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§ 1. Let R, be n-dimensional Euclidean space, n > 1. Denote by II an n-
dimensional closed parallelepiped. Let 8 be a system of Borel sets from II, and
let u© be a measure defined on ‘B, i.e., a completely additive nonnegative set
function defined on %B. Normalization means p(IT) = 1. If B € 8 and u(B) = 1,
then one says that p is concentrated on B. This circumstance is denoted by
uw=< B.

We shall say that a function (¢) is a kernel of the class ® if ¢(t) > 0 is a
continuous decreasing function defined for ¢ > 0 and such that

1
lim p(t) = +o0  and / t"Lo(t) dt < +oo.
0

t—0

Denote by rpg the ordinary Euclidean distance between the points
P = (zq,..,2,) and @ = (yp,...,y,) of R,. The Lebesgue-Stieltjes
integral

u(P) = /H (rpg) du(Q) (1)

defines at each point of R,, a function u(P), called the ®-potential generated by
the measure . We note that all integrals encountered below will be understood
in the Lebesgue-Stieltjes sense.

§ 2. Let F be a closed set from II, and let ;1 be a measure concentrated on the
set F'. Put

I(y) = //F o (rpo) du(P) du(Q). (2)
W(F) = inf I (3)
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Following Frostman (1), the g-capacity of a bounded closed set F is the number
C,(F) determined by the equation W (F') = ¢[C,(F)]. For an arbitrary set £
from II, the p-capacity is defined by putting C,(E) = sup . C,(F), where F’

is a closed subset of E.

§ 3. Let F be a closed set from II, and suppose that for some class of kernels
there exists a measure p* < F such that I(p*) = W(F); then the measure p*
is called an equilibrium measure, and the @-potential v*(P) generated by it is
called the equilibrium potential.

In the present paper we consider the problem of existence and uniqueness of the

equilibrium measure for a broader class of kernels ¢(¢) from ® than in (1,%).

§ 4. On the existence of the equilibrium potential. Denote by F ., the support of
the measure 1 (see (*)); it is known that the set F, is closed. Using definition
(3) and the selection theorem (1,3), it is not difficult to show that if p(t) € ®
and F is a closed set from II of positive-

--of positive (p-capacity, then there exists an equilibrium measure p* < F. We
shall say that the kernel p(t) € @4, if ¢(t) € @, and if for the given n > 1 there
exists a number h > 0 such that 0 < h < n and t"¢(t) does not decrease as ¢
increases.

Lemma 1. Let ¢(t) € ®,, and let the p-potential u(P), generated by some
measure f, be bounded on the support of this measure F) ; then u(P) is bounded
everywhere in R, .

Proof. Let P ¢ F,,; denote by F, the point of F}, nearest to P, or one of them

if there are several. Such a point F;, at least one, exists, since F), is closed.
. h .

i‘hnce Tpo < 2rpg and ¢(t) € @4, we find u(P) < 2"u(F,), which proves the
emma.

Lemma 2. Let ¢(t) € ®,, and let the p-potential u(P), generated by a measure
14, be continuous on the support of this measure; then it is continuous everywhere
in R,.

Proof. Denote by S5(P) the n-dimensional ball of radius § with center at the
point P. Put

us(P) = / o(rpo) du(Q). (4)
Ss(P)NF,

From the continuity of u(P) on the closed set F, it follows that for any € > 0
there exists such a d(e) > 0 that us(P) < € for every point P € F,. If, however,
P ¢ F, and P is at distance less than ¢ from F),, then, carrying out a proof
analogous to the proof of Lemma 1, we find us(P) < 2huys(P,), which proves
the lemma.
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Lemma 3. Let p(t) € ®,, and let u(P) be a p-potential generated by some
measure u; then

m,(P) < Au(P), ()

(s

where m,.(P) is the n-dimensional mean value of the p-potential u(P); A is a
constant independent of P.

