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FOR THE NARROW PREDICATE CALCU-
LUS
(Presented by Academician A. I. Mal’cev on 1 XI 1965)

Let Φ be a class of formulas. We shall say that Φ is decidable if the problems
of recognizing satisfiability and finite satisfiability of formulas of the class Φ are
algorithmically decidable. We shall say that Φ is a reduction class if there
exists an algorithm which, to every formula 𝛼 of the narrow predicate calculus
with equality, assigns such a formula 𝛽 ∈ Φ that 𝛼 and 𝛽 are simultaneously sat-
isfiable or unsatisfiable and simultaneously satisfiable or unsatisfiable on finite
models.

In (1) a summary is given of results on the decision problem. The corollaries
formulated below follow from these results and from the theorem of the present
article. Here 𝐹 everywhere is the symbol of a binary predicate, and 𝑀 denotes
a quantifier-free formula.

Theorem. The class of formulas of the NPC without equality of the form

∀𝑥∃𝑢∀𝑦∃𝑧1 … 𝑧𝑛𝑀(𝐹; 𝑥, 𝑢, 𝑦, 𝑧1, … , 𝑧𝑛) (1)

is a reduction class.

Let Π be some set of words in the alphabet {∀, ∃}, and let 𝜎 be a collection of
predicate symbols. By Φ(Π, 𝜎) we denote the class of all formulas of the NPC
without equality of the form

𝑄1𝑥1 … 𝑄𝑛𝑥𝑛𝑀(𝜎; 𝑥1, … , 𝑥𝑛),

where 𝑄1 … 𝑄𝑛 ∈ Π. By Φ∗(Π, 𝜎) we denote the corresponding class of formulas
of the NPC with equality.

Corollary 1. Either Φ(Π, 𝜎) is decidable, or it is a reduction class. The same
also applies to Φ∗(Π, 𝜎).
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Corollary 2. Φ(Π, 𝜎) is decidable if and only if Φ∗(Π, 𝜎) is decidable.

Corollary 3. Let

Π1 = {∃𝑚∀𝑛 ∣ 𝑚, 𝑛 = 0, 1, …}, Π2 = {∃𝑚∀2∃𝑛 ∣ 𝑚, 𝑛 = 0, 1, …}.

Φ(Π, 𝜎) is decidable if and only if at least one of the following three possibilities
holds:

a) 𝜎 contains only symbols of unary predicates;

b) Π ⊆ Π1 ∪ Π2;

c) 𝜎 and Π ∖ (Π1 ∪ Π2) are finite.

Corollary 4. If Φ∗(Π, 𝜎) is decidable, then, with the exception of a finite num-
ber of formulas, satisfiability for formulas of Φ∗(Π, 𝜎) coincides with satisfiability
on finite models.

Remark. The indicated corollaries for the case of infinite 𝜎 are given in the
works of a group of American mathematicians headed by Wang Hao.

We outline the proof of the theorem. Let 𝑖 = 𝜀(𝑖)+2𝛿(𝑖) be the binary notation,
𝑖 = 0, 1, 2, 3, and let

𝜑 = ∀𝑥∃𝑢∀𝑦∃𝑧1 … 𝑧𝑛(𝐴0.𝐴1, … 𝐴𝑙.𝑀)

be a formula of the form (1). Instead of 𝐹𝑎𝑏 we shall write simply 𝑎𝑏.

𝐴0 = (¬𝑥𝑥.𝑦𝑦 ⊃ ¬𝑢𝑢.(𝑥𝑢 ∼ 𝑥𝑦).(𝑢𝑥 ∼ 𝑦𝑥)).𝑧1𝑧1.

Put 𝑓 𝑖
0𝑥 ∼ ¬𝑥𝑥.(−1)𝜀(𝑖)𝑥𝑢.(−1)𝛿(𝑖)𝑈𝑥. In view of 𝐴0, 𝑓 𝑖

0𝑢 may be regarded as
an abbreviation for ¬𝑢𝑢.(−1)𝜀(𝑖)𝑢𝑧1.(−1)𝛿(𝑖)𝑧1𝑢.

𝐴1 = [¬𝑥𝑥.¬𝑓3
0 𝑥.𝑓3

0 𝑦 ⊃ ¬𝑢𝑢.¬𝑓3
0 𝑢.

2
⋀
𝑖=0

(𝑓 𝑖
0𝑢 ∼ (−1)𝜀(𝑖)𝑥𝑦.(−1)𝛿(𝑖)𝑦𝑥)].𝑓3

0 𝑧2.

Put, for 𝑖 = 0, 1, 2, 𝑓 𝑖
1𝑥 ∼ ¬𝑥𝑥.¬𝑓3

0 𝑥.𝑓 𝑖
0𝑢. Then 𝑓 𝑖

1𝑢, in view of 𝐴1, may be
regarded as an abbreviation for ¬𝑢𝑢.¬𝑓3

0 𝑢.(−1)𝜀(𝑖)𝑢𝑧2.(−1)𝛿(𝑖)𝑧2𝑢, and so on, so
that in 𝑀 we can use an already larger number of unary predicates. Then the
theorem from 2 is applied.

The author expresses his gratitude to Academician A. I. Mal’cev for posing the
problem.
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