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Let G be an arbitrary group, and let 9 = (M) be the set of all proper maximal
subgroups of G. The subgroup

B(G) =GN, M,

is called the Frattini subgroup of the group G (if the set 9 is empty, then
®(G) = G). According to the classical Frattini theorem, for a finite group G
the subgroup ®(G) is nilpotent.

The question naturally arose of the possibility of extending this theorem to a
broader class of groups, at least to finitely generated groups. The most general
known result belongs to P. Hall (1): the Frattini subgroup of a finite extension
of a finitely generated metanilpotent group is nilpotent. At the same time, in (1)
an example is constructed of a soluble finitely generated group whose Frattini
subgroup is not nilpotent. Although for arbitrary finitely generated groups the
Frattini subgroup need not be nilpotent, in the case of linear groups over a field
the question remained open. It was formulated explicitly by M. I. Kargapolov
(%), problem 32).

In the present note a positive solution of this question is given for a wider class of
linear groups than finitely generated ones*. The proof uses the simplest number-
theoretic considerations and is based on approximating the groups under con-
sideration by finite linear groups; for this purpose Mal’ tsev’ s approximation
theorem (3) is somewhat generalized and refined; in particular, the projective
homomorphisms of the group are naturally induced by homomorphisms of the
corresponding commutative rings.

Let G be a group; let (G,) be the set of its images under homomorphisms
©vq i G = G,; let e, be the identity of G,. If, for every e # g € G, ¢, (g) # e,
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except for a finite number of indices «, then G will be called a limit of the
groups G,: G =lim_ (G, ¢, ). We shall use analogous terminology also in the
case of rings.

By P we denote the ground field, assumed arbitrary; F, is the prime subfield.
For arbitrary a;,asg,...,a, € P, by Q[ay, ag, ..., a;] we denote the subring of P
generated by 1,a;,as, ..., a;.

We shall need some elementary facts on approximation of commutative rings of
finite type by fields.

If Z is the ring of integers and F' is a finite field of characteristic ¢, then by
Z[X) = Z[xq, X9, -, 2,,], FIX] = Flxq,...,2,,] we denote the rings of commu-
tative polynomials over Z and F', respectively. Then

* It is known that in an arbitrary linear group the Frattini subgroup may fail to
be nilpotent.

where ¥; is a finite field of characteristic g;, q; # g; for i # j;
FIX] = lm(A,. /)

where A, are finite fields of characteristic ¢. In the second case the fields A,
arise as the result of the natural homomorphisms

fir F[IX] =, d, ... ald)],
where agi), agi), ,a£f2 are elements of some finite extension F; of the field F. In
the case of the ring of integers one considers the composite homomorphism

b 2N 2, ] 0ol )]

where Z, is the residue field of Z modulo the prime ¢;. It is easy to see that
any subring Q[aq, aq, ..., a;] C P possesses an analogous approximation, for it
is an algebraic extension of finite type of some polynomial ring Q[a,, as, ..., a,]
over Z or F. By d we denote the dimension of Q[a,, a,, ..., a;] over the quotient
field of the ring Q[aq, ay, ..., a;].

Lemma 1. a) If P, is a finite field, P¢ is its extension of degree d, then for any
infinite algebraic extension R D Pg

Qlay,aq,...,a;] = liLn(Qi, 1i)s
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where the finite fields Q;, C R. b) If P, is infinite; P is an extension of degree
d; p1,Pa, ..., P, are primes, then

Qay, ay,...,a;) = ligl(Qia ®:)s

where the order of Q, is equal to qidm", where (m;,p;) =1;i=1,2,....

The proof follows from the preceding remarks, the countability of Q[aq, a,, ..., a;],
and the fact that a nonzero polynomial over an infinite field does not vanish
identically. In case b) one considers infinite fields which are the union of finite
fields of the required type.

Let %, 9, be commutative rings, and let GL(n,R;) be the full linear group of
degree n over R;, 1 = 1,2. Then a homomorphism ¢ : R; — R, induces the
natural homomorphism

V,: GL(n,%R;) — GL(n,R,).

Theorem 1. Let T' be a linear group of degree n over Q[a,, as, ... ,a;]. Then
I'= lii{l(l_‘i, \I’Lpi)7
where I'; are linear groups of degree n over finite fields 2;, which can be chosen

as in Lemma 1.

Proof. Let ¢, : Q[aq,ay,...,a;] — §; be the natural homomorphisms, where
Q, satisfy the requirements of Lemma 1. Let W, be the homomorphisms of I'
into GL(n, ;) induced by ¢,. For each e # ¢ 6 I' there exists ¥, such that
., (g ) # e. Since the group T is countable, one constructs mductlvely such a
sequence (¥, ) that W, (I') =T'; satisfy the condition

= ligl(Fi, v, ).
Corollary (3). A finitely generated linear group
T= 1£n<Tiv ),

where T are finite linear groups of degree n.

