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1°. To a second-order differential expression

O*F
L(F) = ijkm

3.k
with respect to a function F'(zq,...,z,,) one may give the form
ly(F) = Sp(BF”), (1)

where B = ||bj,.[ is the matrix of coefficients; F” = | f;,[ is the matrix of second
derivatives f;, = 0?F /0x ;0. Formula (1) can be generalized to the case when
F(z) is a functional on an infinite-dimensional space. For the case when the
operator B is bounded, this was done in (!). Here we describe a construction
that makes it possible to consider also unbounded operators B.

Let us agree on some notation. Let B be a Banach space; 8* the space conjugate
to it. The value of a functional £ € B* on an element ¢ € B will be denoted
by the symbol (¢,£). A nonlinear functional F(z) in B will be called twice
continuously differentiable (class C,(B)) if the representation

F(z +h) = F(z) = (h, F'(2)) + (h, F" (z)h) + o(|h]), (2)

holds, where F(x) € B*, F”(z) € {$ — B*}, and these expressions are contin-
uous functions of the argument z in the corresponding norms. By {95, — B,}
we shall always mean the space of linear bounded operators acting from 5, into

B,.
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An operator A in a Hilbert space $ will be called an operator of class &, if it
has finite absolute trace, i.e., the series

Z A‘)Ok’ @k

00
k=1

(g is a complete orthonormal system in ) converges absolutely, and an oper-
ator of class &, (a Hilbert-Schmidt operator) if

Y lApl? < oo
k=1

The symbols D4, R, will denote, respectively, the domain of definition and the
range of the operator A.

2°. Let $;, (k = 1,2) be Hilbert spaces, and let D, be a linear set dense in
9. Consider a linear operator A mapping D, into D,, and suppose that the
following conditions are satisfied:

a) in D, a new norm |z[; can be introduced in such a way that the operator
A becomes bounded:

lAzly < Clzl;  (x € Dy);
b) the relation

leli = 1Tzl (2 € Dy)

holds, where T}, is a positive definite operator in $),, with Dy, D Dy, and there
exists an inverse operator T} ! (possibly unbounded);

c) the operator 77! belongs to the class &,.

Let $; be the completion of D, in the norm | - [} ; let YJk be the completion
of DT} ! in the norm ||z|,; = |7} *z|,. Denote by Tk7Tk the closures of the

operators T, Tk in the corresponding norms. Then Tkﬁ L C 9y Tk 9t e C s
and the spaces 9}, can be interpreted as mutually dual, with

(0,6) = (T, T ), (p € 9], E€0;).

From condition c) there follows the embedding $; C $; C $; and membership
in the class &, of every operator B € {7 — $}. Condition a) implies the
possibility of extending the operator A to all of $)5 so that A € {3 — HT}. In
this case A* € {97 — H5}.
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Consider a nonlinear functional F'(z) of class Cy($3). For it F”(x) € {H3 —
95}, and consequently AF”(z)A € {7 — H{} C &;. Thus one can intro-
duce the second-order differential operator I,(F) = Sp{AF”(x)A*}, which it is
natural to call elliptic.

3°. Consider a diffusion equation of the form
1
OF 01+ 5 Sp{A(x, ) F" A° (2,0} + (F', (s, 1)) =0, (3)

where the coefficients a(z, t) € 93, A(z,t) € {5 — H5 } are sufficiently smooth.
For this equation one poses the Cauchy problem on the interval ¢, < ¢ < ¢; with
condition

F(.T,tl):q)(l‘), (4)

where ®(x) is a bounded functional in £);. (In connection with the consideration
of the backward diffusion equation, the initial condition is imposed at the right-
hand end of the interval; by the substitution ¢ = —t’ one easily passes to the
usual formulation of the problem.)

The solution of problem (3)—(4), under the conditions described below, can be
represented in the form of the integral

Fa.t)= [ @) utt.ait;dy) (5)
92
with respect to the probability measure u(t, z; 7, -), defined on a certain o-ring
of subsets of the space $); containing all Borel cylinder sets. This measure
depends on the parameters ¢, 7 € [ty,t,], * € H5, and is the probability measure
generated by a random variable £(7) taking values in the space ;5 and satistying
the stochastic differential equation

dé(t) = a(&, 7)dT + A* (&, 7)dw(T), t< T, (6)

and the condition 5(7’)’77 = z. Here w(7) is a Wiener random process with
values in $7, ie. a normzﬁ homogeneous random process with independent in-
crements, for which the increment w(7,) —w(7;) has zero mean and correlation
operator (7, — 7;)I. The existence of such a process w follows from a known
result of Minlos (see (2,3)).

