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1. Let I be a closed Jordan rectifiable curve, at each point of which a tangent
exists, and let S(¢;,ty) denote the smaller of the lengths of the arcs joining the
points t;,t, € I'. Suppose that

S(ty,ty) < B(|ty — o), (1)

where $(0) is a continuous, increasing function on (0, 1] (I, is the diameter of
I'); limg_,, 5(6) = 0, and 5(d)/0 is almost decreasing. Let a(d) be the inverse
function of 5(d); I the length of the curve I'. Denote by ® the class of functions
©(6), defined on (0, ;] and having the following properties: 1) ¢(d) is continuous
and monotonically increasing on (0,ly]; 2) ¢(d) # 0 and lims ,, () = 0; 3)
©(0)/6 is almost decreasing, i.e. p(d5)/dy < Cp(01)/d; for dy > 6.

Introduce the modulus of continuity of a function f(¢), defined on I':

w(f,0) = sup |f(t;) = [f(t2)l,  0<6<ly.

[ty —ta|<6

Theorem 1. If ' satisfies the conditions stated above and

pla(s))
a(s)

12
W(f.6) < Crol6),  o(6) € ®, / ds < +o0,
0

then

< A

B(5) /2 ~
/ plals) o 6/ @(3((3)) ds} . 0<a<Ty <1y,
0 B
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where

1

g(ty) = i

’1\
W\
=
~ |
o

U
s

and the constant C' depends only on the curve I' and on the constant C, (ZO
depends only on T').

Remark. This theorem™ was given in paper (1). Here it is included in order
to note the dependence of C' only on I' and C,,, which will be used essentially
in what follows.

With the aid of theorem (1) and the remark, one proves

Theorem 2. Let T be a closed Jordan rectifiable curve, having a tangent at
every point and satisfying the condition

S(ty,ty) < Klt; —tsf, K = const. (2)

Then, if

lU
/ wi(f’T) dt < 400,
)

T

then for the function

T

9(to) = 1/F O g

* In paper (1), in inequality (3), in the second integral, «(s) was printed in the
denominator; it should read a?(s).

there is the inequality

5 l
1, * w(f,
[0 | “’S%T], 0<o<h, @

T

w(g,0) <C

where C' depends only on I'.

An inequality close to inequality (3), in the case of smooth curves, was first
obtained by L. G. Magnaradze (?).

II. Denote by ¥ the class of positive, continuous functions 1(d), defined on
(0,1,] and having the properties: 1)
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lo
/ Y(u) du = 4o0;
0

lo
/ utp(u) du < +00.
0

In this section it is assumed that I" satisfies the conditions of theorem (2).

Let ¥(6) € ¥. Denote by J,, the class of functions f(t), defined on I', for which

lo
/ w(f,)Y(r)dr < +o0.
0

The following theorem partially solves the question of the classification of J,.

Theorem 3. Let v, (d),19,(5) € U. If

0 < limg o (41(6)/15(0)) < Timg_,o (11 (8)/15(6)) < 400,

then J, and J, coincide, while if
1 2

lim (64(6)/4(8)) = o,

then Jy, is a proper part of Ty -
With the aid of theorems 2 and 3 one proves
Theorem 4. Let ¢(d) € ¥ and

lo
lim 926(3) =0, lim (w(a)//é b(7) dT) =K (0<K<1).

Then J,, is invariant with respect to the operator

_ 1)
Af=— Ftitodt.

It is not difficult to verify that the functions ¥(d) = 1/81¢, 4(§) = In|1/5|/51*¢
(0 < e < 1) satisfy the conditions of theorem 4, and the classes J,, generated by
them, by virtue of theorem 3, are different for different e.

For the further arguments the following is useful
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Lemma. Let ¢(J) € ¥ and

lo
lim 26(5) =0, lim (5¢(5> / /6 W(7) dT) = 0. (4)

Then the function

lo
i [ vndr=unoew

also satisfies conditions (4).
With the aid of theorems 2 and 3 and the lemma one proves

Theorem 5. Let 9(§) € ¥ and satisfy conditions (4). Then the operator A
maps Jy, - into Jy, where

lo
bia@) = 5 [ (120120, (@) = v0),

and me is a proper part of Ty, -

This result in the case ¥(d) = 1/§ was obtained by L. G. Magnaradze (2).
Theorem 5 makes it possible to construct a sequence {J,, } different from the
sequence {J;} constructed by L. G. Magnaradze in the same paper.*

We note that, by virtue of Zygmund’ s estimate (*), Theorems 4 and 5 are also
valid for trigonometrically conjugate functions.

