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TOPOLOGICAL EQUIVALENCE
OF ALL SEPARABLE BANACH SPACES

(Presented by Academician L. V. Kantorovich, XI 1, 1965)
In this note the following is proved.
Theorem. All separable Banach spaces are homeomorphic.

Thus an affirmative answer is obtained to the question posed by M. Fréchet (1)
in 1928 and S. Banach (?) in 1932.

C. Bessaga and A. Pelczyniski (®) showed that if a separable Banach space E
contains a subspace X homeomorphic to I, then it itself is also homeomorphic
to l. It is well known that every infinite-dimensional Banach space contains an
infinite-dimensional subspace with a basis. Hence, by the Bessaga-Petczynski
theorem, it is enough to establish a homeomorphism of all Banach spaces with
a basis.

Proposition 1. Let X be a Banach space with basis {e;,}3°; denote the conjugate
basis system by {f.}3° (fi, € X*). Suppose, further, that the norm of the space
is subject to the following condition: if

ol =lel =1 (=120 lim fu(e,) = fule) (n=1.2...),
then

lim ||z, —z|| = 0.

V—00

Assume also that on the unit ball U of the space X there is defined a functional
F(x) having the following properties:

1. The functional F(x) is continuous.
2. F(z) >0 for |z| < 1; F(x) =0 for ||z| = 1; F(0) = 1.
3. If
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o0
then the series E a e, Converges.
k=1

4. For fized n and a;, (k <n), the function

Pla) = F(S,_1 +ae,)

is strictly increasing for a < 0 and strictly decreasing for a > 0.
Then the space X is homeomorphic to the space ly.

We shall precede the proof of Proposition 1 by two lemmas. To each normalized
element

T = Z fre(@)ey,
k=1

we assign a pair of numerical sequences:

’YO(:L‘) = 1; ’%n(aj) = F(Sn:r) (Snz = ka:(w)ek’ n= 1727 ) )

We note that

n—oo

Lemma 1. A normalized sequence z,, converges to an element z if and only if

lim 971,<x1/) [’Yn—l(xl/) - ’Yn(xy)} = an(x) [’Yn—l(x) - Vn(zﬂ (n = 15 27 )

vV—00

Lemma 2. Whatever the pair of numerical sequences {v;}{° and {6,,}3°, sub-
ject to the conditions

12712’}/227 hmq/n:O7

n—oo
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0, ==x1, ifvy, #v, 1 0,=0, ifv, =71,

there exists a unique normalized element x such that

Y (T) = Yy 0,(x) =0, (n=1,2,..).

Proof of Proposition 1. Let X and Y be spaces satisfying all the requirements
of Proposition 1. Suppose that in each of them the functionals ~,,(x), 0,,(x) and,
respectively, 7,,(v),0,,(y) have been introduced. To each normalized element
x € X we assign that normalized element y = Tz € Y for which

0,97 () = 0, ()7, () (n=1,2,...).

By Lemma 2 this correspondence is one-to-one. By Lemma 1 it is bicontinuous.
The homeomorphism thus obtained extends to the whole space X:

Tz = |z|T(2/]),  T(0)=0.

It remains to show that in the space [, there exists a functional F(z) with
the required properties. It turns out that in this case it is sufficient to put
F(z) = 1—|a] (v €1,).

We now show that every Banach space with a basis can, by means of an equiv-
alent renorming, be made to satisfy the conditions of Proposition 1.

Proposition 2. In every separable Banach space X with basis {e;}{° one
can introduce a norm (|| |), equivalent to the original one (| |,), satisfying the
following requirements:

a) The space (X, | |) is locally uniformly convex (UR;, in the notation of M.
Day, (*), p. 188);

b) For any normalized elements x, and z, the condition

lm f,(z,) = fo(z)  (n=1,2,.)

V—00
implies strong convergence:
lim ||z, — x| = 0.
V—r00

c) With respect to the new norm the basis {e;} is orthogonal, i.e.

< , ifa,#0 (n=12,..).

n—1
E a.k
k=1

n
E a.k
k=1
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A norm satisfying the indicated requirements was constructed in (>%) (meaning
the norm defined by formula (3) of the note (%)).

Proposition 3. In a Banach space whose norm satisfies the conditions a), b),
c¢) of Proposition 2, there exists a functional F(z) possessing properties 1-4
formulated in Proposition 1.

Here we shall need two more lemmas. Consider the functional

@)= sup Je—z] (Jzl=1,0<8<1),

2 zeG(x,0)
where
Glw,6) = {z+ 2] < 15 min [Aa+ (1= N)2] = 1)
If the space is locally uniformly convex, then

lime(z,d) =0. (2)

0—0
Lemma 3. For any Banach space the functional e(x, §) satisfies the inequalities:

e(x, 0+ h) —e(x,8) <3h/d 0<d<d+h<]), (3)

whence, in particular, it follows that (z,d) is uniformly continuous on the set
S X [6y, 1] for every 6, > 0 (S is the unit sphere of the space). If the space is
locally uniformly convex, then &(z,d) is continuous on S x [0, 1].

Let us consider the functional
T
P(x) =¢ Tl 1— |z (0 <z] <1);

for x =0 put ®(6) = 1.

Lemma 4. The functional ®(z) is continuous for |z|| < 1 and uniformly con-
tinuous for ||z| < 1 — 4§, for every J, > 0.

For each element = (||z] < 1) define the set

L(z) =] Ln(2),
where L, (x) is the segment joining S, ;z and S,, (n = 1,2,...); Syz = 0.
Finally, define the functional

F(r)= (1= 3llel) inf @(z) (O x| <1), (4)
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Proof of Proposition 3. We have to verify that the functional F'(z) has
properties 1-4 of Proposition 1. Properties 1 and 2 follow almost immediately
from the definition of F(z) and Lemma 4. Let us prove property 3. Suppose (1)
is fulfilled. For each S, consider a point o,, € L(S,,) at which the lower bound
in expression (4) is attained:

Ty = Spo1 tae,  (m=m(n), 0<la| <la,|, aa, >0). (5)

According to (2), (3), and (5), the diameter of the set G(o,/|o,l; 1 — lo,.l)
tends to zero as m increases. Consider also the decreasing sequence of closed
sets

Qo) ={z: |21 <1, fu(2)=qa, (k=1,2,...,m)} (n=1,2,...).

Using the orthogonality of the basis {e,}, one can establish that

Glon/llonl; 1 =lonl) 2 Q(oy,)-

Thus the diameter of the set Q(o,,) tends to zero as n increases. The unique
element z lying in the intersection of all Q(c,,) will also be the limit of the

sequence
o0

S,: x= E agey.
k=1

Finally, let us prove property 4. Consider the function
Y(a) = F(S,_; + ae,).
Let |ay| < |ag|, aqay 2 0. Then
1501 + cne, ]| <118, 1 + aze,| (6)

by virtue of the orthogonality of the basis, and

L(S,_1 + aje,) C L(S,_; + ase,) (7)
b}g th)e definition of the set L(z). From (4), (6), and (7) we obtain that t¢(c;) >
V(o).

The theorem formulated at the beginning of the note is a direct consequence of
Propositions 1-3 and the theorem of Bessaga-Pelczynski.

I express my deep gratitude to V. I. Gurarii and A. Pelczynski for a number of
valuable suggestions.
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