Theorem. Let the coefficients a(€,7), A(€,T) satisfy, in the corresponding
norms, the Lipschitz condition in & with a constant independent of T € (ty,t1),
and be continuous in 7. There exists, unique up to stochastic equivalence, a
solution of equation (6) satisfying the condition &(t) = x and continuous with
probability one. This solution is a Markov process with values in 5 .

If the functions a(&,7), A(E,7), ®(£) belong to the class Cy in the corresponding
spaces, then formula (5) gives the solution of problem (3)—(4).

The proof of the theorem is carried out in the same way as in the finite-
dimensional case (see, for example, (*)). In doing so one uses estimates of
stochastic-
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integrals in the space $7, given in (1), and the It6 differential formula, which
for a functional u(t,x) on H; takes the form

du(t, §(t)) = {uj(t,£(t)) + (uf,(t,6(1)), a) +1/2Sp(Auf, (t,§(t)A*)} di+

+ (ug (£,£(1)), Adw). (7)

4°. Let us consider several special cases.

1)

Let A(t) € 64(ty < t < t;) and suppose there exists 7 € [t,t;] for
which the operator A~!(7) exists (unbounded), with Raw C Ry Put
T, = |A(T)[™, Ty = I. Then H = Ry, C $; H = H; = H, and
thus the measure p turns out to be concentrated in . The operator
B = A*A € &, has meaning in $). If one takes $ = £,[a, b, then to this
operator there corresponds a certain kernel b(sy, s5); let §2F/5z(s;)0x(s5)
be the generalized kernel corresponding to the operator F” (the second
variational derivative of the functional F(z)). The operator I,(F') takes
the form

b b
52F
ly = b ——————dsds,.
2 /a/a (81’52>6m(31)5m(82) 51089

Equations with such operators were in fact considered in (°,°). We note that the
general stochastic equation (6) can be reduced to an equation with an operator
A € 6, by expanding the process w(t) in the eigenvectors of the operator T'

(see (1)).

The case when A™ € G, is considered analogously. Imposing on the operator

A(t)

more stringent requirements (for example, A = A¥ where A; € &,),

we shall obtain equations of the form (3), for which the Cauchy problem is
solvable for broader classes of functionals ®(x) (for example, those depending
on derivatives of the function z(s)).

2)

The operator A(t) is bounded in $) and leaves invariant some domain D,
where 77! € &,. This case was considered in (!). If it is known only
that A(t) is bounded in $), then one can enlarge $) by completing it with
respect to a certain weaker norm of the form |z _ = |7 'x| and take
HT = 5’)3 = §, taking the completed space as the basic one. In this case
the measure will be concentrated in an even broader space.

Let, generally speaking, A(t) be an unbounded operator in §) having
the property that, for some 7 € [ty,t;], A71(7) € &,, and moreover
D styair) 2 Daz(ry (this is the case, for example, if the domain D 42
is constant except at isolated points where A(t) = 0). In this case one
may take T} = |A(7)], Ty = [A*(7)], 9T = Da(r), H3 = D 42(r). Cases in
which the condition A~%(7) € &, holds for some « greater or less than
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one are considered analogously. In the case of the space ) = £,[a, b], the
considerations set forth make it possible to consider equations (3) and (6)
with a differential operator A(t).

5°. Consider a sequence of equations of type (6), whose coefficients a,, (£, t) and
A, (& t) (n=0,1,2,...) satisfy the conditions of Theorem 1, and let &, (t) be
solutions of these equations satisfying one and the same condition &, (¢,) = .

Theorem 2. Let, for every z € 7,

Tim [A5(E T)a— A5 (€ T)al; =0 and  lim fa, (€, 7)—ao(&, )z =0 (§€ s,

to, < 7 <t;), and suppose that the functions a,,(¢,7) and A, (¢, 7) have one and
the same Lipschitz constant. Then

i {sup 211y 0) - .01 | <o
In this case

Fy(z,t) = lim F,(z,t),
n—oo

where F,, is the solution of the Cauchy problem (5), (3)—(4) with coefficients
a,,A, (n=0,1,...).

Using this theorem, by approximating, in the strong sense, the coefficients of
problem (3)—(4) by sequences of finite-dimensional operators, we can represent
the solution of this problem as the limit of finite-dimensional problems. Since
the solutions of these problems are unique in the class of functionals under
consideration, in this way one can obtain a proof of the uniqueness theorem for
the solution of problem (3)—(4).
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