Remark. Let us point out that X. Sjoe-Mou (*) succeeded in proving ana-
logues of the theorems of L. G. Magnaradze expressing the relation between the
modulus of continuity of ¢(¢) in L, (p > 1) and the modulus of continuity in
L, of the angular boundary values of the Cauchy-type integral

Flz) = - /F‘p(t) dt

T omi t—=z

(T is a closed Jordan rectifiable curve satisfying condition (2)).

By virtue of the estimate, obtained in the same paper, expressing the relation
between the modulus of continuity of ¢(¢) in L, and the modulus of continuity
in L, of the angular boundary values F(z), Theorems 4 and 5 are valid in this
case as well.

ITI. Consider the singular integral
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®(ty,7) /ri(i’zo) dt,

where t, € I', 7 € D (D is some bounded set in the complex plane). Denote

wt(fa6> =Ssup sup |f(t177—>_f(t2’7—)|7

T |t —t5[<6

w,(f,0) =sup sup |f(t, ) = f(t )l

U |r—7y|<o

With the aid of Theorem 1 one proves

Theorem 6. Let I' be a closed Jordan rectifiable curve, having a tangent at
every point and satisfying condition (1). If

wl£.8) = Ol®)).  w,(1.5) = O]

[ ds B(5)
0) € Y[B(0)] N, [B(S)]*, 0 —— =0 |p(§)—=
o) @I nmBOL, 50 [ =0 [e@ ]

(%(9) is a positive function), then

o, @0 =0 o0 2] w0 =0e) Y.

Let us note one important particular case of this theorem, which is a generaliza-
tion of a theorem of N. I. Muskhelishvili (°) on a singular integral containing a
parameter.

Theorem 7. Let I" be a closed Jordan rectifiable curve, having a tangent at
every point and

S(ty,t5) < const [t; —ty]Y (0<y<1).

If

wt(faa):O[éa]v wT(f,é):O[éo‘l], 1_’Y<O‘<O‘1 Sl;

then

wy, (@,6) = O[5~17], w (®,5) = Ofs>~(1=7)],
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IV. Denote U H, by Mg (0 <3 <1), where H, is the class of functions,

a>f

* For example, it follows from Theorem 3 that, if ¢(6) = |In|In(1/0)||/d, then
for every ¢ = 1,2, ... the class Jy, will be strictly contained between the classes
Jiyr and J; (Jiq CJy CJp).

** The definition of the classes U[3(5)] and ¥,[3(d)] is given in (1).

satisfying on I' the Hélder condition with exponent «. Consider the singular
integral equation

dr+ - /N(to,t)w(t) dt = f(t,)

Rp = Alt t
@ (to)p(ty) + — i )

B(ty) / o(t)
T

T

and its adjoint equation

, 1 [ B)y(t 1

R = Altoyitio) — = [ ZON D iy L [ty 0t0) e = gt
o t—1y T Jp

With the aid of Theorem 7 and the Carleman-Vekua method (), the following

is proved.

Theorem 8. Let I’ satisfy the conditions of Theorem 7, 2/3 < v < 1. If
A%(tg) — B*(ty) # 0, ty € T, A(ty), B(ty) € My_.); N(ty,t), in both argu-
ments, uniformly respectively in ¢ and ¢,, belongs to My, then the following
assertions are true:

1. The number of linearly independent solutions of the equations Ry = 0
and R'¢ =0 in M;_, is finite.

2. For f(ty) € My(;_.), in order for the equation Ry = f to be solvable in
M, _,, it is necessary and sufficient that

/f(t)wk(t)dt:O (k=1,..,m"),
T

where 1, (t), ..., 4,/ (t) is a complete system of linearly independent solutions of
the adjoint homogeneous equation R’y = 0 in M,_,.

3. If by m and m’ we denote respectively the number of linearly independent
solutions of Ry =0 and R’y = 0in M;_, then

, 1 [l A— B]

) = — |[In 2=

e o [P A By

where [ ] denotes the increment of the expression in brackets when traversing
I" in the positive direction.
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