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Definition 1. The Gevrey space G(d,1) (respectively G(d,C)) is the set
of functions p(z,t), infinitely differentiable with respect to  and analytic (re-
spectively continuous) with respect to t together with all their derivatives with
respect to x, such that

|Dip(w,t)] < M(nl)°/p",  n=0,1,2,...; (1)

M = M(p),p = p(p), in some domain M > (z,1).
Definition 2. We shall call the system of equations

kg k
> Al )DE DY ) £ e t) =0 (j=1,2,m)  (2)

quasi-hypoelliptic if it is solvable with respect to the highest derivatives in
any of the variables. (This property is possessed, in particular, by hypoelliptic
systems and equations.)

Definition 3. A system solvable with respect to the highest derivatives in only
one of the variables will be called a Cauchy system in this variable.

Thus, the system
k
DPiu, ZAk (z,t)D%" Dl uj(w,t) + by(x,t) (3)

(1,5 =1,2,...,m; p; > 1)

will be a Cauchy system in the variable ¢.

For system (3) with Cauchy initial data
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D?ui<x’t>’t:0 :(pmz(x) (mzoalw“api_l; 1= 172a-~-an) (4)

the Cauchy-Kovalevskaya theorem is known, asserting that if all Afj(aﬁ, t),
b;(z,t), and p,,;(x) are analytic in « and ¢ in a neighborhood of the point (x, 0)
and, moreover, p; > qu + rfj ( “normal system” ), then in some neighborhood of
this point there exists a unique solution of problem (3)—(4) analytic in = and t.

The Cauchy-Kovalevskaya theorem can also be generalized to nonanalytic sys-
tems. In particular, it can be shown that, for the existence of a unique solution
of problem (3)—(4) analytic in ¢, it is sufficient that all Afj(x, t), b;(z,t), @ (x)
belong to the space G(4,1). The quantity § is called in this case, following G.
S. Salekhov and V. R. Fridlender (}), a sufficient weight of system (3).

Definition 4. By the quasicharacteristic polynomial of system (2) we shall
mean the polynomial

x(s,A) = det

E sqi.jk/\rijk .

k

The roots A; of the equation x(s,\) = 0 can be written in the form of Puiseux
series (2) in decreasing powers of s:

A = cipstio st 0 (i=1,2,..,N; 0,0 >0, > ...
Theorem 1. In order that problem (3)—(4) have a unique solution in the space

G(8,1) (or G(6,C)), it is sufficient that: 1) the quantity § = 1/ max; 8,, be > 1;
2) all A;(z,t), by(z,t), ¢, (x) € G(6,1) (or G(6,C)).

The idea of the proof of Theorem 1 is as follows. By introducing new unknown
functions, problem (3)—(4) is reduced to the problem

D,y = A(x,t,D,)U + By(z,t), (3"

Ul = ®(a), @)

where U, B, and ® are column vectors, and A is a square matrix; all elements
of By, @, and A belong to G(d,1) (or G(4,C)).

After integration, problem (3")—(4") takes the form

t t
U:/ A(x,t,Dx)Udt+<I>+/ By(z,t)dt = HU + F. (5)
0 0

The formal solution of (5) can be written as the series
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1
U:ﬁF5F+HF+H2F+...+H"F+..., (6)

where

t 131 21
H"F:/ dtl/ dt2.../ A(z,ty,D,)A(z,ty, D,) ... A(x,t,,, D, ) F(x,t,) dt, =
0 0 0

t
E/ L.(x,t, D)F(x,6)dt",  0<[t,|<|t, | <..<|t|<T.
0

Proceeding from the fact that the degree of the polynomial L, (z,t,D,) with
respect to D, satisfies the inequality [L,] > nf + ¢, where § = max; 6,;, and ¢
is a certain constant, it is shown that, under the assumptions of the theorem,
in some domain |t| < 77 < T one will have |H"F'| < Cq", ¢ < 1 (the notation
|H™F| < Cq™ means that each element of the matrix H™¥ in absolute value,
does not exceed Cq"); i.e., the series (6) converges, and the obtained solution
U(x,t) belongs to G(d,1) (or G(4,C)).

In the case when the variable x is multidimensional, z = (zq, ..., z,,), the index
0 of the space G(d,1) (or G(d,C)) will also be a vector quantity: 6 = (dy,...,0,,).
Inequality (1) from Definition 1 will in this case naturally be replaced by

|Dyl . Dy | < M (ng!)0r .. (ny,1)0m [pratetnm (1)

Finding § does not differ from the one-dimensional case if we restrict ourselves
to vectors ¢ in which §; = d, = ... =4,,,. To find this

of the common magnitude §;, in constructing the quasi-characteristic equation
we replace Dy ... Dy™ by s™t+nm,

In the general case* the vector ¢ is defined as follows. Suppose the characteristic
equation is written in the form

N
MV + Z Zaiks‘f“k o sem AN=i = (7
=1 &

Define the vectors 65 = (6%,...,6% ) by the formulas ij = afj/i. Then any

»Vim

vector satisfying the inequalities

(0,05 <1, §>(1,1,..,1) (8)

(for all ¢, k occurring in (7)) may be taken as a sufficient weight ¢.
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The existence of a vector ¢ satisfying the inequalities (8) may be taken as the
definition of systems of Kovalevskaya type.

