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(Presented by Academician P. S. Novikov on 26 III 1965)

It is known (173) that, as n — oo, almost all Boolean functions of n arguments
admit only realizations whose complexity is greater than exp Cn, where C is
some constant. However, only for very few explicitly specified functions f has it
been possible to show that their complexity L(f) has order greater than linear.
All these examples (4=7) are connected with certain restrictions on the basis.
Until now, for no function had it been proved that it admits only “superlinear”
realizations in the class of superpositions over an arbitrary basis or in the class
of arbitrary contact circuits. Below an example of a function is constructed that
fills this gap.

1°. Let m = [logn] + 2*, & = {&, n/m], T, = {x; ;37" for 1 <i < [n/m], z; ;
being pairwise distinct Boolean arguments. By |o| we denote the number of
ones in the Boolean vector 5. Let 7, . ; be pairwise distinct Boolean vectors of
dimension m such that |5, ;| > 1. By KNV (a:k) we denote the conjunction with-

out negations of all arguments from Z, correspondmg to the unit components
of the vector 7, ;. Put, for 1 <4,k < [n/m], 1 <j<m™,

ZI,J Z KNH (%)
(’f#l)

Lemma. For every 4, all functions obtained from the function f,,(Z) by replacing
all arguments from Z \ Z; by arbitrary Boolean constants are distinct.

Proof follows from the uniqueness of the resulting Zhegalkin polynomials.

2°. Theorem 1. For superpositions over any finite irreducible basis (®), the
estimate

L(f,) = n?/logn.

is valid.
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Fig. 1

Figure 1: Fig. 1

Proof. Let 2 be a superposition on which L(f,) is attained; let h be the
number of its edges along which arguments are fed. Then there exists a constant
C, depending only on the basis, such that L(f,) % Ch. Choose a number i,
such that h > [n/m]hy, where hy is the number of edges along which arguments
from 7, are fed.

Divide 2 into two nonintersecting groups of elements: in the first group place
all elements *** to each input of each of which there is fed

* Logarithms are taken to base 2.
** The symbol > denotes addition modulo 2.
*** In particular, elements without outputs.

argument from 7 \ iio or the output of an element of the 1st group; to the
2nd group we assign all elements in each of which an argument from iio or the
output of an element of the 2nd group is fed to one input, while to each of
the remaining inputs an argument from Z \ fcio or the output of an element of
the 1st group is fed. The elements of the 2nd group form disjoint chains. We
remove from 2 all arguments from Z \ T, and all elements of the 1st group; the
inputs thereby formed will be called free. After this, each chain of elements
of the 2nd group* is replaced by one element with three inputs, realizing the
function z¢ + ¢ (Fig. 1). Here the argument z is the same as in the chain,
and the inputs ¢, 1 (which we shall also call free) correspond to the functions
e(@\Z;), (¥ \ 7, ) produced by the free inputs in the chain. We denote the
resulting superposition by 2.

Fig. 1

Every function obtained from the function f,,(Z) by replacing all arguments
from Z \ fio by constants is determined by an assignment of certain Boolean
constants at the free inputs of the superposition ;. By the lemma, the number
of these functions is equal to 2™"/™=m and therefore the total number of free
inputs is not less than m[n/m] — m.

We shall call an element of the superposition 2, terminal if an argument is fed
to at least one of its inputs. Since in 2, there are no elements of the 1st and 2nd
groups, it follows, by dichotomy (chains of terminal elements are not counted),
that the proportion of terminal elements is not less than 1/2. Therefore there
exists a constant C, depending only on the basis, such that the number of free
inputs is not greater than h,/C. Finally,

L(f,) > C?n/m](m[n/m] —m) =< n?/logn.
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3°. Theorem 2. For contact circuits the estimate

L(f,) > (n/logn)?

holds.

Proof. Choose a number i, such that L(f,) > [n/m]h,, where h is the num-
ber of contacts from Z; . Every function obtained from the function f, () by
replacing all arguments from T \ fio by constants is determined by a circuit
consisting of h, contacts. Therefore, by the lemma of the present paper and
Lemma 13 of (2),

2m[n/m]7m < (30h0)h0 (Qm)ho’

whence

hy = n/logn,

from which the assertion of the theorem follows.
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* In particular, one element.
Note: Figure translations are in progress. See original paper for figures.
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