Indeed, T is contained in a linear group of degree n over Q[aq, a,, ..., a;], where
Qlay, ay, ..., a;] is generated by the elements of the generators and their inverses
of the group T.

We shall need two simple number-theoretic lemmas.

sovietrxiv.org/items/ru-196601.16502 Machine Translation


https://sovietrxiv.org/items/ru-196601.16502

Lemma 2. Let p;,p,, ..., D,, ¢ be prime numbers. Then for the set S of numbers
of the form

T

Si = (pj_1>qia 1=1,2,...,
j=1
there exist positive integers o, oy, ..., a,. such that
n
5= [T 1) =piate i,
t=1

where (p;,w;) =1, i=1,2,...; j=1,2,...,7.

Proof. Let
c= (pj - 1)7
j=1
q;
qulk 1= (qdck 1) (Z qdck(q t))
t=1

Since pj/(qpf1 — 1), it follows that pj/(qdc —1). At the same time

q
P, J( Z qdck(q‘—t)
t=1

in view of the fact that p; { ¢. If

gk — 1= p{rplt e p () = 1,
then
n
a;=> By, j=12..1
k=1
Lemma 3. For any prime numbers p;,ps,...,p, there exists an infinite set
O of prime numbers and positive integers o, @, ..., o, such that for every m

satisfying the condition (m,p;) =1, j=1,2,...,r,

n
dp = H (67 —1) = p'py* - pr 7wy,
t=1
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where (wy,p;) = 1, for any 6 € ©.

Proof. It is easily checked that the assertion of the lemma is valid if, as ©, one
takes the set of prime numbers of the form

L4 pipy-p, + spipsp2, s=1,2,..,

which is infinite by Dirichlet’ s theorem on primes in an arithmetic progression.

Let now py,ps, ..., p, # ¢ be all distinct prime divisors of the number n!; ¢ the
characteristic of the ground field; ¢y, ¢, ... an infinite sequence of prime numbers
distinct from p;, j = 1,2,...,7; d some positive integer; A; a finite field whose
order, for ¢ > 0, is equal to qd@l’l)”'(pv"l)qi, and for ¢ = 0 is equal to q;im"’,
(m;,p;) =1, i=1,2,..

Lemma 4. If a linear group of degree n
G =1lim(G,, f,),
—
where G, are nilpotent linear groups of degree n over the fields A, which satisfy

the conditions indicated above, then G is nilpotent.

Proof. It suffices to show that the nilpotency classes of the groups G, are
bounded in the aggregate. The group G; = R, x U;, where R, is a completely
reducible subgroup and U, is unipotent. Since the nilpotency class of U, does
not exceed n — 1, the groups G, may be assumed completely reducible. If Z; is
the center of G;, then the order of the group G,/Z; has the form

ﬁ““ IB(i) (4)
Pt py° "'pfr

(see (4), p. 69). On the other hand, for ¢ > 0 the order

G,/ Z, is a divisor of the number

n

s =TTt -,

t=1

where s, = (p; — 1) ... (p, — 1)¢%, and for ¢ = 0 it is a divisor of the number

It follows from Lemmas 2 and 3 that there then exist such «aq,ay,...,«, that
B;j) <apforallt=1,2,...; k=1,2,...,r. The latter means that the orders of
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the groups G,/Z; are bounded in the aggregate, which entails the boundedness
of the nilpotency classes.

The main result of this note is the following.

Theorem 2. Let G be a linear group of degree n over Q[aq, aq, ..., a;]. Then
the Frattini subgroup ®(G) is nilpotent.

Proof. By Theorem 1,
G =lim(G,;,V,),
—

where G, are linear groups of degree n over the finite fields A, from Lemma
4. Such a choice of the fields A, is possible by Lemma 1. If M, is a maximal
subgroup of @, then HW = W;1(M,) is maximal in G. We denote by ®(G)
the intersection of all such maximal subgroups of the group G. Clearly, ®(G) D
®(@). By construction,

o(G) = lim(2(G;), 1),

where U, are the restrictions of ¥, to ®(G). Since ®(G,) are nilpotent, D(G) is
also nilpotent by Lemma 4. The theorem is proved.

Corollary. The Frattini subgroup of a finitely generated linear group is nilpo-
tent.

Remark 1. As is clear from the proof of Theorem 2, what has actually been
proved is the nilpotency of the subgroup 5(6’) D ®(G), which is the intersection
not of all maximal subgroups, but only of the maximal subgroups of finite index.
In general, ®(G) + ©(G).

Remark 2. In fact, Theorem 2 is true for any finitely generated commutative
rings Q[aq, aq, ..., a;] without nontrivial nilpotent elements, since under this
condition Q[aq, a,, ..., a;] is approximated by fields.
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