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1. Consider a system of first rank containing a real large parameter A:

i = A\ )z, (1)

where the matrix A(\,¢) has the form

AN = AAO £ A+ ATTAR) 1 A RARED () )),

The equation

A0 — Bl =0 (2)

is called the characteristic equation.

Ya. D. Tamarkin was apparently the first to observe that, in the case of multiple
elementary divisors, the asymptotic representations of the integrals of system
(1) may contain fractional powers of the parameter A\, and the very structure
of these representations is determined not only by the matrix A but also
by the properties of the matrices A®). This note contains an exposition of a
method that in some cases makes it possible to construct effectively asymptotic
representations of particular solutions of system (1) in the case where the matrix
HA(0> — ,u*E” has non-simple elementary divisors.

2. Consider the system

Ty = Apu(t)w) + Azy + Zalj(t)l'ja
J
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i'mfl = )‘p“(wxmfl + )‘xm + Z amfl,j(t)xjv (3)
J

&, = Au(t)z,, + Zamj(t)xj.
J

System (3) has one elementary divisor u — p*, whose multiplicity is equal to m.

Put

2, = up(\ ) exp / Dlt) + (8, N)] dt. (4)

Then

Uy + uyp = Aug + Zaljuj7
J

,L'mel + Up—1P = )‘um + Z a‘mfl,jujv (5)
J

Uy, + Uy = g QU5
J

Denote by k; and k the highest powers of the parameter A in the representations
of the functions u; and ¢. We shall also assume that a,,; # 0 for all ¢ € [0, T7.

Consider the system of equations

ki —ky=1—k,
kg — ks =1—F,
(6)
kpoy1 —k,, =1—k,
k,, —k =—k
with respect to the quantities ky, ks, ..., k,,,. Its determinant is equal to zero. In

order for it to have solutions, it is necessary and sufficient that the rank of the
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augmented matrix also be equal to zero. This condition makes it possible to
determine k:

k=(m—1)/m. (7)

Without loss of generality, put k; = 0. Then

ky=—=1/m, ky=-2/m, ..., k,=—(m—1)/m.

m

Put

w;(t, A) = Ny (8) + XKV M () + A2, (t) + .
P(t, A) = oo (t) + XNVmop () 4+ AV ™, () + ..o (8)
1=1,2,...,m.

Substituting the series (8) into the system (5) and comparing the coefficients of
the highest powers of the parameter A\, we obtain

U10P0 = U205
Uz0P0 = U30> 9)
Umo¥Po = Ampm1Uip-

In order for the system (9) to have nontrivial solutions, it is necessary and
sufficient that ¢, be a root of the equation

Yo -1 0..0

AR B}
—a,,; 0 0..¢p
whence
Yo = V0ma- (10)
Denote by cpEf) (s = 1,2,...,m) any one of the roots of the resolving equation

(10), and take ¢, = <pgs>. Leaving arbitrary the function u;, for example uy,
we express the remaining ones as

i1
Ujp = Py U10-
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The functions u,;; will satisfy the system of equations

Uy1¥Pg — Uy = —Uy0%¥1>
Ug1Pg — U3zp = —Uz0%¥1> (11)
Upp1Po — 1l = —UpgP1 + Appaliag-

The determinant of system (11) is equal to zero. The condition for its solvability
gives a linear equation with respect to ¢,

m—2

01 = (A1 + Qo) /Mg

and, analogously,

0; = (pj1 + Apjiro+ -+ am,jﬂ)/m‘ﬂgkjila j=12,..,m—-2; (12)
U;; = @6’1111]-, 1=1,2,....m; j=12 .. (13)

The function u,; remains undetermined at this step.

The function wu,q is determined from the solvability condition of the system
written for determining the functions wu; ,, ¢:

Luyg = iy — ugglagy + agy + -+ + ¢o /200 (14)
or

C ¢
Uyg = ——exp | (ay; + -+ a,,,)dt
10 /% [t mm) O

where C is an arbitrary constant. And so on: the functions u;. are deter-

mined from the solvability conditions of the system of equations with respect

t0 U; 41, Which are found from formulas (13).

3. Having determined N terms of the expansion (8), we can construct the
expressions

t
i = A {uly) + XY™l 4 Y exp / [\t + Ny + 4+ MM, dt, (15)
0
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where gpg-s) and ugj) denote the functions corresponding to the root of equation

(10) with number s. The matrix

(s)

TiN (16)

may be taken as an approximate representation of the matrix of fundamental
solutions of system (3). The basis for this is the following

Theorem. Let a,,; # 0 for any t € [0,T]; then matriz (16) gives a uniform,
on [0,T], approxzimation of the matriz of fundamental solutions of system (3) in

the following sense: if a particular solution x}(t) of system (3) and the function
(s)

x; v (t) satisfy the same initial conditions, then for any t € [0,T]

5 (8) — 2l ()] = O(Aks—N/m), (17)

This result can be extended to the general case. If a,,; # 0, then to each
elementary divisor of multiplicity m there corresponds a group of m solutions

of the form (15).

Ifa,, =0, a,2, =0,...,a,, # 0, then the asymptotics is constructed in the
same way, but in this case

= (m—D/(m—1+1), o= ™ fam.
The author expresses gratitude to A. A. Dorodnitsyn and A. N. Tikhonov for
their attention to the work and discussion of the results.
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