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GROUPS IN THE SPACE II,

(Presented by Academician I. M. Vinogradov on 27 XII 1965)

1. Let R be a commutative separable Banach algebra with identity e; we
shall call the algebra R symmetric if an involution x — x* is defined in R
satisfying the conditions: 1) z** = x; 2) (Az)* = Az*, A a number; 3) (z +
y) =z 4y 4) (xy)* = a2*y*; 5) |z*| = |z|. By a representation of the
algebra R in the Pontryagin space II,, we shall mean such a homomorphism
x — A, of the algebra R into the algebra of bounded linear operators in
II, that: «) |4,| < C|z| for all x € R and some constant C, where |A,]| is
the norm of the operator A,; 8) A,. = (A,)*, where (A4,)* is the operator
adjoint to A, in the sense of the indefinite scalar product (x,y) in II.

The aim of the present article is to describe all representations in II,, of the
algebra R; as a consequence one obtains a description of all unitary (in the
indefinite sense) representations in IT,, of a commutative locally bicompact group
G with a countable base of neighborhoods. We note that in the author’ s
papers (1,2) a more general case of noncommutative algebras and groups was

considered; however, the commutative case admits further detail.

In what follows the term “algebra” will denote a commutative symmetric sepa-
rable Banach algebra with identity e; moreover, everywhere below the space I,
is assumed to be separable.

2. We first describe representations x — A, of the algebra R in an ordinary
separable Hilbert space ), where now in 3) (A4,)* denotes the usual adjoint
operator. Let T be the bicompact space of symmetric maximal ideals ¢ of
the algebra R, and let z(t) be the value of the element x € R on the ideal
t; applying I, item 4 § 17 and Theorems 1 and 2 of item 3 (see the proof
of Theorem 2) in (®), we arrive at the following result:

Theorem 1. FEvery symmetric representation x — A, of the algebra R in a
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separable Hilbert space $ is equivalent to a representation in the direct integral
6= / §(t) do
T

with respect to some Borel measure o on'T of a o-measurable family of separable
Hilbert spaces $(t) and is given by the formula

A {R()} = {z(t)h(t)}
for {h(t)} € 9, h(t) € H(t).

3. Let now x — A, be a representation of the algebra R in the space II,,.
Put R = {A, : x € R}; then R is a commutative symmetric algebra of
operators in IT; (see (*) or (°)). Its proper functionals (p.f.) ;(4,) are
called the p.f. of the representation + — A, and are denoted by /\j(x),
while the hyperbolic subspace H of the algebra fR is called the hyperbolic
subspace of the representation x — A,. If H # (0), then from the results
of item 2 of (*) (see also item 3 of (%)) it follows:

Theorem 2. The restriction of the representation of the algebra R to the
hyperbolic subspace is the orthogonal sum of representations, each of whi-

which are a direct sum of two mutually conjugate representations on two skew-
related null subspaces.

Since I, = H@ H- = H+H*, and the restriction of the representation x — A,
has no non-real characters on H*', it suffices to restrict ourselves to considering
representations x — A, in II, with only real characters, which, evidently, may
be regarded as points of the space T

Let, in this case, 3 be some k-dimensional nonnegative subspace invariant with
respect to all A,, x € R. Put M = P, R = PN IM; then M, R are also
invariant with respect to all A, x € R, 9 is a nonpositive, and R a null
subspace in II,; choose P so that R has maximal dimension. Let 93’ be a null

subspace in II;, skew-related to R; put H = M N %/l, II=%.n 2R’ Then

M=RDH, P=RII, I, =RR)enall, (1)

where R, R, $, 11 are linearly independent, II is positive, § is negative, i.e. a
Hilbert space with scalar product [z,y] = —(z,y). Let &, be the root lineal of
the algebra 2R corresponding to the character A, and let Ay, ..., A, be those among
all the characters Ay, ..., A, for which R; = %OGAJ_ %+ (0); then ;R = 23:1 +R;,

and

L. The functionals Ay, ..., A, do not depend on the choice of the subspace B,
for which R has maximal dimension.
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These characters Ay, ..., A, are called the special characters of the representa-
tion z — A,.

In each MR; one can choose a basis {1, ... ,fjrj, r; = dim R, so that

!
A;cfjl = Z)‘jls(l’)fjsa /\ju(x) = Aj(x)' (2)

Formulas (2) define, for each j = 1,...,q, a representation of the algebra by
triangular matrices with A;(z) on the diagonal.

Since II is a finite-dimensional Hilbert space, it follows that

p
=) e, (3)
v=1

where ITY = {{ : £ € II, A6 = A\, (x)1 + n for some n € R} (some of the II”
may be equal to (0)).

Let {n;, l=1,...,7;, j=1,...,q} be a basis in R’, biorthogonal to {¢;;}. Using
(1), Theorem 1, and repeating the arguments in (5) (see also (4)), we conclude
that the following holds.

