (f) = F,_(f),

P2 ¥
then from (5) it follows that ¢; = ¢, in the domain D,,, C D,,,,i.e. ¢; = ¢

also on the set D,,

From the one-to-one character of the correspondence under_consideration and
formulas (2) and (5), we obtain that the spaces A*(D) and A(D) are algebraically
isomorphic. It remains to establish that this isomorphism is also topological.
The spaces A*(D) and A(D) are, as can be shown, spaces (LN*) (see (2,3));
therefore it suffices to prove that a sequence ., k = 1,2,..., converges in
the topology of the space A(N) to a function ¢ if and only if the sequence of
functionals F, , k= 1,2, ..., converges in the sense of the topology of the space
A*(D) to the functlonal F

5) Let ¢ = lim,_, . ¢} in the topology of the space A(ﬁ); then there exists
an m such that the indicated convergence is uniform on the closed set

D,,, and, by virtue of (2), limy ., F, (f) = F,(f) for all f € A(D),
i.e. the sequence of functionals F,, converges weakly to the functional F,.
By Montel’ s theorem (see (16), p. 195) it follows that the space A(D )
is perfect ((1), p. 73); therefore lim;_,, F, = F,, with respect to the

topology of the space A*(D) ((1), p. 77).

Conversely, let lim;_,  F, = F, in the topology of the space A*(D). There
exists an m such that all I, € B*(D,,) and lim;_,, F|, = F, in the norm of

the space

spaces B*(D,,,), where B*(D,,) is the space conjugate to the Banach space
B(D,,) of functions holomorphic in the domain D,,, continuous in the closed
domain D,,, with norm |f|,, = maxp,, |f| (see (1), p. 78). Repeating the
arguments of 2), we obtain that all ¢, k= 1,2,..., are holomorphic on the set

D, .. Moreover,

lim F, (f,) = F,(fu)

k—o0

uniformly for w € D,), +1- Consequently, by virtue of (5),
Jim o, () = pluw)
—00

and this convergence is uniform on the closed set fDJm 112 D.

4. A bounded domain D can be represented in the form

D= lim D,,,
m—0o0
D,,., C D,,, where the domains D,, have the form (1) under the same

restrictions as in item 3. Then, analogously to Theorem 1, the following
can be established.*

Theorem 2. Let the domain D be bounded. Every linear continuous functional
F(f) on the space A(D) has the form (2), where the function ¢ is holomorphic
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in the domain 57 m depends on f and is such that f is holomorphic on the
set D,, D D. This correspondence between linear continuous functionals on
the space A(D) and functions ¢ € A(D) is an isomorphism of linear topological
spaces A*(D) and A(D).

5. If the domain D = {z : ®(z,z) < 0} is bounded, the function @ is twice
continuously differentiable and convex in some neighborhood of D, then
instead of the domains D,,, in Theorem 1 (in Theorem 2) one may consider
homothetic domains D,, r < 1 (r > 1) or domains

D(p) ={z:®(z,2) <p}, p<0 (p>0).
Then we obtain

Corollary 1. If, for any nonnegative integers k;, ko, ..., k

) n’

/ ¢ B o (r(®)) w(®) = 0,
oD

where ¢ € 0D, and the function ¢ is holomorphic on the set 5, then ¢ = 0.

Corollary 2. In order that, for every function f(z) holomorphic in the closed
domain D, the formula

ﬂ@=égﬁﬁ@adﬁw@>

hold, where ¢ € 9D, z € D, and ¥(z, z, 7(®)) is holomorphic in 7 on the set D
for each z € D, it is necessary and sufficient that

1

U(z,2,7(P)) = [1— 2,7 (®) — - — 2,7, ()]
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