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As is known (179), the system of nonlinear differential equations describing
the interaction of matter and field is sufficiently complicated, and its solution
presents great difficulties. In many cases, for simplification, a preliminary lin-
earization of these equations is carried out. Such an approximation excludes
from consideration certain essential features of the behavior of the system un-
der study.

As is shown in the present paper, it turns out to be possible to carry out an
analysis of the nonlinear equations for a two-level system while neglecting the
terms describing relaxation processes. An analogous problem was solved by
other methods and in another approximation in work (%). The treatment given
in the present paper makes it possible to obtain certain new results.

For the quantities characterizing the matter and the field, one can write the
following system of equations:

P+w’P=—kWE, W=PE, E+uwE=—47P. (1)

Here P and W are, respectively, the polarization vector of the medium and the
mean energy of the molecules per unit volume, which can be written in the form

N
P = Nii(ah" +a'b), W = —"(bb" —aa’), (2)

where N is the number of molecules per unit volume; i is the matrix element of
the dipole-moment operator corresponding to the transition of a molecule from
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one energy level to another; hiw = U, — U; (U, and U; are the energies of the
upper and lower levels of the molecule); a and b characterize the probabilities
of the unexcited and excited states of the molecule (the wave function of the
molecule is written in the form ¥(t) = a(t)y; + b(t)1),).

The quantity E is the electric-field strength vector, and k = 2u/h. To solve the
system of equations (1), we prescribe the initial conditions in the convenient
form a(0) = sin@ and b(0) = cosf. In this case, in accordance with formulas

(2), the initial conditions are also determined for the quantities P(0), P(0), and
W(0). We prescribe the initial conditions for the field in the form

E(0)=E,  E(0)=0.

As a result of certain transformations of the system of equations (1), one can
obtain

P? 4 w?P? + E2W? = const, (3)

W+ — + ————-—" = const. (4)

The first of these expressions can be interpreted as an implicit form of the
principle of conservation of probabilities |a|?> + |b|> = 1, and the second as a
generalized law of conservation of the energy of the matter and the field.

Eliminating the quantity P from equation (4), we obtain

2
B} B2 W
20 _ — 4=/ Eat] .
W)+ o =W+ o+ o /0 dt (5)

Making the substitution

t
w

— | Edt=uwy,
\/871'/0 Y

we reduce equation (5) to the form

v+ w2 = W)+ E2/St—W,  y(0)=0. (6)

This equation determines the time dependence of the electric-field intensity for
a known function W (t). Equation (6) admits numerical integration.
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To determine the function W (t), we shall use the well-known method of reducing
second-order equations to a system of first-order differential equations. Instead
of the functions P(t) and E(t), by means of the relations

P(t) = p(t)e™" + p*(t)e ",
E(t) = e(t)e™? + &*(t)e ™t (7)
we introduce four new functions p, p*, €, ¥, connected by two additional relations
pett 4 pre it = (), getwt 4 gre Wt = (), (8)

In this case the system of equations (1) is brought to the form

K2
p= ! g, € = —4np — 2miwp,
2w
kK2W
pr =" e & = —dmp 4 2mip’, (9)
w

20wt k% 72iwt)

W = iw(pe* — p*e) + iw(epe e*pe

Since what is of interest is the function W (t) averaged over a time considerably
longer than the period of the light oscillations, the second rapidly oscillating
term in the last equation is not taken into account below.

From equations (9) one can obtain:

K2Ww?
pp* + 2 const, (10)
ee* + 2nW = const, (11)
—W = dmwpp* + K2W - 2m(ep* + €*p) + K2 Wee*. (12)

Let us estimate the conditions under which the second term on the right-hand
side of the last equation may be neglected in comparison with the others. To
this end, using equations (9), one may write

2
O Nk:W

p

g,

where € is the frequency of variation of the quantity p. Therefore
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)

2mep* k2W 9
4rw?pp* w

similarly,

2p*e yw

ge* Q’

where v = TNp?/hw. Taking N ~ 105, Aw ~ 10713 p ~ 10718, we find
v ~ 1078, Assuming that the condition

7K Qjw <1, (13)
is satisfied,
equation (12) can be written in the form
—W = dnwpp* + B2 Wee*. (127)
In accordance with the previously chosen initial conditions for the field and the

state of the molecules, we determine the initial conditions for the quantities
entering the system of equations (10), (11), and (12'):

p(0)p*(0) = Niﬂ sin®20,  e(0)e*(0) = E2/4, W(O)=0. (14)

Taking these initial conditions into account and making the change of variables

5 { %4 cos 20
u =

=3 Frat eato), T=w

we obtain the canonical form of the Weierstrass equation (7)

dr 3 27

(15)

with the initial condition

_cos20(2—9)

v() -

7

where § = E2/87W(0) determines, at the initial instant of time, the ratio of the
field energy to the energy of the molecules.
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The solution of this equation makes it possible to analyze the character of the
variation of the quantity W with time under various specific initial conditions.
Let us consider some of them.

1. For 6 = 0, solving equation (15), one can obtain

Nhw dsn’x
- 1— 1
W 2 ( 5/2+1—sn2x>’ (16)

where z = 74/7(2 + §), and snx is the Jacobi elliptic function.

From expression (16) it is seen that the quantity W varies periodically from
—Nhw/2 to Nhw/2. The character of this variation depends on the magnitude
of 6. For § > 1, the function defined by expression (16) has period 7 in z.
Accordingly, the oscillation frequency of the quantity W is determined by the
formula

Q = wy/v0. (17)
We note that, for v ~ 1078, relation (17) ensures fulfillment of the condition
Q/w < 1 up to values § ~ 106.

Since the applicability of equation (12”) is also limited by the condition Q/w > ~,
extension of solution (16) to the case of arbitrarily small ¢ is of no interest.
Indeed, as § — 0, as follows from solution (16), Q/w — 0, and condition (13)
may be violated.

2. For 6 = 7/2, the solution of equation (15) has different forms for § < 2
and § > 2.

In the case § > 2,

N
W:—$(1—2sn2x), (18)

where 2 = 74/79. In this case the quantity W varies periodically from —Nhw/2
to Nhw/2, independently of the magnitude of §. As 6 — oo, the oscillation
frequency of the quantity W is also determined by formula (17).

In the case § < 2,

Wz—%(l—ésn%n), (19)

where © = 74/27.
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Nh
In this case the quantity W varies periodically from —N#hw/2 to fTw(l —9).

As 6 — 0, for the frequency of oscillation of the quantity one can obtain the
expression

0 = wy/27. (20)
Hence, in the case under consideration, for v ~ 1078, Q/w ~ 107

We express our deep gratitude to Academician I. V. Obreimov for valuable
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