Proof. Substituting in m,.(P) the expression for u(P) from (1) and changing
the order of integration, we find

1
m,(P) = /F M) - /ST(P)WPQ)va: /F f(r P M) du(M),  (6)

n

where S, (P) is the closed n-dimensional ball; V. is the volume of this ball; dvg

is the volume element at the point Q. Suppose that the point M € S,.(P); then,
putting t = r,,o and taking into account that r,,o < 2r and ¢(t) € ®,, we find

n

n (¥ . 2"n,
£ P < 2 [ e e < 2ot @
0

TTL

If r < ryp < 2r, then, denoting by P, the point of S,.(P) nearest to M and
taking into account that (¢(ryq)/¢(r7p,q)) < 2" and V,, /V, = 2", we obtain

(rug) < 2h<P(7“POQ> and
n
f(r, P, M) < 2h+nm¢(7"PM)~ (8)

If 7ppr > 21, then rpy < rpg + roy < 27ga, and therefore f(r, P, M) <
2"o(rpyy). Hence, from (7) and (8), we obtain (5), where A = 2/*"n/(n — h).
The lemma is proved.

Theorem 1. Let ¢(t) € ®,, and let F' be a closed set from II of positive ¢-
capacity; then: 1) W(F') < u*(P) nearly everywhere in the sense of p-capacity
on F, and 2) u*(P) = W(F) nearly everywhere in the sense of ¢-capacity on

F,..

Proof. Since p* is an equilibrium measure, for arbitrary € > 0 the inequality
u*(P) < W(F) — € cannot hold everywhere on F. Consequently, there exists a
point F, € F, for which

u*(P) > W (F)—e, and since the ¢-potential is lower semicontinuous everywhere
in R,, there exists a neighborhood O(P,) such that u*(P) > W(F') — ¢ for all
P € O(F,). Let D be a subset of F where u*(P) < W(F)—2¢; the set D is closed.
Suppose that C,(D) > 0. Define the set function v, putting v = —u* in O(F);
v>0on Dand v(D) = p*[O(P,)] =m; v=0o0n DUO(F,), and I(D,v) < +o0.
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Put n = p*+h v, where 0 < h; < 1. We have §I = I(p*+h,v)—1(pu*) > 0, since
n < F. On the other hand, we have I < —h,[2me — h,I(F,v)]. Consequently,
for sufficiently small h; > 0 we obtain 61 < 0. The latter is impossible. Thus,
C,(D) = 0. The proof of the second condition is obvious.

Theorem 2. If, under the assumptions of Theorem 1, we have: 1) forn > 2 the
set F is the sum of a finite number of closed domains whose boundaries satisfy
the Poincaré condition (1); 2) for n =1 the set F is the sum of a finite number
of closed and bounded domains, then the equilibrium measure p* for p(t) € @, is
such that: a) u*(P) > W(F) everywhere on F; b) u*(P) = W(F) everywhere on
F,.; ¢) u*(P) is continuous everywhere in R, ; d) u*(P) < 2"W (F) everywhere
in R,.

The proof of conditions a), b) follows from the fact that for ¢-potentials gen-
erated by kernels ¢(t) € ®,, Lemma 3 holds, and therefore one can apply the
method of proof proposed by Frostman in (!). Conditions c), d) follow respec-
tively from Lemma 2 and Lemma 1.

We shall say that a kernel ¢(t) satisfies the weak Frostman maximum prin-
ciple if, from the fact that the continuous ¢-potential u(P), generated by a
measure , does not exceed some constant K on the support of this measure, it
follows that it does not exceed this constant everywhere in R,,.

Theorem 3. If, under the assumptions of Theorem 2, the kernel ©(t) € &,
satisfies the weak Frostman maximum principle, then there exists an equilibrium
measure p* for the given set F such that the p-potential u*(P) generated by it
has the following properties: 1) u*(P) = W(F) everywhere on the set F; 2)
u*(P) < W(F) everywhere in R,,.

The proof of this theorem follows immediately from the validity of the weak
Frostman maximum principle and Theorem 2.

Theorem 4. If, under the assumptions of Theorem 1, the kernel ¢(t) € ®,
satisfies the weak Frostman mazimum principle, then there exists an equilibrium
measure p* such that: 1) u*(P) = W(F) almost everywhere, in the sense of
p-capacity, on F; 2) u*(P) < W(F) everywhere in R,,; 3) if u*(Py) = W(F),
then u*(P) is continuous at the point P,.