Remark 1. For systems whose coefficients do not depend on the variables x,
the restriction 6 > 1 is not required.

Remark 2. In the work (3) A. Friedman found, for a sufficient weight of the
system (3), the expression

k
§p = min — .
1,5,k qij

It can be shown that the inequality 0 < § always holds. In particular, for the
system (3’), in which

0 1 0 0
0 0 1 0
A= . ,
0 0 0 1
a(D,) a(D,) q3(D,) an(Dy)

by Friedman we have

L
]

On the other hand, such a system, obviously, reduces to a single equation, for
which

0p = mkin ([gs] is the degree of the polynomial ¢, (D,)).

N-K

6 = min
[Qk}

The conditions necessary for a system of the form (2) to have a solution analytic
in one of the variables are formulated for Cauchy systems with respect to another
variable,

D¥u, ZAk 2, t) DY Dl w,(z,t) + b;(z,t) (9)

In this case one already considers the Puiseux expansions of the roots of the
quasi-characteristic equation y(s, A) = 0:

Si = C_,L()Aé“) + 57,1)\671 + . (Z = 1,2’ ...,N; 010 > 0i1 > ...).

sovietrxiv.org/items/ru-196601.16793 Machine Translation


https://sovietrxiv.org/items/ru-196601.16793

Theorem 2. Suppose all the coefficients of the system (9) belong to the space
G(8,1), where § = max{1, 60}, § = max, 6,,.

Then from the analyticity in t of a solution of the system, together with all its
derivatives with respect to x that enter into the right-hand side of (9), it follows
that this solution belongs to the space G(,1).

* This result was communicated to me by V. R. Fridlender.

It follows from Theorem 2, in particular, that the Cauchy problem (2)—(4) for
a quasi-elliptic system, even with coefficients analytic in all variables, has no
solution analytic in ¢ if the initial data ¢,,; € G(d,1).

We shall call the quantity § the necessary weight of system (2). For the proof,
system (9), by introducing new unknown functions, is brought to the form

D,y = A(z,t, D,)U + B(x, 1), (97

analogous to (3”). From the conditions of Theorem 2 it follows that system (9”)
has a solution U(z,t) analytic in ¢. Successively estimating D™V (x,t), after a
number of transformations with majorants we obtain

Uz, t) € G(5,1).

In some cases, in the formulation of Theorem 2 one may dispense with the
requirement that the derivatives of the solution be analytic in ¢, since this fact
follows from the analyticity of the solution itself. For example, for the equation

Diuy = A(z,t)DYu+ B(z,t)

from the analyticity of the solution u in ¢ there follows the analyticity of D%,
whence, by applying Kolmogorov’ s theorem (%), we also obtain the analyticity
of Diu (1 <i<q).

Remark 3. For systems whose coefficients do not depend on the variables x,
the necessary weight is determined by the equality ¢ = max; 6,,.

Remark 4. For systems which are not Cauchy systems with respect to z,
Theorem 2 does not apply.

Remark 5. For quasi-elliptic systems, in determining the necessary weight of
the system one may also use the formula

= 1
0= max{l7 } .
min; 0,

Hence, in particular, it is seen that 6 > 4.

sovietrxiv.org/items/ru-196601.16793 Machine Translation


https://sovietrxiv.org/items/ru-196601.16793

Kazan State
Pedagogical Institute

Received
28 IV 1965

CITED LITERATURE

1 G. S. Salekhov, V. R. Fridlender, UMN, 7, no. 5 (51), 169 (1952).

2 N. G. Chebotarev, Theory of Algebraic Functions, Moscow-Leningrad, 1948,
pp. 234—243.

3 A. Friedman, Trans. Am. Math. Soc., 91, No. 1, 1 (1961).

4 A. N. Kolmogorov, Uch. zap. MGU, 30, Mathematics, 3 (1939).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196601.16793 Machine Translation


https://sovietrxiv.org/items/ru-196601.16793

	Abstract
	Full Text
	ON SOLUTIONS OF GENERAL LINEAR SYSTEMS OF EQUATIONS WITH PARTIAL DERIVATIVES OVER GEVREY SPACES
	CITED LITERATURE