Theorem 3. Every representation x — A, in a separable space 11, of an algebra
R with only real characters is given, in accordance with the decompositions (1),
(3) and the bases {;},{n;}, by the formulas (2) and

56:/T,6(t)da

Ay =-3S [ JCE ) do] &+ {al)nte)

=1 =1

for {h(t)} € $,

a7
= g+ A ) forat €T, v =1..p,
j=1 1=1
q Tu p
Ay = Z ajl/w f;w + Z AT 77];/ + {hjz<37 t)}+ Z W;fl(x*),
p=1v=1 =1
where A, ..., A, are special functionals of the representation; 7' is the space of

symmetric maximal ideals of the algebra R; o is a Borel measure on T; (t) is a

sovietrxiv.org/items/ru-196601.18606 Machine Translation


https://sovietrxiv.org/items/ru-196601.18606

o-measurable family of separable Hilbert spaces; A;(2), a;,,, (z) are numerical,
and {h;(x,t)}, 7} (z) are vector-functions on R with values in §, 11", continuous

on R, where aﬂlw(:c*) = Q0 (T), /\j(z*) = /\j(z),

hjl(xﬂt) = (wi )\](x>>£jl(t) - Z )‘jpl(m) gj,u(t)a ]al = 13 s (s

p=l+1

o-almost everywhere for t # A\, j=1,...,¢;

m(2) = [\, (@) = N @) — Y0 Nul@)

p=l+1

for j # v; {£;,.(t)} is a o-measurable vector-function on 7' with values &, (t) €
H(t); w4 are vectors from I1”.

4. Let G be a locally bicompact commutative group with a countable base
of neighborhoods, and let g — U, be a unitary representation of the
group G in II;. Put w(g) = |U,|. Let L(G) be the totality of all such
measurable functions z(g) on G that |z| = [|z(g)|lw(g)dg < oo. From
the relations w(g,95) < w(gy)w(gs), wlg™) = [Ugn| = [Ug| = |Uy| =
w(g), it easily follows that L (G) is a symmetric algebra, with the usual
definition of addition and multiplication by a scalar, with convolution
multiplication and involution x*(g) = x(¢g~!). Since G has a countable
base of neighborhoods, L (G) is separable.

Let R, be the algebra obtained from L!(G) by adjoining an identity. Then
the results of §§ 2, 3 are applicable to R,. Applying the usual arguments, we
conclude that the maximal ideals ¢ in R, distinct from t, = L1 (G) are given by
the relations

(t) = / w(o)x(g)dg,  o\(ty) =0, (4)

where x(g) is a continuous function on G satisfying the conditions x(e) =1 (e is
the identity of the group G), x(9192) = x(91)x(92), [x(9)| < Cw(g), where C'is
some constant; moreover, the correspondence ¢t — x is thus established one-to-
one. The ideal ¢t — y is symmetric if and only if x(g7!) = x(9), i.e. [x(9)] =1,
i.e. x is a character of the group G. Hence it easily follows that the space T' of
symmetric maximal ideals of the algebra R, is homeomorphic to the space G%_,
the group G* of characters of the group G with an infinite point adjoined. We
shall therefore identify 7" with G7,. To the representation g — U, of the group
G there corresponds the representation y — A, of the algebra R, by the formula
A, = Al—l—fx(g)Ug dg for y = Ne+z, © € LL(G). Special f., special s.f. and the
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hyperbolic subspace H of the representation y — A, will respectively be called
the s.f., special s.f. and hyperbolic subspace of the representation g — U,.

II. If H # (0), the assertion of Theorem 2 is valid for a unitary representation
of the group G in II.

Considering the representation g — U, in H L instead of II,,, we may henceforth
assume that this representation has only real s.f. A;,...,A); in view of the
identification established above of T with G7, they are characters A\; = x; €
G*, j = 1,..,p. In particular, the special s.f. A\, = x;, j = 1,...,q, of the

representation are called its special characters. It is not hard to verify that

AW = / 29U dg, Ay (x) = / (9)A5(9) dg,

ete. for z(g) € LL(G), where g — Ugm is an ordinary continuous unitary rep-
resentation of the group G in $), and A;;,(g) is a continuous numerical function
on G. Taking into account (4) and these formulas and applying Theorem 3, we
arrive at the following result:

Theorem 4. Let G be a commutative locally bicompact group with a countable
base of neighborhoods. Every continuous unitary representation g — U, of the
group G in a separable space 11, with only real c.f. is given, in accordance with
the decompositions (1) and (3) and the bases {{;;},{n;}, by the formulas

ﬁ/G*ﬁ(x)dU,

!
Ui = Z)‘jls(g)fjsr Aiu(g) = x;(9)s J=L.,q¢l=1.r,
s=1

Ty

=1 1=1

[ /G (), ha(g ) dor| €5 + (@O0}

j=11=1
qg "u i p
Ugnjl = ajl,u,u(g)g;u/ + Z /\jyl(gil>77jv + {hjl<9717 t)} + Z 7.‘_;{1(971)7
p=1rv=1 v=l v=1
where xy,...,x, are distinguished characters of the representation; o is a

Borel measure on G*; $(x) is a measurable family of separable Hilbert spaces;
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Aj1s(9); @iy (g) are numerical functions, and h (g, t), 7% (g) are vector-functions

on G with values in $) and II”, continuous on G, with

ajl,ul/(g ) = a,ul/jl(.g);

ha(g:t) = (x(9) — x;(9))&;(t) Z Nu(9) €, (1) il=1,...q,

p=Il+1
o-almost everywhere for x # x;, j=1,...,¢;

75

;/l(g) = [Xu(g) - X](g)]ﬂ';/l - Z Ajul(g)ﬂ‘?p7 .]71 = 17 - q,s
p=l+1

for j # v; {£;,(x)} is a o-measurable vector-function on G* with values &, (x) €
H(x); 7% are vectors from TI,,.

For the cases in which G is the additive group of the integers or the additive
group of all real numbers, Theorem 4 apparently yields the known results of I.
S. Tokhvidov and M. G. Krein (see, for example, (%)); for the case in which G is
the additive n-dimensional group, close results were obtained in an unpublished
work of A. I. Shtern.
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