The proof of conditions 1 and 2 of Theorem 4 is not difficult to obtain by using
Frostman’ s method from (!). Condition 3 follows from condition 2 and from
the lower semicontinuity of the potential u*(P).

We note that the set of points of F at which u*(P) < W(F) is a set of type F,.

Theorem 5. For the existence of an equilibrium p-potential u*(P) on a closed
set F' from 11, it is necessary and sufficient that the kernel (t) € ®, satisfy the
weak Frostman mazximum principle.

The sufficiency of the condition follows from Theorem 4. The proof of necessity
is not difficult to obtain by using the method of work (!). From Theorem 5
follows the result of work (°).
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§ 5. On the uniqueness of the equilibrium measure. Without loss of
generality one may assume that II is an n-dimensional parallelepiped whose
edges are such that —7 <z, <7, i =1,2,...,n.

Theorem 6. If the kernel ¢(t) has positive Fourier coefficients, then, under
the assumptions of Theorem 4, there exists a unique equilibrium measure p* for
the given set F.

Proof. Let p} and p3 be two equilibrium measures. Put xy = pj — pb, then
I(x) =0. Let ui(P) and uj(P) be ¢-

equilibrium potentials generated respectively by the measures pj and p3. De-
.. the Fourier coefficients of uj(P), i = 1,2. We have c,(;) b =

(1)
note by c,?1 Loeskin
dk17~-7kn71<c?,...,kn’ where d;, . are the Fourier coefficients of the kernel ¢(t),

and 71?3,...,% are the Fourier-Stieltjes coefficients of dyu. For n > 2, putting

T(t) =

(1—12)° for0<t<1,
0 fort>1,

we obtain: if § > (n —1)/2, then the spherical means S% ;(P) of the Fourier

series of u}(P) (see (6)) are such that

Jlim SF,(P) = 2T(1+ 1)ui(P) (9)

at every point of discontinuity of the function u}(P), i.e. almost everywhere in
the sense of p-capacity on F' (since the sum of two Borel sets of p-capacity zero
is a set of p-capacity zero). From the boundedness of u}(P) and from (9)

2
I(#) = lim > 7(p/R)dy, o (W 0 =9 )

1rensfip
R_>OO/J2§R2 ERREELAL)

Hence we find that 'y,(:l)_‘ b = '71221)“. i for all possible combinations of integral
values k;, j =1,2,...,n. From the uniqueness of the solution of the trigonomet-
ric moment problem (see (7)) it follows that ui = p$. For n = 1 the proof of

Theorem 6 evidently follows from consideration of Fejér means.
p- 6. On the Fourier coefficients of functions depending on the radius.

Lemma 4. Let n > 2 and let f(P) be a function integrable in the Lebesgue
sense on II and depending only on r = \/z? + - 4+ 22 for P = (24, ...,x,,). Then
its Fourier coefficients dj, . are such that

dkl,,,.,k =d(p),

n
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where p = \/k? 4+ + k2 and

n) [™7"
o) = X [ 0 ) (10)

x(n) is a positive function depending only on n, I = (n —2)/2, and J;(z) is the
Bessel function.

Theorem 7. Let n > 3 and let the function " 2¢(t) be strictly decreasing;
then, for ¢(t) € ®, the kernel ¢(t) has positive Fourier coefficients.

The proof of this theorem follows from Lemma 4 for n > 4, and for n = 3 from
expression (10).

Theorem 8. If n > 2 and ¢(t) € @ is such that {—®;(¢)} is strictly decreasing,
then ¢(t) has positive Fourier coefficients.

This theorem is proved analogously to Theorem 7.

If the kernel p(t) € @4, then, when the conditions of Theorems 4 and 7 (or 8)
are fulfilled, there exists a unique equilibrium measure for the given set F'.

The authors consider it their pleasant duty to express their gratitude to Aca-
demician N. N. Bogolyubov for valuable remarks and useful discussion of the
present work.
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